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Sesavali 

 

     Teoriul fizikaSi geometriuli ideebis gamoyenebas didi istoria aqvs da 
Zalian farTod aris gavrcelebuli. sxvadasxva ganzomilebisa da maTematikuri 
Sinaarsis abstraqtul sivrceebs iyeneben wertilisa da uwyveti garemos meqanikaSi 
(konfiguraciuli n-ganzomilebiani sivrce; 2n-ganzomilebiani fazuri sivrce [1-2]), 
eleqtrodinamikaSi (fsevdoevkliduri oTx- da mravalganzomilebiani sivrceebi [3]), 
mikrofizikasa da kosmologiaSi (hilbertis mdgomareobaTa sivrce [4-5], super-
sivrce [6]) da sxva. am sivrceebSi moqmedi gardaqmnebis jgufebis [7] Seswavla 
saSualebas iZleva vipovoT Sesabamisi fizikuri sistemis damaxasiaTebeli simet-
riebi, gamovyoT gardaqmnaTa klasebi, romlebic invariantuls tovebs am sistemis 
fizikur parametrebs, vipovoT fizikuri sidideebis transformaciuli Tvisebebi 
ufro farTo jgufis gardaqmnebis mimarT, avagoT invariantuli maTematikuri 
gamosaxulebebi, romlebiTac unda aiwerebodes gazomvadi sidideebi, movZebnoT 
dadgenil simetriebTan dakavSirebuli mudmivobis kanonebi [4], rac sistemis droSi 
evoluciis amocanis gadawyvetis safuZvels Seadgens. 
 didi mniSvneloba aqvs sxvadasxva maTematikuri modelebis CarCoebSi miRebuli 
Sedegebis interpretacias, am modelebs Soris kavSirebis dadgenas da fizikurad 
erTmaneTis tolfasi, eqvivalenturi modelebis klasebis povnas. cnobili ma-
galiTia kvanturi meqanikis Sredingeriseuli da haizenbergiseuli suraTebis 
unitaruli eqvivalentoba [8a, b]. 

 1980-iani wlebis bolos supersimebis Teoriis erT-erTi Semqmneli jon Svarci 
ocnebobda, rom moxerxdeboda Teoriis ramdenime alternatiuli variantis tol-
fasobis damtkiceba, rac mogvcemda erT Tanmimdevrul Teorias, romelic mTlianad 
aRwers fundamentur fizikas [9]. 1995 wels edvard uitenma aRmoaCina, rom yvela 
es Teoria miiReba, rogorc zRvruli SemTxveva, erTi zogadi Teoriidan – e.w.  
11-ganzomilebiani M-Teoriidan, romelic amJamad swrafad viTardeba [10].  
 farTo gamoyeneba aqvs abstraqtul sivrceSi koordinatTa arCevis Tavisuf-
lebas da am gzaze gamartivebuli maTematikuri aRweris SesaZleblobas. cxadia, 
es dasaSvebia mxolod maSin, roca cvladTa Sesabamisi gardaqmna ar cvlis 
fizikur Sedegs. magaliTad, gaerTianebuli eleqtro-susti urTierTqmedebis 
gleSou-vainberg-salamis modelis gadanormvadoba mtkicdeba spontanurad darRve-
uli simetriis mqone Teoriis yalibruli invariantobis gamoyenebiT [11], simetriul 
mdgomareobaSi; miRebuli Sedegi marTebuli rCeba yalibrebis Secvlis Semdegac.  
    udidesi mniSvneloba aqvs Tanafardobebs invariantul sidideTa Soris – 
swored aseTi Tanafardobebi, f. klainis ideis Tanaxmad, Seadgens geometriul 
Teoremebs [12], [13]. igive SeiZleba iTqvas fizikis kanonebis Sesaxebac. invariantobis 
(ucvlelobis) moTxovna fizikaSi xSirad Canacvlebulia ufro farTo – zogadi 
kovariantobis moTxovniT, rac uzrunvelyofs napovni Tanafrdobebis Sesrulebas 
abstraqtul sivrceSi, damoukideblad koordinatTa konkretuli arCevisgan. faq-
tobrivad, laparakia fardobiTobis principis gafarToebul gagebaze: ainStainis 
(galileis) fardobiTobis principi moiTxovs fizikuri (meqanikuri) movlenebis 
invariantobas (Sesabamisad, maTi aRmweri Tanafardobebis – fizikuri kanonebis –
kovariantobas) sivrce-droSi lorencis (galileis) gardaqmnebis mimarT. magram 
cnobilia da xSirad gamoiyeneba ufro farTo gardaqmnaTa jgufebic – puankares, 
SU(n), supersimetriuli globaluri da lokaluri jgufebi. am jgufebis mimarT 
invariantuli sidideebisa da maT Soris Tanafardobebis povna Seadgens fizikis 
ganviTarebis mTavar mimarTulebas.  
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 fizikuri Sinaarsis mqone nebismieri Tanafardoba kovariantuli unda iyos 
arCeuli jgufis mimarT, e. i. aseTi Tanafardoba unda akavSirebdes erTnairi trans-
formaciuli Tvisebebis mqone sidideebs, amasTan, am sidideebis koeficientebi 
jgufis invariantebs unda warmoadgendes. swored am koeficientebis povna, maTi 
Tvisebebis gamokvleva da sxva invariantul sidideebTan kavSirebis dadgena aris 
fizikuri gamokvlevis ZiriTadi mizani. Tavis erT-erT ukanasknel sajaro leqciaze 
saq. mecnierebaTa akademiis fizikis institutSi (amJamad e. andronikaSvilis fizikis 
instituti) 1972 wlis martSi akademikosma vagan mamasaxlisovma Camoayaliba zemoT 
moyvanili mosazreba da moiyvana am mosazrebis sailustracio ramdenime magaliTi. 
kerZod, man ganixila faradeis eleqtrolizis kanonis aRmoCenisa da Seswavlis 
istoria, rogorc invariantuli koeficientebis povnisa da maTi sxva, aseve inva-
riantul koeficientebTan dakavSirebis Tanmimdevruli jaWvi [14]. am jaWvis bolo  

v. mamasaxlisovis leqciaSi iyo faradeis universaluri mudmiva F eNA, romelic, 
rogorc cnobilia, gamoisaxeba e elementaruli muxtiTa da avogadros NA ricxviT. 
dRevandeli TvalTaxedviT, es jaWvi dagrZelda – momavali fizikis amocanaa e 

eleqtruli muxtis (ufro zustad, 2 3(2π ) 10/ke c    uganzomilebo universaluri 
konstantis) gamoTvla urTierTqmedebaTa gaerTianebuli Teoriis CarCoebSi. 

fizikur amocanebSi gansakuTrebiT xSirad gvWirdeba wrfiv veqtorul sivrceSi 
moqmedi operatorebis invariantebis povna unitaruli U(n) an orTogonaluri O(n) 
gardaqmnebis mimarT. gardaqmnaTa es jgufebi gvxvdeba kvantur TeoriaSi, klasikur 
ararelativistur da relativistur meqanikaSi, eleqtrodinamikaSi, hidrodinamikaSi 
da a.S. am jgufebis gamorCeuli mniSvneloba ganisazRvreba imiT, rom orive es 
jgufi inaxavs skalarul namravls, Sesabamisad, ermituls an evklidurs. O(3) da 
O(4) jgufebi aRwers qmedebis funqcionalis sivrce-droiT simetriebs da, nioteris 
Teoremis [2], [4] Tanaxmad, dakavSirebulia am simetriebidan gamomdinare aditiur 
Senaxvad sidideebTan.  

mniSvnelovania Senaxvad sidideTa – dinamiuri sistemis moZraobis integralTa 
Soris algebrulad damoukidebeli sidideebis gamoyofa. sazogadod, es rTuli 
amocanaa da zogadi saxiT amoxsnilia mxolod zogierTi jgufisaTvis [13], [15]. 
orTogonaluri jgufis mimarTebaSi am amocanas ixilavs mravali avtori [16]-[39]. 
tradiciulad, ganixileba operatoris (matricis) maxasiaTebeli polinomis koefi-
cientebi. aseTi saxis samganzomilebian invariantebs iyeneben, magaliTad, [27]-[30] 
Sromebis avtorebi hidrodinamikis zogierT amocanaSi. 

invariantebis ufro srulyofili sistema (O(3) jgufis mimarT) gamoyenebulia 
SromebSi [31-33], monokristalSi magnituri ionis garemomcvel birTvebTan zenazi 
urTierTqmedebis Sesaswavlad. am SromebSi gamoyenebulia operatoris (matricis) 
daSla dauyvanad tenzorul nawilebad da cal-calkea Seswavlili am nawilebis 
maxasiaTebeli polinomebis koeficientebi (oTxi damoukidebeli invarianti). cnobi-
lia [19], rom invariantebis arc es sistema araa sruli; misi Sevseba SesaZlebelia, 
magaliTad, [18]-[20], [23]-[24], [39a, b] SromebSi naCvenebi gziT. magram zogad, mraval-
ganzomilebian SemTxvevaSi amocana rTuldeba da am SromebSi miTiTebuli 
meTodi ar gamodgeba. monografiaSi [20] gaanalizebulia am garTulebebis xasiaTi. 

aseve mniSvnelovania arakomutirebad operatorTa (matricaTa) krebulis damou-
kidebel invariantTa sruli sistemis ageba. msgavsi xasiaTis fizikuri amocanebi 
gvxvdeba iseTi kvantur-meqanikuri sistemebis Seswavlisas, romelnic aiwereba sim-
kvrivis matriciT [8a]. monografiaSi [22] arakomutirebad operatorTa krebulis 
erTobliv invariantebad arCeulia am operatorTa (mravali cvladis) maxasiaTe-
beli polinomis koeficientebi. disertaciis II TavSi naCvenebia, rom ase agebuli  
invariantebis sistema ar aris sruli. 
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amocana bolomde gadawyvetilia originalur SromebSi [40]-[41]. amave SromebSi 
napovnia arasimetriuli namdvili operatorebis (matricebis) orTogonaluri eqvi-
valentobisaTvis sakmarisi da aucilebeli pirobebi maTi invariantebis gamoyenebiT, 
rac invariantTa Teoriis klasikur amocanas warmoadgens da ukanasknel dromde 
ar iyo srulyofilad Seswavlili. arsebobda mxolod aseTi klasifikaciisaTvis 

sakmarisi invariantebis raodenobis Sefaseba zemodan: N ≤
222 n

 (k. pirsi, 1962, [17a, b]),  

magram es Sefaseba gadaWarbebulia, rogorc es aRniSna TviT pirsim [17a]. SromaSi 
[40] napovnia Sefaseba N ≤ n

2
+1 da damtkicebulia, rom, sazogadod, am Sefasebis 

gaumjobeseba ar SeiZleba. SromaSi [41] analogiuri sakiTxi Seswavlilia gadagva-
rebuli speqtris mqone ermituli operatorisaTvis. 

zogadi saxis operatorTa (matricaTa) invariantebis sruli sistemis ageba 
bunebrivad ukavSirdeba algebris kidev erT fundamentur amocanas – am operatoris 
(matricis) kanonikuri formis dadgenas. am mimarTulebiT miRweuli Sedegebi deta-
lurad aris aRwerili f. gantmaxeris enciklopediuri xasiaTis monografiaSi [42]. 
aseve detalurad aris gaSuqebuli operatorTa wyvilebis msgavsebis sakmarisi da 
aucilebeli pirobebi. aq gamoyenebuli meTodi emyareba veierStrasis elementarul 
gamyofTa Teorias, romelic, rogorc cnobilia, ar gulisxmobs operatorTa uni-
tarul (an orTogonalur) msgavsebas. igive SeniSvna unda gakeTdes operatorTa 
matricebis Jordanis normaluri formis Sesaxeb: mocemuli matricis am kanonikur 
formaze dayvana, sazogadod, SesaZlebelia araunitaruli (araorTogonaluri) 
gardaqmniT, rac ar gvaZlevs saSualebas vipovoT Sesabamisi operatoris unita-
ruli (orTogonaluri) invariantebi misi matricis Jordanis normaluri formis 
gamoyenebiT [34]-[38]. 

gakeTebuli SeniSvna ufro naTeli xdeba geometriuli midgomisas. matriciT 
operatoris aRwera niSnavs am operatoris ganxilvas romelime (veqtorul) ba-
zisSi. unitarul (evklidur) sivrceSi, sadac ganmartebulia veqtorTa skalaruli 
namravli, Jordanis normaluri forma mocemuli operatoris matricas eqneba, 
sazogadod, araorTonormirebul bazisSi. es niSnavs, rom or operators, romel-
Tac aqvs elementaruli gamyofebis erTnairi sistemebi, eqnebaT erTnairi Jordanis 
normaluri formis matricebi, oRond, sazogadod, sxvadasxva, araorTonormirebul 
bazisebSi, romelnic, garda amisa, ar miiReba erTi meoredan unitaruli (orTo-
gonaluri) gardaqmnebiT.  

amrigad, unitarul 
n 

(evklidur 
n
) sivrceSi ufro bunebrivia ganvixiloT 

P: 
n
 

n operatoris (P: 
n
 

n
 operatoris) kanonikuri forma n  

(
n
) sivrceSi 

arCeul metrikul gkl tenzorTan wyvilSi da aseTi operatorebis klasificireba 

movaxdinoT (P, [gkl]) wyvilebiT, sadac P aRniSnavs P: 
n
 

n operatoris matricas 

arCeul bazisSi. Tu mocemuli operatori P: 
n
 

n ar aris normaluri [42], 
maSin klg  tenzoris komponentebi ganisazRvreba am operatoris struqturiT da, 

mis sakuTar ricxvebTan erTad, Seicavs “obieqtur”, unitaruli (orTogonaluri) 

gardaqmnebis mimarT invariantul informacias P: 
n
 

n operatoris Sesaxeb. 
Sesabamisad, am operatoris unitaruli (orTogonaluri) invariantebis raodenoba 
aRemateba sivrcis ganzomilebas. 

 naTqvamidan gamomdinareobs, rom zogadi saxis P: 
n
 

n
(P: 

n
 

n
) operatoris 

kanonikuri bazisis da am bazisSi operatoris kanonikuri matricis ageba axlebur 
gaazrebas moiTxovs. gansakuTrebiT sainteresoa operatorebi, romelTa ermituli 
(simetriuli) nawilis speqtri gadagvarebulia da Sesabamisi sakuTari qvesivrceebis 
ganzomilebebi aRemateba erTs. es ganzomilebebi am operatoris damaxasiaTebel 
parametrebad unda CaiTvalos. aseTi operatorebis damoukidebel invariantTa 
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ricxvis gamoTvla saintereso kombinatorul amocanebze daiyvaneba, romlebsac, 
garda operatorebis klasifikaciis amocanaSi gamoyenebisa, damoukidebeli mecnie-
ruli Rirebulebac gaaCnia.   
 winamdebare disertaciaSi naCvenebia (ix. [41], [43], [44a, b], [45a, b], [46a, b], [47]), rom 
arsebobs Rrma kavSiri ermituli operatoris damoukidebel polinomur invarian-
tebsa da iseT maTematikur konstruqciebs Soris, rogoricaa lagranJis da ermitis 
interpolacia, Tanafardobebi algebruli funqciis nulebsa da koeficientebs 
Soris (vietis Teoremis analogi), erTi da mravali cvladis hipergeometriuli 
(hg) funqciebi, Tanafardobebi am funqciebs Soris da sxva.  

 SromaSi [45a, b] ganzogadebulia eileris formula -funqciisaTvis; ganzogade-

buli (n1)-parametriani -funqcia SemoRebulia SromebSi [44a, b] da Seswavlilia 

SromebSi [45a, b] da [47]. rogorc cnobilia, eileris beta-funqcia B(,) gamoiyeneba 
venecianos dualur modelSi [48], [49] da simebis da supersimebis TeoriaSi [6]. 
amdenad, disertaciaSi napovni ganzogadebebi, SesaZloa, sasargeblo aRmoCndes 
Teoriuli fizikis Sesabamisi mimarTulebebiT mimdinare kvlevebSi (ix. [10], [50-52]). 

samuSaos mizani: mocemuli samuSaos mizans warmoadgens sasrulganzomilebian 
unitarul da evklidur sivrceebSi moqmedi operatorebis unitaruli da orTo-
gonaluri invariantebis minimaluri polinomuri bazisis ageba da am operatore-
bisaTvis unitaruli da orTogonaluri msgavsebis kriteriumis dadgena; napovni 
Tanafardobebidan gamomdinare maTematikuri da fizikuri Sedegebis Seswavla.  

   dasaxuli miznis misaRwevad aucilebeli iyo Semdegi problemebis gadaWra: 

 zogadi saxis operatorebis kanonikuri orTonormirebuli bazisis povna; 

 polinomuri invariantebis gamoTvla kanonikur bazisSi da maT Soris 
minimaluri sabaziso sistemis povna; 

 invariantTa agebuli simravlis elementebis polinomuri da funqcionaluri 
damoukideblobis damtkiceba; 

 funqcionaluri damoukideblobis saCveneblad aucilebeli maTematikuri 
konstruqciebis SemuSaveba; kerZod:  

 vandermondis matricis da masTan dakavSirebuli matricebis farTo ganzo-
gadeba da maTi Tvisebebis Seswavla; 

 SemoRebuli maTematikuri cnebebidan gamomdinare Sedegebis Seswavla da 
maTematikis sxva mimarTulebebTan maTi mimarTebis dadgena. 

   mecnieruli siaxle da praqtikuli mniSvneloba mdgomareobs SemdegSi: 

1. SemoRebulia dasmuli amocanis gadasawyvetad saWiro axali maTematikuri 
cnebebi da SemuSavebulia Sesabamisi axali maTematikuri aparati;  

  2. agebulia minimaluri polinomuri bazisi sasrulganzomilebian unitarul 
da evklidur sivrceebSi moqmedi operatorebis unitaruli da orTogonaluri 
invariantebisaTvis da dadgenilia am operatorebis unitaruli da orTogonaluri 
msgavsebisaTvis sakmarisi da aucilebeli, damoukidebeli invariantuli pirobebi.  

3. ganzogadebulia eileris beta-funqcia da damtkicebulia eileris formulis 
Sesabamisi Tanafardoba am funqciisaTvis; miRebuli Tanafardobebi warmoadgens 
mravali axali saintereso formulis wyaros. 

4. naCvenebia, rom SemoRebuli cnebebisa da damtkicebuli Tanafardobebis gamoyene-
biT SeiZleba amoixsnas Teoriuli fizikis amocanebis farTo wre, kerZod, uwyveti 
garemos fizikaSi. napovnia axali da dazustebulia cnobili Tanafardobebi erTi 
da mravali cvladis hipergeometriuli funqciisaTvis. analizurad gamoTvlilia 
ramdenime axali integrali, maT Soris, zogierTi elementaruli funqciidanac. 
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dacvaze gamotanilia Semdegi ZiriTadi Sedegebi da debulebebi:  
1. SemoRebulia funqcionalurad pirobiTad damoukidebeli funqciebis 

cneba da damtkicebulia Teorema funqciebis funqcionalurad pirobiTi 
damoukideblobisaTvis sakmarisi da aucilebeli  pirobebis Sesaxeb. 

2. n-ganzomilebian unitarul 
n 
(evklidur 

n
) sivrceSi moqmedi, gadagva-

rebuli speqtris mqone ermituli (simetriuli) P operatorisaTvis napovnia 
misi damaxasiaTebeli damoukidebeli parametrebis minimaluri raodenoba 

(P ) da naCvenebia, rom es raodenoba emTxveva ramzis ricxvs. napovnia 
gadagvarebuli speqtris mqone ermituli (simetriuli) operatoris poli-

nomuri invariantebis bazisi 
n (n) sivrceSi. napovnia ori ermituli 

(simetriuli) operatoris unitaruli (orTogonaluri) msgavsebisaTvis 
aucilebeli da sakmarisi damoukidebeli pirobebi.  

3. 
n (n) sivrceSi zogadi saxis operatorisaTvis agebulia kanonikuri 

bazisi; cxadi saxiT agebulia am operatoris matricis kanonikuri forma. 
agebulia zogadi saxis operatoris unitaruli (orTogonaluri) invarian-
tebis minimaluri sruli krebuli – polinomuri invariantebis bazisi; 
damtkicebulia Teorema operatoris matricis kanonikuri formisa da 
polinomuri invariantebis bazisis urTierTcalsaxa Sesabamisobis Sesaxeb. 
damtkicebulia agebuli polinomuri invariantebis bazisis elementTa funq-
cionaluri damoukidebloba. 

4. napovnia zogadi saxis ori operatoris unitaruli (orTogonaluri) 
msgavsebisaTvis aucilebeli da sakmarisi damoukidebeli pirobebi; amasTan, 
gaumjobesebulia pirsis Sefaseba aseTi msgavsebisaTvis sakmarisi pirobebis 
raodenobis Sesaxeb (Cvens mier napovni Sefasebaa N ≤ n

2
+1, nacvlad pirsis 

mier mocemuli N ≤
222 n raodenobisa) da naCvenebia, rom zogad SemTxvevaSi es 

Sefaseba ar SeiZleba gaumjobesdes. 

5. SemoRebulia zogadi saxis operatoris unitaruli (orTogonaluri) 
invariantebis matrica da naCvenebia, rom am matricis struqtura emTxveva 
operatoris kanonikuri matricis struqturas.  

6. napovnia sxvadasxva simetriis mqone namdvili operatorebis wyvilebis 
orTogonaluri klasificirebisaTvis sakmarisi da aucilebeli pirobebi maTi 
invariantebis bazisebis terminebSi; bolomde gadawyvetilia operatorTa 
aseTi wyvilebis unitaruli (orTogonaluri) klasificirebis amocana. 

7. ganmartebulia vandermondis jeradi matrica da vandermondis ganzo-
gadebuli jeradi matrica; jeradobebis nebismieri naturaluri mniSvne-
lobebisaTvis gamoTvlilia vandermondis jeradi matricis determinanti. 
damtkicebulia, rom es matrica dadebiTadaa gansazRvruli, roca savsebiT 
dadebiTia Sesabamisi vandermondis ganzogadebuli matrica. nebismieri mat-
ricis r-asocirebuli da r-inducirebuli matricebis analogiurad, agebulia 

e. w. ganzogadebuli r-inducirebuli matrica. vandermondis ganzogadebuli 
r-inducirebuli matricis determinanti gamoTvlilia cxadi saxiT. 

8. damtkicebulia vietis Teoremis analogiuri Tanafardoba namdvili 
cvladis xarisxTa jamisaTvis, roca xarisxis maCveneblebi araa mTeli. 
misi gamoyenebiT gamoTvlilia lagranJis elementarul interpolaciur 
mravalwevrTa Semcveli sasruli jami.  
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9. naCvenebia vandermondis ganzogadebuli jeradi matricis kavSiri zo-

gierT mniSvnelovan specialur funqciasTan, kerZod, eileris -funqciasTan 
da erTi da mravali cvladis hipergeometriul (hg) funqciebTan, romelTac 
farTo gamoyeneba aqvT maTematikur da fizikur amocanebSi. SemoRebulia 

ganzogadebuli, (n1) parametrze damokidebuli -funqciis ganmarteba da 
Seswavlilia misi Tvisebebi. naCvenebia am funqciis Tanabari SemosazRvru-
loba misi yoveli argumentis Sesabamis kompleqsur sibrtyeze da  damtki-
cebulia eileris formulis mravalganzomilebiani analogi.  

10. damtkicebulia Teorema ganzogadebul -funqciaSi Semavali erTi 
da mravali cvladis hg funqciaTa gansakuTrebulobaTa Sekvecis Sesaxeb.  

11. napovnia axali Tanafardobebi n cvladis hg funqciaTa Soris. dazus-
tebulia mosazRvre hg funqciebis damakavSirebel TanafardobaTa raodenoba  
da mocemulia am TanafardobaTa sruli sistema cxadi saxiT. erTi cvladis 
SemTxvevaSi es Tanafardobebi emTxveva gausis cnobil formulebs, xolo 

n  2 SemTxvevaSi iZleva 38 formulas apelis hg funqciisaTvis. es Sedegi 
gansxvavdeba apelisa da kampe de feries monografiaSi deklarirebuli 
ricxvisgan am TanafardobaTa raodenobisaTvis (56 Tanafardoba).  

12. n  2 SemTxvevaSi naCvenebia ganzogadebuli -funqciis kavSiri gausis 
hipergeometriuli gantolebis kumeriseuli amonaxsnebis vronskianTan. am 
kavSiris gamoyenebiT cxadi saxiT gamoTvlilia kumeris amonaxsnebis yvela 
aratrivialuri wyvilis vronskiani. napovni Tanafardobebi gamoyenebulia 
specialuri da elementaruli funqciebis zogierTi gansazRvruli integ-
ralis analizurad gamoTvlisaTvis. miRebuli Sedegebis nawili axalia  
da ar figurirebs cnobarebSi, maT Soris eleqtronulSic. 

13. sasruli saxiT gamoTvlilia specialuri funqciebis Semcveli zogi-
erTi mwkrivi; miRebulia zaalSutcis formulis tipis axali Tanafardobebi 
da ramdenime axali Tanafardoba ganzogadebuli hg funqciebisaTvis. 

14. orTogonaluri invariantebis sruli minimaluri krebuli gamoyenebu-
lia fizikuri sistemebis dinamikis aRsawerad. samganzomilebiani invariante-
biT Cawerilia gantolebebi absoluturad myari sxeulis brunvisaTvis, 
romelic marTebulia koordinatTa nebismier orTonormirebul sistemaSi 
da ara mxolod bzrialas inerciis mTavar RerZebze agebul koordinatTa 
sistemaSi; kerZo SemTxvevebSi es gantoleba gvaZlevs moZraobis integralebs 
Tavisufali bzrialasTvis _ brunvis kinetikur energias da impulsis momentis 
kvadrats da gansazRvravs kuTxuri siCqaris droze damokidebulebas. 

15. relativisturad mbrunavi sistemebisaTvis gamoTvlilia sistemis 
relativisturi energia da impulsis momenti, radiusze damoukidebeli 
kuTxuri siCqariT brunvisas, sistemaSi masis sxvadasxva ganawilebisaTvis. 
naCvenebia, rom orive es samganzomilebiani invarianti rCeba sasruli, roca 
mbrunavi sistemis ekvatoris siCqare miiswrafis sinaTlis siCqarisken, garda 
im SemTxvevebisa, roca ekvatoris midamoSi masis mniSvnelovani nawilia 
lokalizebuli. agebulia aseTi sistemebis relativisturi hamiltoniani. 
Seswavlilia viwro Txeli rgolis dinamika relativisturi brunvisas.  

16. agebulia arawrfiv diferencialur gantolebaTa Caketili sistema 
idealuri siTxis baroqronuli dinebisaTvis hidrodinamiuri siCqaris iakobis 
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matricis orTogonaluri invariantebis terminebSi. es Sedegi miRebulia 
disertaciaSi damtkicebuli zogadi xasiaTis Teoremis safuZvelze, romelic 
gansazRvravs iakobis matricisa da misi orTogonaluri invariantebis droze 
da sivrciT koordinatebze damokidebulebis kanons. 

17. damtkicebulia, rom arsebobs baroqronuli dinebis mxolod ori 
reJimi – potenciuri, an solenoiduri da napovnia iakobis matricis yvela 
damoukidebeli orTogonaluri invariantis droze damokidebulebis kanoni 
orive reJimSi. 

18. baroqronuli dinebisaTvis amoxsnilia eileris samganzomilebiani 
hidrodinamiuri gantolebebis sistemis tolfasi arawrfivi diferencia-
luri gantolebebis sistema da napovnia airis hidrodinamiuri siCqaris da 
simkvrivis damokidebuleba droze da sivrciT koordinatebze dinebis orive 
SesaZlo reJimSi. kerZod, naCvenebia, rom potenciuri baroqronuli dinebisas 
hidrodinamiuri siCqaris damokidebuleba radius-veqtorze (nebismierad arCeu-
li koordinatTa saTavis mimarT) aiwereba hablis ararelativisturi kanoniT. 

19. baroqronuli solenoiduri dinebis reJimSi napovnia sakmarisi da 
aucilebeli pirobebi imisa, rom eileris hidrodinamiuri gantolebebis 
amonaxsns hqondes martivi an ormagi talRis saxe. naCvenebia, rom baro-
qronuli solenoiduri dineba izobarulia. 

20. napovnia polinomiuri Tanafardobebi (sizigiebi) iakobis matricis 
invariantebs Soris, rogorc potenciuri, aseve solinoiduri baroqronuli 
dinebis reJimSi da naCvenebia, rom es Tanafardobebi ar icvleba droSi, 
e. i. warmoadgens moZraobis pirvel integralebs.  
     

disertaciis struqtura da Sinaarsi. disertacia Seicavs Sesavals, xuT Tavs, 
daskvnas, or damatebas da 171 dasaxelebisgan Sedgenil (154 wyarod dajgufebul) 
literaturis sias. originaluri Sedegebi warmodgenilia I-V TavebSi da damate-
bebSi. naSromis saerTo moculobaa 187 nabeWdi gverdi, maT Soris 12 naxazi da 6 
cxrili. 

   SesavalSi dasabuTebulia gamokvlevis SerCeuli mimarTulebis aqtualuroba, 
rac ganpirobebulia invariantebis meTodis farTo gamoyenebiT Teoriuli fizikis 
da maTematikis mraval amocanaSi. Camoyalibebulia naSromis ZiriTadi mizani, 
gansazRvrulia misi mecnieruli siaxle da mniSvneloba, dasabuTebulia sadiser-
tacio naSromis mecnieruli da praqtikuli Rirebuleba, CamoTvlilia dacvaze 
warmodgenili ZiriTadi debulebebi. SesavalSi agreTve aRwerilia disertaciis 
struqtura, moyvanilia misi mokle Sinaarsi, warmodgenilia cnobebi naSromis 
aprobaciisa da publikaciebis Sesaxeb. 

 pirveli Tavi eZRvneba invariantTa Teoriis problematikas da, ZiriTadad, 
mimoxilviTi xasiaTisaa (garda $1.5-isa). aq ganxilulia istoriuli cnobebi inva-
riantTa Teoriis ganviTarebis adreuli etapebisa da Tanamedrove mimarTulebebis 
Sesaxeb, CamoTvlilia ZiriTadi Sromebi da miRwevebi, romlebmac ganapirobes 
mecnierebis am dargis ganviTareba. ilustrirebulia invariantTa Teoriis kavSiri 
maTematikisa da Teoriuli fizikis sxva Tanamedrove mimarTulebebTan, ganmartebu-
lia ZiriTadi cnebebi da terminebi. am Tavis bolo paragrafi $1.5 originaluria. 
aq SemoRebulia pirobiTad damoukidebeli funqciebis cneba da damtkicebulia 
Teorema Sesabamisi kriteriumis Sesaxeb, rac iZleva bmebiani sistemebis Seswavlis 



 11 

saSualebas bmebis cxadi saxiT amoxsnis gareSe (e. i. gamosakvlevi sistemis simet-
riis SenarCunebiT). es meTodi gamoyenebulia disertaciis momdevno TavebSi. 

 disertaciis II-V TavebSi moceuli masala (garda $2.1 da $2.2-isa) originaluri 
xasiaTisaa. originaluria damatebebSi gatanili Sedegebic. 

 meore Tavi Sedgeba xuTi paragrafisagan. $2.1 Seicavs ZiriTad cnebebs, ganmar-
tebebsa da debulebebs operatorTa algebridan, romlebic gamoiyeneba SemdgomSi: 
msgavsi matricebi, sakuTari ricxvebi da sakuTari veqtorebi da maTi ZiriTadi 
Tvisebebi, operatoris maxasiaTebeli mravalwevri, SeuRlebuli operatori, mar-
tivi struqturis operatori, normaluri operatori da misi kerZo SemTxvevebi – 
TviTSeuRlebuli (kompleqsuri), simetriuli (namdvili) da unitaruli operatorebi, 
ganmartebulia am operatorebis kanonikuri bazisi da Sesabamisi kanonikuri mat-
ricebi. yvela winadadeba an damtkicebulia teqstSi, an miTiTebulia Sesabamisi 
literaturuli wyaroebi. $2.2-Si ganxilulia martivi speqtris mqone ermituli 
operatorebi. damtkicebulia Teorema martivi speqtris mqone ermituli operatoris 
e.w. speqtraluri warmodgenis Sesaxeb, rac SemdgomSi gamoyenebulia operatorebis 
(unitaruli) klasificirebisaTvis; Teorema damoukidebeli polinomuri invarian-
tebis raodenobis Sesaxeb da invariantebis polinomuri bazisis Sesaxeb; mocemulia 
hamilton-kelis fundamenturi Teoremis [42] formulireba. $2.3-Si Seswavlilia 
gadagvarebuli speqtris mqone ermituli operatorebi. naCvenebia, rom aseTi operato-
ris damoukidebeli polinomuri invariantebis raodenoba aRemateba erTmaneTisgan 
gansxvavebul sakuTar ricxvTa raodenobas. damtkicebulia, rom ori ermituli 
operatorebis unitaruli klasificirebisas gasaTvaliswinebelia sakuTar ricxvTa 
gadagvarebis jeradobebi. agebulia polinomur invariantTa minimaluri sistema, 
romelic sakuTari ricxvebis gadagvarebis jeradobebis povnis saSualebas iZleva. 
naCvenebia am operatoris damoukidebeli polinomuri invariantebis raodenobis 
kavSiri kombinatorikaSi cnobil e.w. ramzis ricxvTan [53], [54]. damtkicebulia, rom 
es ricxvi ar aRemateba sivrcis ganzomilebas da naCvenebia, rom toloba miiRweva 
mxolod or SemTxvevaSi: a) martivi speqtris SemTxvevaSi, e. i. roca operatoris 

yvela sakuTari ricxvis jeradobaa 1ir   da b) roca erTi sakuTari ricxvis jera-

dobaa
1 2,r   xolo danarCeni sakuTari ricxvebi martivia. napovnia agreTve Tanafar-

dobebi operatoris xarisxebis kvalTa Soris, romlebSic gadaisaxeba sakuTari 
ricxvebis gadagvarebiT dadebuli bmebi. $2.4-Si ganmartebulia da agebulia 
araermituli operatoris kanonikuri bazisi da Sesabamisi matricis kanonikuri 
forma. naCvenebia, rom es bazisi erTaderTia (sivrceSi globaluri fazuri 
gardaqmnis sizustiT), Tu operatoris ermitul nawils aqvs martivi speqtri da, 
operatoris kanonikuri formidan gamomdinare, napovnia misi damoukidebeli 

namdvili parametrebis (maqsimaluri) raodenoba 2 1.n   SemoRebulia  mocemuli 
operatoris unitaruli invariantebiT Sedgenili matrica – invariantebis matrica 
– da naCvenebia, rom misi struqtura emTxveva operatoris kanonikuri matricis 
struqturas. amaze dayrdnobiT, napovnia operatoris damoukidebel invariantTa 
maqsimaluri raodenoba da dadgenilia ori araermituli operatoris (ermitul 
operatorTa wyvilebis) unataruli msgavsebisaTvis sakmarisi da aucilebeli 
pirobebi maTi invariantebis terminebSi. namdvili operatorebis orTogonaluri 
invariantebi Seswavlilia paragrafSi 2.5. am paragrafSi ganmeorebulia $2.4-Si 
Sesrulebuli agebebi namdvili sivrcis SemTxvevisaTvis. naCvenebia, rom ori 
namdvili arasimetriuli operatoris orTogonaluri msgavsebisaTvis zogad 
SemTxvevaSi sakmarisia ( 1) 2/n n  namdvili invariantis gamoTvla da napovnia es 
invariantebi. 
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 mesame Tavi Sedgeba oTxi paragrafisagan da Seicavs im axal maTematikur 
cnebebsa da Teoremebs, romlebic uzrunvelyofs II TavSi mocemuli debulebebis 
Seswavlasa da damkicebas. $3.1-Si SemoRebulia vandermondis jeradi matricis 
cneba da cxadi saxiT gamoTvlilia misi determinanti jeradobebis nebismieri 
naturaluri mniSvnelobebisaTvis. $3.2-Si mocemulia vandermondis ganzogadebuli  
jeradi matricis ganmarteba da damtkicebulia, rom is gansazRvrulia dadebiTad 
cvladebis dadebiTi mniSvnelobebisa da jeradobebis nebismieri, erTmaneTisagan 
gansxvavebuli naturaluri mniSvnelobebisaTvis. iqve damtkicebulia vietis Teo-
remis analogiuri Tanafardoba namdvili cvladis xarisxTa jamisaTvis, roca 
xarisxis maCveneblebi araa mTeli. es Sedegi gamoyenebulia $3.3-Si lagranJis 
elementaruli interpolaciuri mravalwevrebis [55] Semcveli sasruli jamis 
gamosaTvlelad; napovnia kavSiri vandermondis ganzogadebuli jeradi matricis 

determinantsa da eileris -funqcias Soris. $3.4-Si SemoRebulia vandermondis 
asocirebuli da inducirebuli matricebi da maTi ganzogadebebi, romelTa 
elementebi Sedgeba mocemuli matricis minorebisa (asocirebuli matrica) da 
permanentebisgan [56-58] (inducirebuli matrica) (ix. agreTve [59]). dasmulia 
amocana am cnebebis ganzogadebis SesaZleblobis Sesaxeb iungis sxva sqemebiT [7] 
Sedgenili matricebisTvis. 

 meoTxe Tavi eZRvneba (n1)-parametriani
0( , , )nr r funqciis Seswavlas, romelic 

warmoadgens eileris B-funqciis ganzogadebas da mis kavSirebs erTi da mravali 
cvladis hipergeometriul (hg) funqciasTan. $ 4.1-Si damtkicebulia eileris for-

mulis analogi 
0 1 2( , , )r r r  funqciisaTvis 

(S.1) 0 1 20 1 2 0 1 2
( ) ( ) ( )( , , ) / ( )r r rr r r r r r        

argumentebis nebismieri kompleqsuri mniSvnelobebisaTvis. $ 4.2-Si gamoTvlilia 
gausis hg diferencialuri gantolebis [60], [61] vronskianebi kumeriseuli amonaxsne-
bis yvela aratrivialuri wyvilisTvis. miRebuli Sedegebi gamoyenebulia integ-
ralebis analizuri saxiT gamosaTvlelad maTematikuri fizikis rigi specialuri 
funqciidan da zogierTi elementaruli funqciidan magaliTad (ix. damateba B), 

(S.2) 

1

1 1

0

(1 )(1 ) ln ( ) ln (1, ;1 ;1 )
sin

b b zuu u du b z b F b b z
b

           



 

agreTve zogierTi mwkrivis da sasruli jamis analizuri saxiT gamosaTvlelad. 
$4.3-Si ganxilulia mravali cvladis hg funqciebis zogierTi Tviseba. napovnia 
axali Tanafardobebi apelis tipis n cvladis hg funqciebs Soris. dazustebulia 
mosazRvre hg funqciaTa damakavSirebel TanafardobaTa raodenoba da cxadi 
saxiT mocemulia am TanafardobaTa sruli sistema. erTi cvladis SemTxvevaSi es 

Tanafardobebi emTxveva gausis cnobil formulebs, xolo n 2 SemTxvevaSi 
iZleva 38 formulas apelis hg funqciisaTvis. gaanalizebulia am gansxvavebis 

mizezebi literaturaSi moyvanil [62] monacemebTan. $4.4-Si gaanalizebulia is 

garTulebebi, romlebsac iwvevs 
0( , , )nr r  funqciaSi cvladTa raodenobis zrda. 

am Tavis bolo $4.5-Si, karlsonis Teoremis [63-65] gamoyenebiT, damtkicebulia 
formula 

(S.3)  0
( )( , , ) / jjn

rrr r      

cvladTa nebismieri raodenobis SemTxvevaSi argumentebis nebismieri kompleqsuri 
mniSvnelobebisaTvis [47]. am Tanafardobidan gamomdinare, damtkicebulia Teorema 

ganzogadebul -funqciaSi Semavali erTi da mravali cvladis hipergeometriuli 
funqciebis singularobebis Sekvecis Sesaxeb. 
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 mexuTe TavSi moyvanilia operatorebis orTogonaluri invariantebis fizikaSi 
gamoyenebis magaliTebi. aq, fizikuri Sinaarsidan gamomdinare, ixileba mxolod 
samganzomilebian namdvil evklidur sivrceSi moqmedi operatorebi da matricebi. 
$ 5.1-Si asimetriuli myari sxeulis brunva aRwerilia inerciis simetriuli ten-
zoris da kuTxuri siCqaris antisimetriuli II rangis tenzoris wyviliT da 
naCvenebia, rom maTi samganzomilebiani invariantebiT SeiZleba Caiweros brunvis 
dinamiuri gantoleba, romelic marTebulia koordinatTa nebismier orTonormi-
rebul sistemaSi da ara mxolod bzrialas inerciis mTavar RerZebze agebul 
koordinatTa sistemaSi. kerZo SemTxvevebSi es gantoleba gvaZlevs moZraobis 
integralebs Tavisufali bzrialasaTvis _ brunvis kinetikur energias da impulsis 
momentis kvadrats da gansazRvravs kuTxuri siCqaris kvadratis droze damokide-
bulebas [66]. $5.2-Si relativisturad mbrunavi sistemisaTvis gamoTvlilia (radi-
usze damoukidebeli kuTxuri siCqariT brunvisas) sistemis relativisturi energia 
da impulsis momenti, sistemaSi masis ganawilebis sxvadasxva SemTxvevebisaTvis. 
naCvenebia, rom orive es samganzomilebiani invarianti rCeba sasruli maSinac, roca 
mbrunavi sistemis ekvatoris siCqare miiswrafis sinaTlis siCqarisken, garda im 
SemTxvevebisa, roca ekvatoris midamoSi masis mniSvnelovani nawilia lokalize-
buli. parametruli saxiT agebulia aseTi sistemebis relativisturi hamiltoniani. 
Seswavlilia aseTi sistemebis dinamika. $5.3-Si Seswavlilia idealuri siTxis 
baroqronuli dineba [27]-[29]. agebulia arawrfiv diferencialur gantolebaTa 
Caketili sistema hidrodinamiuri siCqaris iakobis matricis orTogonaluri 
invariantebis terminebSi [66]. es Sedegi miRebulia am paragrafSi damtkicebuli 
zogadi xasiaTis Teoremis safuZvelze iakobis matricis da misi orTogonaluri 
invariantebis droiT da sivrciT cvladebze damokidebulebis kanonis Sesaxeb 
(Teorema 5.1, Sedegebi 5.1-5.3). napovnia miRebuli arawrfivi gantolebebis gansa-
kuTrebuli amonaxsnebi, romlebic warmoadgens zogadi amonaxsnebis momvlebebs. 
$5.4-Si naCvenebia, rom arsebobs baroqronuli dinebis mxolod ori reJimi – 
potenciuri da solenoiduri. napovnia iakobis matricis yvela damoukidebeli 
orTogonaluri invariantis droze damokidebulebis kanoni am reJimebSi 
(cxrili 1). napovni Tanafardobebis gamoyenebiT baroqronuli dinebisTvis 
amoxsnilia eileris samganzomilebiani hidrodinamiuri gantolebebis sistemis 
tolfasi arawrfivi diferencialuri gantolebebis sistema da napovnia 
hidrodinamiuri siCqaris da simkvrivis damokidebuleba droze da sivrciT 
koordinatebze dinebis orive SesaZlo reJimSi. kerZod, naCvenebia [66a, b], rom 
potenciuri baroqronuli dinebisas hidrodinamiuri siCqaris damokidebuleba 
radius-veqtorze (nebismierad arCeuli koordinatTa saTavis mimarT) aiwereba 
hablis ararelativisturi kanoniT 

(S.4) 
0

( , ) .
r

u t r
t t




 

amave paragrafSi baroqronuli solenoiduri dinebis reJimSi napovnia sakmarisi 
da aucilebeli pirobebi imisa, rom eileris hidrodinamiuri gantolebebis 
amonaxsns hqondes martivi an ormagi talRis [27] saxe (Teorema 5.4). naCvenebia 
agreTve, rom baroqronuli solenoiduri dineba izobarulia [30]. napovnia poli-
nomuri Tanafardobebi iakobis matricis invariantebs Soris (cxrili 2), rogorc 
potenciuri, aseve solinoiduri dinebis reJimSi da naCvenebia, rom es Tanafar-
dobebi ar icvleba droSi, e. i. warmoadgens moZraobis integralebs.  

 daskniT nawilSi Camoyalibebulia disertaciaSi miRebuli ZiriTadi Sedegebi.  

 damatebebSi gatanilia gamoTvliTi da damxmare xasiaTis sakiTxebi da sxva 
masala, romelic ar aris uSualod dakavSirebuli ZiriTadi teqstis SinaarsTan.  
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 damateba  Sedgeba 6 punqtisgan. punqtSi A.1 miRebulia zaalSutcis formulis 

axali analogi [45a]. punqtSi A.2 damtkicebulia Teorema gausis hg funqciebis 

gansakuTrebulobebis Sekvecis Sesaxeb eileris ganzogadebul ()-funqciaSi. 
punqtSi A.3 damtkicebulia axali Tanafardoba ganzogadebul hg (sasrul) mwkrivebs  

Soris, romelic gamomdinareobs disertaciis IV TavSi gamoyvanili formulebidan. 
punqtSi A.4 Tanafardobebi gausis mosazRvre hg funqciaTa da maT warmoebulTa 

Soris gamoyenebulia $4.2-Si napovni Tanafardobebis sailustraciod da zogierTi 
axali gansazRvruli integralis analizuri saxiT gamosaTvlelad. miRebuli 

Sedegebi Sejamebulia cxrilSi 3. punqtSi A.5 amowerilia yvela aratrivialuri 
vronskiani gausis diferencialuri hg gantolebis kumeriseuli amonaxsnebis wyvi-
lebisaTvis (cxrili 4). punqtSi A.6 gamoyvanilia Tanafardobebi apelis hg funqciasa 
da mis mosazRvre hg funqciaTa Soris. Sedegebi ganzogadebulia cvladTa 
nebismieri ricxvisTvis (cxrili 5). gamoTvlilia am Tanafardobebs Soris gansxva-
vebulTa raodenoba da dazustebulia literaturaSi moyvanili monacemebi.  
 damateba B Seicavs [27]-[28] SromebSi Camoyalibebuli zogierTi winadadebis 
originalur damtkicebas (punqti B.1) da teqnikuri xasiaTis gamoTvlebs, rom-
lebic saWiroa dinamiuri gantolebebis Casawerad orTogonaluri invariantebis 
terminebSi asimetriuli bzrialas brunvisaTvis da idealuri airis baroqronuli 

dinebisaTvis (punqti B.2).  

 naSromis aprobacia. naSromis ZiriTadi Sedegebi moxsenebul da ganxilul iqna:  

 saqarTvelos mecnierebaTa akademiis a. razmaZis sax. maTematikis institutSi; 

 saq. mecn. akademiis e. andronikaSvilis sax. fizikis institutSi;   

 i. javaxiSvisis sax. Tsu-is Teoriuli fizikis kaTedraze; 

 moskovis eleqtronuli manqanaTmSeneblobis institutis maTematikis kaTedraze; 

 Tsu-s i. vekuas sax. gamoyenebiTi maTematikis institutSi; 

 birTvuli kvlevebis gaerTianebuli institutis gamoTvliTi teqnologiebis 
laboratoriaSi, dubna (ruseTi); 

 saqarTvelos sapatriarqos wminda andria pirvelwodebulis saxelobis 
qarTul universitetSi 

agreTve saerTaSoriso seminarebze da konferenciebze:  

1. The 4-th Nat. Conf., Cairo (Egypt), 1992; 

 2. XXV-th General Assembly of IURS, Lille (France), 1997;  

3.  saqarTvelos maTematikosTa III yriloba, Tbilisi, 2001; 

4.  birTvuli kvlevebis gaerTianebuli institutis seminarze, dubna, 2003;  

5.  DIPED-2005, IEEE X-
th

 Int. Seminar/Workshop, Lviv, 2005; 

6.  CFTI: From Condensed Matter Physics to String Theory, Yerevan-Tbilisi, 2007; 
da sauniversiteto konferenciebze. 

  publikaciebi. disertaciis ZiriTadi Sinaarsi asaxulia 22 nabeWd da eleqtro-

nul naSromSi, romlebic literaturis saZiebelSi da teqstSi miTiTebulia 
nomrebiT: [40], [41], [43], [44a], [44b], [45a], [45b], [46a], [46b], [47], [66a], [66b], [67], [94], 
[95a], [95b], [96], [107], [109], [143], [144], [151]. 
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Tavi I 

invariantTa Teoriis problematika 

$1.1. istoriuli mimoxilva.  
 

invariantebis Teoria Caisaxa XVIII saukuneSi. ganviTarebis sawyis etapze is 
dakavSirebuli iyo ricxvTa Teoriis, geometriisa da algebris zogierT amoca-
nasTan, kerZod, ori cvladis kvadratuli formebis TeoriasTan.  

J. lagranJma (1736-1813), ikvlevda ra mTeli ricxvebis warmodgenebs kvadratuli 

formebiT 2 2( , ) 2 ,f x y ax bxy cy    daadgina, rom am formis koeficientebisgan Sedge-

nili kombinacia 2ac b    ar icvleba wrfivi gardaqmnisas .x x y   

k.-f. gausma (1777-1855) ganixila cvladTa zogadi wrfivi gardaqmna binaruli 
(ori) da ternaruli (sami) cvladis formebisaTvis (Disquisitiones Arithmeticae, 1801). 

man daamtkica, rom 2 2( , ) 2f x y ax bxy cy    kvadratul formaSi ,x y  cvladebis zogadi 

wrfivi gardaqmna formulebiT
11 12 21 22, ,x x y y x y        gvaZlevs sxva kvadratul 

formas 2 2( , ) 2 ,f x y a x b x y c y             romlisTvisac 

(1)       
2 22 2det( ) ( ) det( ) .ik ikb ac b ac             

j.silvestrma (1814-1897) gamosaxulebas 2ac b    uwoda diskriminanti (1852). 
diskriminanti 0   maSin da mxolod maSin, roca kvadratuli forma ( , )f x y  
aris wrfivi formis kvadrati (niSnis sizustiT, Tu cvladebi namdvilia). Tu 

,x y  cvladebis gardaqmnis matrica 2 ,( ) ( )ik SL   e.i. Tu det( ) 1,ik    maSin ,    anu 

diskriminanti invariantulia im gardaqmnebis mimarT, romlebic adgens
2( )SL  jgufs. 

ukve gausma icoda, rom diskriminanti aris binaruli kvadratuli formis 
ZiriTadi invarianti, e. i. rom , ,a b c  koeficientebis yoveli polinomi ( , , ),F a b c  ro-

melic invariantulia 
2( )SL  jgufis mimarT, TviTon aris  cvladis polinomi. 

gausma icoda isic, rom rom es debuleba samarTliania sami cvladis kvadratuli 
formebisaTvisac. 

n cvladis kvadratuli formebisaTvis 

 1( , , ) , ,n kl k l klk l
q x x a x x a


   

diskriminanti ( ) det( ).klq a   Tanafardoba (1) marTebulia n nebismieri (naturaluri) 

mniSvnelobisaTvis. zogadi Sedegi kvadratuli formebisaTvis miiRes J. binem da 
o. koSim (1815) namravlis determinantis Teoremis daxmarebiT. 

invariantebis Teoriis sxva wanamZRvrebs vpoulobT kvlevebSi kvadratuli 
formebis kvadratebis jamad gardaqmnis Sesaxeb orTogonaluri gardaqmnebis 
saSualebiT da, ra Tqma unda, proeqciul geometriaSi – v. ponseles, f. miobiusis, 
m. Salis, i. Staineris, i. pliukeris SromebSi. magaliTisTvis movixsenioT silvestris 
inerciis kanoni (1852; es kanoni icodnen ukve iakobim (1847) da Sleflim (1851)). 

invariantebis Teoriis ganviTarebaSi mniSvnelovani iyo j. bulis naSromi (1841), 
romelsac zogjer am Teoriis WeSmarit sawyisad miiCneven. Teoriis Semdgom gan-
viTarebaSi monawileobda XIX saukunis saxelganTqmul maTematikosTa mTeli 
pleada: j. buli, o. hese, j. silvestri, s. aronholdi, a. keli, k. iakobi, f. eizenSteini, 
S. ermiti, f. brioSi, a. klebSi, p. gordani, sofus li, f. klaini, a. kapeli. 

XIX saukunis Sua wlebSi invariantebis Teoria ramdenime mimarTulebiT gamoeyo 
ricxvTa Teorias. am droisaTvis zusti formulireba miiRo jgufis da invariantis 
cnebebma, mkafiod Camoyalibda Teoriis ZiriTadi amocanebi da TandaTan gasagebi 
gaxda, rom klasikuri da proeqciuli geometriis ZiriTadi faqtebi, arsebiTad, 
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gamoxataven igiveobebs invariantebs Soris gardaqmnaTa Sesabamisi jgufis mimarT. 
keli, mogvianebiT ki klaini Tavis erlangenis programaSi (1872), ganixilavdnen 
invariantebis Teorias, rogorc maSindeli geometriis (Tanamedrove terminolo-
giiT, elementaruli geometriis) algebrul asls da iyenebdnen mas elementaruli 
geometriebis, kerZod, evklides geometriis gansazRvrisa da klasificirebisaTvis. 

artur kelim SeimuSava “hiperdeterminantebis aRricxva” (1846), romlis dax-
marebiTac SeiZleba invariantebis nebismieri raodenobis ageba, da daaxasiaTa 
invariantebi diferencialuri gantolebebis saSualebiT. bulis, eizenSteinis da 
heses SromebSi Cndeba ufro zogadi cnebebi – e. w. ko v ar i a nt i da kontra -
v ari a nt i. silvestri sistematurad ikvlevda am cnebebs da gaaerTiana yvela 
invariantuli warmonaqmni cnebaSi kon ko m ita nt i (1852). silvestri, ermiti da 
germanuli skolis warmomadgenlebi aronholdi, gordani, klebSi invariantebis 
Teorias ixilavdnen, rogorc wminda algebrul Teorias, Tavis amocanas xedavdnen 
invariantebis agebis cxadi algoriTmebis povnaSi. klebSma, gordanma da 
aronholdma ganaviTares e.w. simboluri meTodi (ix., mag., [15]), romelic mWidrodaa 
dakavSirebuli kelis hiperdeterminantebis aRricxvasTan da aqcies igi mZlavr 
instrumentad yvela im invariantis gamosaTvlelad, romelTa xarisxi ar aRemateba 
mocemul ricxvs. kelim da silvestrma daafuZnes e. w. CamoTvlis meTodi, 
(Abzählkalkül) kovariantebisaTvis, amasTan, kelim zogadi problemac ki dasva 
s a b azi so i n v ari a nt e b i s  saboloo ricxvis povnis Sesaxeb, romelTa saSua-
lebiTac yvela sxva invarianti gamoisaxeba mTeli racionaluri kombinaciebiT. 
sasruli raodenobis aseTi sabaziso invariantebis miTiTeba xerxdeboda yvela 
Seswavlil SemTxvevaSi invariantTa Teoriis ganviTarebis ukve sawyis etapze, 
ramac SesaZlebeli gaxada invariantTa mTeli sistemis mTlianobaSi ganxilva. 

1868 wels gordanma aago invariantebis sasruli bazisi binaruli (ori cvladis) 
formebisaTvis, friad Sromatevadi kombinatoruli gziT. misi es naSromi iyo hilber-
tamdeli periodis mwvervali, gansakuTrebiT, Tu gaviTvaliswinebT, rom sul cota 
xniT adre TviT kelis miaCnda, rom sasruli bazisi zogad SemTxvevaSi ar arsebobs. 

magram arsebiTi winsvla ganaxorciela mxolod d. hilbertma (1862-1943), romelmac 
invariantebis Teoriisadmi miZRvnil Tavis or saxelganTqmul SromaSi [68] da [69] 
(1890 da 1893), sruliad axali meTodebis moSveliebiT, amowura invariantebis bazisis 
sasrulobis problema zogadi SemTxvevisaTvis. man erTi dakvriT gadaWra maSindeli 
invariantebis Teoriis centraluri problemebis mTeli rigi. swored aman wamoaZaxe-

bina “invariantebis Teoriis mefed“ wodebul p. gordans  “es maTematika ki ara, 
Teologiaa!”-o. 

invariantTa klasikuri Teoriis ZiriTadi amocana uzogadesi saxiT SeiZleba 
adekvaturad daisvas XX saukunis 30 wlebisaTvis ganviTarebul naxevradmartivi 
jgufebis warmodgenaTa Teoriis terminebSi [15]: 

vTqvaT, mocemulia jgufiGG da misi sasrulganzomilebiani wrfivi warmodgena 

 wrfiv veqtorul V sivrceSi  velze. Tu
1{ , , }nx xx  koordinatebia V sivrceSi 

(romelime bazisSi), maSin jgufis nebismieri elementi g G  gansazRvravs cvladTa 

wrfiv gardaqmnas 1 1{ , , } { , , },n nx x x x    x x  romelsac simbolurad CavwerT, rogorc 

.gx x  cvladTa es gardaqmna nebismier mravalwevrs
1( , , )nP x x  gadaaqcevs axal mraval-

wevrad 
1( , , ),nP x x    ase rom gvaqvs avtomorfizmi (TavisTavze asaxva) x cvladebze 

damokidebuli yvela mravalwevris rgolSi  velze. mravalwevrs, romelic ar 
icvleba yvela aseTi gardaqmnebisas (e. i. roca g  gairbens G  jgufs), ewodeba G 

jgufis  warmodgenis invarianti. G  jgufis  warmodgenis yvela invariantis 
simravle Seadgens algebras. invariantTa Teoriis amocanaa am algebris aRwera.  
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invariantebis aRweris aseTnairad dasmuli amocana aris wrfiv warmodgenaTa 
Teoriis Semdegi zogadi amocanis kerZo SemTxveva: mocemuli valentobis tenzo-
rebis sivrce davSaloT dauyvanad invariantul qvesivrceebad ZiriTad sivrceSi 
moqmedi wrfivi gardaqmnebis jgufis mimarT (invariantebis povna daiyvaneba erT-
ganzomilebiani invariantuli qvesivrceebis gamoyofaze). 

mocemuli warmodgenis invariantebis simravleSi sasruli raodenobis
1, , mP P  

sabaziso invariantebis arseboba niSnavda, rom Seswavlil SemTxvevebSi invarian-
tebis algebra iyo sasrulad warmoqmnili. gamoirkva agreTve, rom sabaziso 

invariantebi 
1, , mP P , sazogadod, araa damoukidebeli (anu invariantebis algebra 

ar aris Tavisufali): SeiZleba arsebobdes iseTi aratrivialuri mravalwevrebi 

1( , , ),mS t t  romlebic igivurad nulis toli xdeba, Tu CavsvamT , 1 .k kt P k m    am 

1( , , )mS t t  mravalwevrebs uwodeben Ta n afardob e b s  an  s izi g i e bs  (termini 

ekuTvnis f. klains). sizigiebis simravleSi, Tavis mxriv, SeiZleba moiZebnos 
sasruli qvesimravle sabaziso sizigiebisa, iseTi, rom yvela danarCeni sizigia 
am qvesimravleSi Semavali sizigiebis algebruli Sedegia. Tavis mxriv, am 
sabaziso sizigiebs Soris SeiZleba arsebobdes polinomuri Tanafardobebi – 
m eore  s iz ig i e b i  da a.S. aseTnairad agebuli s iz ig i e b is  j a W v i s  sigrZe 
yvela Seswavlil SemTxvevaSi aRmoCnda sasruli. magaliTad, Tu G aris n elemen-
tis gadanacvlebis jgufi (simetriuli jgufi Sn, ix., mag., [7]), maSin invariantebis 
algebra aris 

1, , nx x  cvladebis yvela simetriuli mravalwevris algebra. am 

SemTxvevaSi sabaziso invariantebs warmoadgens elementaruli simetriuli mraval-
wevrebi (ix., mag., [59] da disertaciis II-III Tavi), romlebic erTmaneTisagan algebru-

lad damoukidebelia, e. i. aq sizigiebi ar gvaqvs (sizigiebis jaWvis sigrZe 0). 
am dakvirvebebis safuZvelze daisva invariantTa klasikuri Teoriis ori 

ZiriTadi problema: 

I. damtkicdes, rom mocemuli jgufis mocemuli warmodgenis invariantebis 
algebra aris sasrulad warmoqmnili (invariantebis Teoriis I ZiriTadi Teorema) 
da ganisazRvros sabaziso invariantebis sistema. 

II. damtkicdes, rom arsebobs sizigiebis sasruli bazisi (II ZiriTadi Teorema) 
da aigos es bazisi. 

SromaSi [68] d. hilbertma daamtkica I ZiriTadi Teorema nebismieri sasruli  
xarisxis n cvladze damokidebuli formis invariantebisaTvis (1890). manve daamtkica 
II ZiriTadi Teoremis samarTlianoba yvela im SemTxvevisaTvis, roca samarTliania 
I ZiriTadi Teorema da rom am SemTxvevaSi sizigiebis jaWvis sigrZe sasrulia. am 
Sedegebis miReba hilbertma SeZlo mis mierve sagangebod damtkicebul zogad 
abstraqtul algebrul debulebebze dayrdnobiT. 

 I ZiriTadi Teoremis hilbertis Tavdapirveli damtkiceba iyo arakonstruq-
ciuli da ar iZleoda sabaziso invariantebis xarisxebisaTvis Sefasebas zemodan. 
magram SemdgomSi aseTi Sefasebebi gakeTda [69], ramac, principSi mainc, SesaZlebeli 
gaxada yvela sabaziso invariantis gamoTvla zemoT miTiTebuli formaluri 
meTodebiT.  

d. hilbertis mier invariantebis klasikuri Teoriis ZiriTadi problemis 
gadaWris Semdeg maTematikosebma garkveuli droiT interesi dakarges am sferos 
mimarT, ramdenadac aRar Canda Rrma, dauZleveli problemebi. ase iyo 1935 wlamde, 
roca i. Suris, h. veilis, e. kartanisa da sxvaTa mier Seiqmna klasikuri jgufebis 
warmodgenaTa Teoria da gairkva, rom invariantebis Teoriis nawili kerZo 
SemTxvevaa jgufebis warmodgenaTa Teoriisa. es sruliad mkafiod aris naCvenebi 
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h. veilis saxelganTqmul monografiaSi [70]. am naSromma (1946) daajama invariantTa 
Teoriis ganviTarebis II periodi. veilma, hilbertis da hurvicis ideebze dayrdno-
biT, daamtkica invariantTa Teoriis I ZiriTadi Teorema lis nebismieri kompaqturi 
jgufis sasrulganzomilebiani warmodgenebisaTvis da lis nebismieri kompleqsuri 
naxevradmartivi jgufis sasrulganzomilebiani warmodgenebisaTvis. es Sedegebi 
da klasikur jgufTa warmodgenebis sabaziso invariantebisa da sizigiebis aRwera 
mocemulia fundamentur monografiaSi [15].  

XX saukunis 50-ian wlebSi miRebul iqna rigi Sedegebisa sasruli jgufebis 
invariantebis Sesaxeb, kerZod, arekvlebiT warmoqmnili jgufebisaTvis. damtkic-
da [71], [72], rom unitaruli arekvlebiT warmoqmnili sasruli wrfivi kompleqsuri 
jgufebis invariantebis algebra Tavisufalia (anu ar aqvs sizigiebi). 

1963 wels d. mamfordma [73] isev mimarTa invariantebis klasikur Teorias. man 
aRmoaCina geometria n cvladis formebis klasikur TeoriaSi, kerZod, hilbertis 
SromaSi [69] da aCvena, rom invariantebis klasikuri Teoriis geometriul safuZvels 
warmoadgens algebrul mravalsaxeobaTa modulebis Teoria. am droidan aiTvlian 
invariantTa Teoriis “mesame aRorZinebis” periods, romelic dRemde grZeldeba.  

invariantebis Tanamedrove Teoria (invariantebis g e o m e t r i u l i Teoria) 
nawilia gardaqmnaTa algebruli jgufebis zogadi Teoriisa da efuZneba 1950-ian 
wlebSi Seqmnil algebruli jgufebis Teorias.  

invariantebis Tanamedrove Teoria ixilavs nebismier sasrulad warmoqmnil R 
algebras ( velze) da am algebris -avtomorfizmebis algebrul G jgufs 
(gansxvavebiT klasikuri Teoriisgan, romlisTvisac Seswavlis ZiriTad obieqts  
warmoadgenda n cvladis mravalwevrTa -rgoli da am rgolis -avtomorfizmebi, 

inducirebuli cvladTa wrfivi gardaqmnebiT). nacvlad V wrfivi sivrcisa da  
warmodgenisa, invariantebis geometriul TeoriaSi ganixileba nebismieri afinuri 
algebruli mravalsaxeoba X da misi avtomorfizmebis algebruli jgufi G. 

amitom R aris regularuli funqciebis rgoli X mravalsaxeobaze, xolo G jgufis 
moqmedeba R rgolze inducirebulia G-s moqmedebiT X mravalsaxeobaze. R rgolis 
elementi, romlebic uZravi rCeba G jgufis moqmedebisas, aris invarianti; yvela  

aseTi elementis simravle – invariantebis simravle – Seadgens -algebras R
G
. 

Tu R
G sasruladaa warmoqmnili, maSin amboben, rom samarTliania invariantebis 

Teoriis I ZiriTadi Teorema. mtkicdeba [74], rom R
G aris sasrulad warmoqmnili, 

Tu jgufi G geometriulad reduqtiulia (anu Tu misi yoveli wrfivi sasrul-
ganzomilebiani warmodgena savsebiT dayvanadia [73]).  

geometriuli TvalsazrisiT, invariantul rgolze gadasvlas Seesabameba 
gadasvla “algebrul faqtorze”, romlis sakoordinato rgoli Sedgeba zustad 
invariantuli funqciebisagan. invariantebis R rgolis aRweris klasikuri problema 
msaxvelebisa da Tanafardobebis saSualebiT adgils uTmobs ufro geometriul 
sakiTxebs am faqtoris struqturis Sesaxeb.  

Tanamedrove warmodgenebis CarCoebSi geometriuli obieqtebis Seswavla mWid-
rod gadaixlarTa jgufTa Teoriis, rgolebis, mravalsaxeobebis da abstraqtuli 
algebris sxva meTodebTan. piriqiTac, tradiciulad algebrul kvlevebSi sul 
ufro Rrmad iWreba geometriuli meTodebi. ukanasknel aTwleulebSi Camoyalibda 
da damoukidebel disciplinad iqca algebruli geometria (Tuki dasaSvebia 
vuwodoT „damoukidebeli“ Tanamedrove mecnierebis, gansakuTrebiT ki Tanamedrove 
maTematikis romelime dargs). 1970-ian wlebSi gamoica fundamenturi monografiebi 
algebrul geometriaSi (mag., [75]; ix., agreTve, [74] da iq miTiTibuli wyaroebi) da 
geometriul algebraSi [76].  
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monografiaSi [74] (1985) mocemulia Caketili orbitebis aRwera, Seswavlilia 
faqtorizaciis asaxvis fenebis, gansakuTrebiT “nulovani fenis” agebuleba, maTi 
gaSla orbitebad, dadgenilia zogierTi kavSiri klasifikaciisa da normaluri 
formebis problemebTan (rac invariantebis klasikur TeoriaSi kvlevebis sawyis 
wertilad iTvleba). SevniSnoT, rom R

G-algebris struqturis Seswavla (rac iyo 
klasikuri Teoriis saboloo mizani) aris am geometriuli problemebis gadaWris 
mxolod sawyisi etapi. 

algebruli struqturebis aRwera geometriuli meTodebis da warmodgenebis 
gamoyenebiT – orbitebi, stabiluri wertilebi, fenebi da sxva – ramdenime 
aTeuli weliwadia aqtiurad viTardeba da axali SedegebiT mdidrdeba. es exeba  
algebruli obeiqtebis, kerZod, operatorebisa da maTi matricebis klasifikaciis 
amocanasac maTi invariantebis terminebSi sxvadasxva jgufebis mimarT – mivuTiToT 
Spextis [16] (1940), pirsis [17a,b] (1962), j. smiTis [18] (1970), a. elaSvilis [77-78] (1972), 
g.Svarcis [79a,b] (1978) da [80] (1980), donkinis [37] (1990) da [38] (1993), zubkovis [81] 
(1996), vinbergis [82] (1986) da [35] (1996), lopatinis [39a,b] (2009) Sromebi, agreTve 
mimoxilvebi da monografiebi [23], [24], [34a,b], [70], [83]. gansakuTrebuli sisruliT 
da ganxilvis siRrmiT, agreTve klasikuri Sedegebis gaSuqebiT Tanamedrove 
SexedulebebTan mimarTebaSi gamoirCeva hornisa da jonsonis monografia [20] 
(1986), romelic, f. gantmaxeris saxelganTqmul [42] monografiasTan erTad, encik-
lopediur informacias Seicavs sasrulganzomilebian sivrceebSi operatorebis 
da maTi matricebis Sesaxeb.  

calke unda aRiniSnos a.t.fomenkosa da misi Tanaavtorebis mier gamocemuli 
monografiebi da saxelmZRvaneloebi Tanamedrove geometriaSi [84]-[86]. aq, garda 
im sakiTxebisa, romlebic tradiciulad SeaqvT aseTi Sinaarsis gamocemebSi, 
Rrmad da farTod aris gaanalizebuli mniSvnelovani fizikuri amocanebis mTeli 
rigi – lorencis jgufi da fardobiTobis specialuri Teoriis geometria, 
maqsvelis eleqtrodinamika, klain-gordonis da kortevega-de vrizis gantolebebi.  

warmodgenil disertaciaSi moyvanili Sedegebi azustebs da avsebs am naSro-
mebSi miRebul zogierT Sedegs. kerZod, dazustebulia pirsis [17a,b] mier napovni 
Sefaseba matricebis unitaruli klasificirebisaTvis sakmarisi invariantebis 
raodenobisaTvis [40]. napovnia analogiuri Sefaseba gadagvarebuli speqtris mqone 
ermituli operatorebisaTvis da maTi matricebisaTvis unitarul sivrceSi [41]. 
cxadi saxiT agebulia aseTi klasificirebisaTvis aucilebeli da sakmarisi 
unitaruli da orTogonaluri invariantebis simravle da naCvenebia, rom es 
simravle Seadgens polinomuri invariantebis baziss [40], [41]. amasTan, naCvenebia, 
rom [17]-[19], [24] da zogierT sxva naSromSi miRebuli Sedegebi ar aris zusti da 
gakeTebulia Sesabamisi dazustebebi. damtkicebulia, rom zogad SemTxvevaSi am 
Sefasebebis gaumjobeseba ar SeiZleba. 

Cvens mier agebuli invariantebis minimaluri polinomuri bazisi da Tanafar-
dobebi (sizigiebi) sabaziso invariantebs Soris saSualebas iZleva amoixsnas 
zogierTi fizikuri da maTematikuri amocana [87]-[90]. Sesabamisi originaluri 
Sedegebi gamoqveynebulia naSromebSi [44a,b], [45a,b], [46a,b], [47], [66a,b], [67], [91]-[94]. 

es winsvla SesaZlebeli gaxda specialurad SemoRebuli ganmartebebis da ganmar-
tebuli obieqtebis Tvisebebis gamokvlevis Sedegad. naSromebSi [44a,b], [43], [67], [96] 

ganzogadebulia vandermondis matrica, Seswavlilia misi rr zomis minorebiT da  
permanentebiT Sedgenili matricebi, naCvenebia am matricebis determinantebis kav-
Siri zogierT specialur funqciasTan da napovnia axali Tanafardobebi maT Soris.  
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$1.2. invariantebi da geometria 

rogorc ukve aRiniSna, XIX saukuneSi elementaruli geometria mWidrod iyo 
dakavSirebuli invariantebis TeoriasTan da stimuls aZlevda mis ganviTarebas. 
am paragrafSi mokled aRvwerT am kavSirs. 

“proeqciuli geometria – es mTeli geometriaa” – ganacxada kelim; Semdgom, 
1872 wels, feliqs klainma SemogvTavaza Tavisi erlangenis programa [12]. 

jer ganvixiloT kelis mtkiceba. proeqciul geometrias (kompleqsuri an 
namdili ricxvebis  velze) saqme aqvs wertilebTan da formebTan. proeqciuli 

geometriis mtkiceba n  sivrceSi exeba 0( , , )n

k k k     wertilebis sasrul ricxvsa 

da ( ) ( )f a x  

  formebis sasrul ricxvs; is ar unda iyos damokidebeli koordi-

natTa sistemis arCevaze, e. i. unda iyos invariantuli ( )
nPGL  jgufis moqmedebis 

mimarT. analizurad aseTi mtkiceba moicema wertilebisa da formebis koordi-

natTa racionaluri funqciiT  
( , ),i a



   romelsac aqvs Semdegi Tvisebebi: 

1) funqcia  
( , )i a



   warmoadgens nulovani rigis erTgvarovan funqcias, e. i. 
 ( )( , ) ( , )i i ia a
 

         yoveli  , 0i     -saTvis. sxvagvarad,  funqciis 

mniSvnelobebi damokidebulia mxolod TviT wertilebsa da formebze da 
ara im ricxvTa mniSvnelobebze, romlebic maT aRwers. 

2) funqcia  
( , )i a



   fardobiTi invariantia
1( )nGL 

 jgufis moqmedebis mimarT, 

e. i.    ( )

1( ), ( ) (det ) ( , ), ( ),i m i

na a GL


            sadac m – mTeli ricxvia, 

romelsac  funqciis wona  ewodeba. 

aseT racionalur  
( , )i a



   funqcias erTgv arov a n i  i n v ari a nti  ewodeba.  
n  sivrcis geometriaSi azri aqvs mxolod erTgvarovan fardobiT invariantebs. 

 Teorema n  sivrceSi – es aris polinomuri igiveoba, anu sizigia erTgvarovani 
invariantebis raime sasruli nakrebis elementebs Soris. 

 amrigad,
1nGL 
 jgufis invariantTa Teoria gansazRvravs geometrias n  sivrceSi.  

 ganvixiloT martivi magaliTi. 

 magaliTi 1. vTqvaT, mocemulia sivrce 1/  erTgvarovani koordinatebiT (x, y) 

da oTxi wertili 1( , ) , 1,4.i i iP x y i    maSin det
i i

i j

j j

x y

x y

 
   

 
 aris ( x i, yi) koordinatebis 

araerTgvarovani invarianti woniT 1. amitom 
i j  ar aqvs azri proeqciul geometri-

aSi. Tu aRmoCnda, rom 0,ij
   maSin es mtkiceba erTgvarovania da mas aqvs geo-

metriuli azri, kerZod, es niSnavs, rom wertilebi 
iP  da 

1P  emTxveva erTmaneTs. 

i j  determinantebidan erTgvarovani invariantis misaRebad saWiroa aranakleb 

oTxi wertilisa. oTxi wertilis koordinatebiT SegviZlia avagoT racionaluri 

funqcia 12 34 14 32( ) ( ),/     romelic absoluturi invariantia; esaa oTxi  wertilis 

kargad cnobili ormagi Sefardeba.  
sizigia 

(2) 12 34 13 42 14 23 0             

Seesabameba Teoremas  1 -Si, romlis geometriuli interpretacia daiyvaneba kargad 
cnobil Tanafardobaze oTxi P1, P2, P3, P4  wertilis ormagi Sefardebis eqvs SesaZlo 
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(am wertilebis rigze damokidebul) mniSvnelobas Soris. mis sapovnelad (2) 
Tanafardobis orive mxare gavyoT ukanasknel Sesakrebze. miviRebT: 

(2') 
12 34 14 32 13 24 14 23( ) ( ) 1 ( ) ( )./ /           

gadavideT kelis mtkicebaze imis Sesaxeb, rom proeqciuli geometria – es 
mTeli geometriaa. ra azriT warmoadgenen afinuri, evkliduri da araevkliduri 
geometria proeqciuli geometriis nawilebs? 

vTqvaT,
0 , , nx x  koordinatebia n -Si. aRvniSnoT  0 0H x    usasrulod daSo-

rebuli hipersibrtye da n n H    am hipersibrtyis damateba. n  warmoadgens 
n -Si Cadebul n-ganzomilebian afinur sivrces usasrulod daSorebuli H

 

hipersibrtyiT. 
kelis mier formulirebuli principi SeiZleba CamovayaliboT ori winadadebis 

saxiT: 

winadadeba 1. afinuri geometriis mtkicebebi da Teoremebi n -Si sasruli 

raodenobis wertilebiTa da sasruli raodenobis polinomebiT, anu n -Si hiper-
zedapirebiT Sedgenili geometriuli konfiguraciebis Sesaxeb warmoadgens proeq-
ciuli geometriis mtkicebebsa da Teoremebs H

 hipersibrtyiT Sevsebuli Sesabamisi 

proeqciuli konfiguraciebis Sesaxeb (SevniSnoT, rom afinur 0 , 1, ,/i ix x x i n   koor-

dinatebze damokidebul r xarisxis yovel ( )if x  polinoms SeiZleba SevusabamoT 

ix  cvladebze damokidebuli r xarisxis forma
0 0( ) ( , , ).r

i nx f x f x x  n -is yoveli 

wertili ganixileba, rogorc wertili n -Si).  

winadadeba 2. evkliduri geometriis mtkicebebi da Teoremebi geometriuli kon-

figuraciebis Sesaxeb -n n Si _ esaa proeqciuli mtkicebebi Sesabamisi proeqciuli 
konfiguraciebis Sesaxeb, romlebic Sevsebulia usasrulod daSorebuli kvadratu-

li hiperzedapiriT, romlis gantolebaa 2

0 1
0, 0.

n

ii
x x


   

 evkliduri geometriis proeqciuli geometriidan gamoyvanis ganxilulma 

meTodma, romelSic arsebiTia 2 2

0 1
( ) 0

n

i ii
x x x


     kvadratuli fomis gamoyeneba, 

miiyvana keli ideamde, nebismierkoeficientebiani namdvili (aragadagvarebuli) 

( ) n

ix   kvadratuli formis gamoyenebiT, mieRo proeqciuli geometriidan ara-

evkliduri geometria. mogvianebiT klainma uCvena, rom am meTodiT marTlac 
SeiZleba araevkliduri geometriebis ageba (ix., mag., [13]).  

proeqciuli geometriidan „danarCeni“ geometriebis gamoyvanisas keli iyenebda 

sruli proeqciuli jgufis invariantebs ,  oRond gafarToebuli geometriuli 

konstruqciebisaTvis. klainma [12] aCvena, rom sxvadasxva geometriebi SeiZleba 

miviRoT, Tu
nPGL  sruli proeqciuli jgufis nacvlad ganvixilavT mis romelime 

qvejgufs da am qvejgufis invariantebis Teorias. sxvadasxva geometriis Sesabamisi 

qvejgufi Seicavs 
nPGL  proeqciuli jgufis swored im elementebs, romlebic 

invariantuls toveben am geometriaSi Semotanil damatebiT obieqts. magaliTad, 

afinuri geometria n n H   sivrceSi miiReba afinuri jgufis invariantTa 

Teoriidan, amasTan, afinuri jgufi Sedgeba n  sivrcis yvela im proeqciuli 

gardaqmnebisgan ,  romlebsac Tavis TavSi gadahyavT usasrulod daSorebuli hiper-

zedapiri H . evkliduri geometria miiReba n n H   sivrceSi im gardaqmnebis 

jgufis ganxilviT, romlebic, garda usasrulod daSorebuli H  hiperzedapirisa, 



  22 

invariantuls tovebs evklidur kvadratul formas  
2

1
( ) .

n

i ii
x x


   

namdvili gardaqmnebis aseTi jgufi aris orTogonaluri jgufi ;nO  misi invarian-

tebis Teoria gvaZlevs evklidur geometrias.  

klainis midgomaSi, TiToeuli araevkliduri geometria miiReba, rogorc 
Sesabamis araevklidur gardaqmnaTa jgufis invariantTa Teoria. gardaqmnaTa es 
jgufi warmoadgens namdvil proeqciul gardaqmnaTa jgufis im qvejgufs, romelic 
uZravs tovebs Sesabamis araevklidur kvadratul formas  

 
2 2

0 1
,

( , 0).

n

ii
ax x

a a


  

 

  

amasTan, roca a  0, gveqneba boliai-lobaCevskis geometria, xolo roca a  0 – 
rimanis geometria (ix., mag., [13]).  

Tavis erlangenis programaSi klaini amtkicebs [12], rom zogad SemTxvevaSi 

nPGL  jgufis nebismieri qvejgufi gansazRvravs Sesabamis geometrias, 

rogorc  am  qvejgufis  invariantTa  Teorias. 

Semdegi magaliTebi [13] am principebs ufro naTels xdis.  

magaliTi 2. ganvixiloT n 1 wertili 1 0 01, , , , 0, ./ /( )n n n

i i i i iP x x x x i n     maSin 

am wertilebSiwveroebis mqone 0 1, , , nP P P  simpleqsis (ix., mag., [97], n162, gv. 348-350) 

(orientirebuli) moculobaa 

(3)  

1 2

0 0 0

0 0 0

00 0 0 1
21 0 0 0

0 11 11
1 1 10 000 0 0 0

1 11
0 10 1

1 2

00 0

1

1 11, , det det .
! !

1

n

n
n

n

n n

nn

n n n
n

nn n

nn n

x x x

x x x
x x x

x xx
x x xV P P

x xxn n x x x
x x x

xx x

xx x

 
 
   
   

    
   

  
 
  

 

cxadia, determinanti  1 1 , 1, 1
det ,i k i k n

x    
 romelic dgas (3) formulis marjvena mxareSi, 

invariantulia 1( )nGL   jgufis mimarT. invariantulia 0 0 0

0 1( )nx x x  mamravlic, ro-

gorc 
iP  wertilebSi

0x  wrfivi formis mniSvnelobaTa namravli. amitom ( )iV P  aris 

racionaluri erTgvarovani r 0 xarisxis invarianti 0( , , ), 0, ,i i inP x x i n   wertilebis 

koordinatebis mimarT, magram r n1 xarisxis erTgvarovani invariantia
0x  wrfivi 

formis (1,0, ,0) koeficientebis mimarT. maSasadame ( )iV P  ar gaaCnia geometriuli 

Sinaarsi afinur n  sivrceSi. es gasagebicaa: nebismieri gazomvisaTvis aucilebelia 

erTeulis arCeva. Tu n  sivrceSi davafiqsirebT romelime aragadagvarebul 

simpleqss 0 1, , , nQ Q Q  da avagebT Sefardebas 

(4) 
( )

( ) ,
( )

n i
n i

n i

V P
V P

V Q
  

miviRebT 1( )nGL   jgufis absolutur invariants, romelic ukve ekuTvnis afinur 

geometrias. cxadia, (4) aRwers 0, , nP P  simpleqsis moculobas 0, , nQ Q simpleqsis  

moculobis erTeulebSi. 

. . . . . . . . . .  
. . . . . . . .

.  
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magaliTi 3. kelis meTodis Tanaxmad, evkliduri geometriis obieqtebi miiReba 
proeqciuli geometriidan Semdegnairi msjelobiT. 

or  1 0 01, , ,/ /
n n

nP x x x x    da  1 0 01, , ,/ /
n n

nQ y y y y    wertils Soris  

manZili gamoisaxeba formuliT 

(5) 0 0 2 0 0 1 0 0 2

1, 1,
( ) ./ /( ) ( )k k k k

PQ k n k n
l x x y y x y y x x y

 
      

advili Sesamowmebelia, rom (5) SeiZleba Caiweros Semdegnairad [13]: 

(5') 

0 0

0 0

2

0

0 0

0

0
0 0

det : det det ,
0 0

0 0
0 0

T T T

n T T T T

PQ n n

x y
x y

E
l E E

x
x y

y

 
     
                      

 

0
0 0

0 X Y
0 X 0 Y

X
X Y

Y

  

sadac diag{1, ,1}nE   erTeulovani n n -matricaa, 
1 1[ , , ], [ , , ]n nx x y y X Y  da 0  

1 n  zomis matricebia (striqonebia), xolo niSnaki T aRniSnavs transponirebas. 

formula (5') gviCvenebs, rom 2

PQl  fardobiTi invariantia, P da Q wertilebis 

koordinatebis mimarT r 0 xarisxis erTgvarovani, xolo 2 2

0 1
( ) 0

n

i ii
x x x


     kvad-

ratuli formis (ix. winadadeba 2) koeficientebis (0,1, ,1) mimarT r  xarisxis 

erTgvarovani. garda amisa, 2

PQl  invariantis wonaa m  2 (determinantis wonaa m 2), 

e. i. 2

PQl  araa absoluturi da mis ricxviT mniSvnelobas ar aqvs azri proeqciul 

geometriaSi. amisi mizezi kvlav erTeulis ararsebobaa, romlis gareSec manZilis 

gazomva SeuZlebelia (Sead. magaliTi 2). Tu avirCevT sigrZis erTeuls   manZils   

l0 1 romelime or fiqsirebul (sxvadasxva) wertils Soris – da SevadgenT Sefardebas    

(6) 2 2

01/ ,PQ PQl l l  

miviRebT absolutur invariants, e. i., kelis principis Tanaxmad, evkliduri geomet-
riis obieqts. 

 msgavsadve SeiZleba vipovoT or n n    da n n   hipersibrtyes Soris 

kuTxis kosinusi [13], α: 0, β : 0,k k k ka x a x    Tu arc erTi es hipersibrtye ar 

emTxveva usasrulod daSorebul hipersibrtyes H
.H 

 magaliTi 4. vTqvaT, 2 da 3 magaliTebSi n  2, anu gvaqvs evkliduri or-

ganzomilebiani sibrtye 
2. organzomilebiani simpleqsi 0 1 2, ,P P P   esaa samkuTxedi 

wveroebiT 
0 1 2, ,P P P  wertilebSi. roca 

0 0,x   am wertilebis afinuri koordinatebi 
0 ( 1,3; 1,2)/

k k

i i ix x x i k    sasrulia, e. i. samkuTxedi 0 1 2, ,P P P  mTlianad ganTavsebulia 


2 sibrtyis sasrul nawilSi. cxadia, simpleqsis „moculoba“ (3) aris am samkuTxedis 

(orientirebuli) farTobi (evklidur geometriaSi): 

(7)   
0 1 2

1 2

0 0

21

112 0 1 2

1 2

2 2

1
1

1, , det ,
2!

1

P P P

x x

xxV P P P S

x x



 
 

   
 
 

 

xolo i jP P  gverdis sigrZe gamoisaxeba formuliT 

(8)  2

1,3
.( )

i j

k k

P P i jk
l x x


   

 gardaqmnebis jgufi G, romelic qmnis 
2 sibrtyeze evklidur geometrias, 

Seicavs orTogonalur gardaqmnebs (2 sibrtyeze mobrunebebsa da arekvlebs) da 
translaciebs (paralelur gadatanebs), anu gvaqvs: 
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 (9)  { | : , 1,2},k k

i iG g g x x k    

sadac  

(10)  1 1 1 1 2 2 2 1 2 2

1 2 1 1 2 2, . 1,3( )i i i i i ix a x a x b x a x a x b i          

aq [ ]k

jA a   orTogonaluri matricaa: 

  
1,2

δ , (δ 1,  δ 0,  )k j k k k

j m m m mj
a a k m k m


     roca , da roca  

xolo 
1 2, .b b   cnobilia (ix., mag., [98], gv. 47-49), rom aseTi G jgufi invariantuls 

tovebs (7) da (8) formulebiT gansazRvrul sidideebs. magram Tu gvinda vipovoT 
evkliduri geometriis Teoremebi, romlebic samarTliania yvela kongruentuli 

samkuTxedisaTvis, unda ganvixiloT ufro farTo jgufi ,G  romlis elementebi 

g G  gadasaxavs urTierT kongruentul samkuTxedebs erTmaneTSi. aseT jgufs 

miviRebT, Tu (10) gardaqmnebs davumatebT {1,2,3} elementebis gadanacvlebebs , rom-

lebic 0 1 2, ,P P P  samkuTxedis wveroebs gadaanacvleben erTmaneTSi [74]. cxadia, 

sazogadod (Tu samkuTxedi tolgverda ar aris), gardaqmna  cvlis (8) manZilebs: 

σ ( ) σ ( )
σ : ,

i j i j i j i jP P P P P P P Pl l l l    

da (7) orientirebuli farTobis niSans. amitom arc erTi es sidide ar warmoad-

gens G  jgufis invariants da ar SeiZleba figurirebdes (calke aRebuli saxiT) 

evkliduri geometriis TeoremebSi. G  jgufis invariantebs miviRebT, Tu SevadgenT 
(7) da (8) sidideebis simetriul kombinaciebs, romlebic gardaiqmneba Tavis TavSi 

 gadanacvlebebis moqmedebiT. aseTia, magaliTad, samkuTxedis perimetri 

(12)  
0 1 2 0 1 1 2 2 0P PP P P P P P PP l l l     

da (8) sidideebiT Sedgenili sxva elementaruli simetriuli funqciebi [59], aseve 
(7) orientirebuli farTobis kvadrati. swored am terminebSia formulirebuli, 
magaliTad, heronis cnobili formula 

(13)  
0 1 2

2 ( )( )( ),( )P P PS p p a p b p c      

sadac aRniSnulia
0 1 1 2 2 0 0 1 2

, , , ( ) 2 / 2./P P P P P P P PPa l b l c l p a b c P        marTlac, advili ga-

sasinjia, rom (13) SeiZleba CavweroT Semdegi saxiT 

(13')   
0 1 2

2 4 2 4 2 2 2 2 3 3 3( ) / 3 / 2 /3,( ) ( ) ( )P P PS p p ab ac bc pabc p p a b c a b cp               

romlis marjvena mxare Seicavs mxolod elementaruli simetriuli funqciebis 
(polinomur) kombinacias.  
 advili saCvenebelia, rom samkuTxedis gverdebis sigrZeebisgan Sedgenili ele-
mentaruli simetriuli funqciebi Seadgens sabaziso invariantebs, romlebiTac 

gamoisaxeba (polinomurad) samkuTxedis damaxasiaTebeli nebismieri -G invarianti.  
 magaliTi 4 naTels xdis kidev erT mniSvnelovan problemas, romelic mWid-
rod aris dakavSirebuli invariantebis TeoriasTan da disertaciaSi ganxilul 
sakiTxebTan. esaa mocemuli ori an ramdenime geometriuli (an algebruli) 
obieqtis eqvivalentobis problema. intuiciur doneze SeiZleba movelodeT, rom 
aseT (raime gagebiT) eqvivalentur obieqtebs eqnebaT erTnairi invariantebi. 
ganxilul magaliTSi aseTi iyo yvela kongruentuli samkuTxedi. naTelia, rom 
kongruentobis niSniT yvela samkuTxedis simravle daiSleba eqvivalentobis 
klasebad. geometriuli da algebruli gamosaxulebebis klasifikaciis amocana 
gardaqmnaTa sxvadasxva jgufebis TvalsazrisiT istoriulad iyo invariantTa 
Teoriis erT-erTi centraluri sakiTxi. Cvens magaliTSi daskvna ori samkuTxedis 

ABC  da A B C   kongruentobis Sesaxeb SeiZleba gakeTdes maTi Sesabamisi sabaziso 
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invariantebis 

(14)   2 2 2 3 3 3

1 2 32 , ,I a b c p I a b c I a b c           

erTmaneTTan tolobis SemTxvevaSi (aq , ,BC AC ABa l b l c l   ): 

(15)  
1 1 2 2 3 3 , , .ABC A B C I I I I I I          kongruentulia  

 advili dasanaxia, rom (15) tolfasia samkuTxedebis tolobis (kongruentobis) 
elementarul geometriaSi cnobili niSnebisa. amrigad, mivdivarT amocanamde:  

 gardaqmnaTa mocemuli G jgufisaTvis moiZebnos fizikuri, algebruli, 
an geometriuli obieqtebis damaxasiaTebeli invariantebis minimaluri sim-
ravle, romelic sakmarisi iqneba klasifikaciis problemis gadasaWrelad, 
anu am obieqtebis eqvivalentobis klasebad (G-s mimarT) dasalageblad. 

magaliTisTvis movixsenioT kvadratuli da oradwrfivi formebis eqvivalen-
tobis sakiTxebi (silvestri, keli), matricebis msgavsoba (vaierStrasi, Jordani), 
kvadratuli formebis wyvilebis eqvivalentoba (vaierStrasi, kronekeri). 

ganmarteba 1. ori kvadratuli forma ( ) ( )jk j k jk j kq a x x q a x x  x x da  erTmaneTis 

eqvivalenturia [74], Tu arsebobs iseTi aragansakuTrebuli matrica ( ),ng GL  rom 

(16) [ ] [ ] ( ) ( ).Ta g a g q q g  x x  

ganmarteba 2. ori -n n matrica A da B erTmaneTis msgavsia (aRiniSneba AB), 

Tu Tu arsebobs iseTi aragansakuTrebuli matrica ( ),ng GL  rom 

(17) 1.B gAg  

msgavsi matricebiT Sedgenil eqvivalentobis klasebs uwodeben SeuRlebis 

klasebs, romelTa Sesaswavlad (afinur sivrceSi moqmedi ( )nGL  jgufis mimarT), 

Cveulebriv, iyeneben matricis Jordanis normalur formas (ix., mag., [42], gv. 153-154).  

ganmarteba 3. X simravlize moqmedi G jgufis orb ita  G (x) ewodeba am sim-
ravlis iseTi y X  elementebis qvesimravles  romlebic miiReba mocemul x X  

elementze  G jgufis moqmedebiT: 
(18) ( ) { | } .G x gx g G X    

 rogorc vxedavT, jgufis moqmedebiT simravle daiSleba TanakveTebis armqone 
orbitebis gaerTianebad. msgavsi matricebis SeuRlebis klasebi da eqvivalenturi 

formebi warmoadgenen G jgufis orbitebs 2  sivrceSi. amdenad, matricebisa da 

formebis eqvivalentobis klasebis struqturis Seswavla niSnavs 2  sivrceSi  G 
jgufis orbitebis aRweras. monografiaSi [74] es Sesrulebulia TvalsaCino geo-
metriuli warmodgenebis gamoyenebiT. geometriuli midgoma gadagvarebebis aRweris 
SesaZleblobasac iZleva, rac klasikur TeoriaSi TiTqmis ar aris asaxuli.  
 kombinatoruli meTodebis gamoyenebiT SeiZleba vaCvenoT (ix., mag., [74], gv. 26-30), 
rom mocemuli zomis nilpotentur matricaTa SeuRlebis klasebis mxolod sas-
ruli raodenoba arsebobs da es raodenoba tolia n  ricxvis naturalur 
Sesakrebebad dayofaTa p raodenobisa (ix., agreTve, [54]). SevniSnoT, rom p Zalian 
swrafad izrdeba, roca izrdeba n; moxerxebulia misi warmodgena grafikulad 
iungis sqemebis saSualebiT (ix., mag., [99] da [7]).  

(17) ganmartebidan aSkaraa, rom erTi eqvivalentobis klasis yvela matricis 
yvela invarianti erTnairia. mtkicdeba [74], rom nebismieri polinomuri invariantuli 
funqcia polinomurad gamoisaxeba am klasis matricis maxasiaTebeli polinomis 
koeficientebiT, romlebic, amrigad, orgvar rols asrulebs: erTis mxriv, 
warmoadgens orbitis damaxasiaTebel parametrebs, meores mxriv ki – Seadgens 
matricis (polinomuri) invariantebis polinomur baziss.   
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$1.3. invariantebi da fizika 

 kelis ideebma da, gansakuTrebiT, klainis erlangenis programam erTian sa-
fuZvelze daayena im dros cnobili geometriuli Teoriebi – evklides, rimanis, 
lobaCevskis geometriebi, naTeli gaxada am Teoriebis Rrma naTesauri urTierT-
kavSiri, SesaZlebeli gaxada erTiani midgomis CarCoebSi axali konstruqciebis 
ageba. es ideebi gansakuTrebiT mniSvnelovania meTodologiuri TvalsazrisiT. 
mxedvelobaSi gvaqvs Semdegi garemoeba: 
 dekartis mier geometriaSi koordinatTa meTodis SemoRebam, erTis mxriv, 
mZlavri algebruli aparatis gamoyeneba gaxada SesaZlebeli; meores mxriv, amave 
meTodma analizuri geometriis ganmartebebsa da mtkicebulebebSi Semoitana 
erTgvari subieqturoba, dakavSirebuli koordinatTa sistemis nebismierad arCevis 
SesaZleblobasTan. analizur enaze Camoyalibebuli nebismieri geometriis Teorema 
atarebs am subieqturobis kvals – gamoixateba koordinatebze damokidebuli 
funqciebis terminebSi. 
 magram igive bunebis subieqturoba damaxasiaTebelia fizikis kanonebis anali-
zuri formulirebebisaTvisac. metic, koordinatTa sistemis nebismierad arCevis 
Tavisuflebis garda, fizikaSi gvaqvs aTvlis sistemis arCevis Tavisuflebac, 
konfiguraciul da fazur sivrceSi [2] koordinatTa gardaqmnebis Sesrulebis 
Tavisuflebac da (kvantur TeoriaSi) warmodgenis arCevis Tavisuflebac. es 
ukanaskneli, faqtobrivad, kvlav koordinatTa nebismierad arCevis Tavisuflebas 
niSnavs, oRond kvantur mdgomareobaTa sivrceSi [4].  
 CamoTvlili sivrceebi sxvadasxva maTematikuri bunebisaa: dadebiTad gansaz-
Rvruli evkliduri an araevkliduri (samganzomilebiani dekartis an mrudwiruli 
koordinatebi; n-ganzomilebiani ganzogadebuli koordinatebi konfiguraciul 
sivrceSi), fsevdoevkliduri oTx- da mravalganzomilebiani koordinatebi eleqtro-
dinamikaSi (indefinituri metrika [3], [100], [101]) da supersimebis TeoriaSi [9], 
simpleqturi – fazuri – sivrce antisimetriuli metrikiT [86], usasruloganzo-
milebiani hilbertis sivrce unitaruli (ermituli) metrikiT [4], [8], da sxva. 
 kelis da klainis kriteriumi maTematikuri konstruqciis geometriul obieqtad 
an Teormad miCnevisa – am konstruqciis invariantoba gardaqmnaTa Sesabamisi 
jgufis mimarT – fizikaSi kargad cnobili kovariantobis moTxovnaa. es moTxovna 
minkovskis oTxganzomilebian (fsevdoevklidur) sivrce-droSi gvevlineba fardo-
biTobis principis saxiT (ufro zustad, fardobiTobis principma mogvca ufleba, 
gagvexila xdomilebaTa mravalsaxeoba, rogorc oTxganzomilebiani fsevdoevkli-
duri sivrce-dro). fizikuri Teoriisadmi (anu fizikur mtkicebulebaTa garkveuli 
simravlisadmi) lorenc-invariantobis moTxovna aucilebeli pirobaa am Teoriis 
miCnevisaTvis bunebis movlenaTa adekvatur modelad. 
 calke aRniSvnas imsaxurebs fizikuri Tanafardobebisadmi kovariantobis 
moTxovna am TanafardobaSi Semavali fizikuri cvladebis ganzomilebis Secvlis 
mimarT: Tanafardoba ZalaSi unda rCebodes da ar icvlides saxes, Tu, magali-
Tad, sigrZis gasazomad metris nacvlad gamoviyenebT sxva romelime erTeuls – 
plankis sigrZes an parseks. igive iTqmis yvela sxva fizikur sididezec. rogorc 
cnobilia, es imdenad Zlieri moTxovnaa, rom mis safuZvelze Seiqmna e.w. ganzo-
milebaTa Teoria (ix., mag., [102]), romelic, magaliTad, hidro- da aerodinamikaSi 
kvlevis erT-erT mZlavr saSualebas warmoadgens.  
 rogorc naCvenebi iyo wina paragrafSi (ix. magaliTebi 1-3), maTematikuri 
konstruqciis miCnevisaTvis evkliduri (afinuri) geometriis obieqtad, is unda 
warmoadgendes erTgvarovan absolutur invariants (mocemuli jgufis mimarT). 
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Tu gavixsenebT, rom dekarti ixilavda koordinatebs, rogorc Sefardebebs 
(magaliTad, monakveTis sigrZisa sakoordinato RerZze arCeul masStabTan – 
sigrZis erTeulTan), e. i. rogorc erTgvarovan absolutur invariantebs, davrwmun-
debiT, rom ganzomilebaTa Teoria, arsebiTad, igive ideebs emyareba, rasac 
dekartis koordinatTa meTodi. 
 zogadi kovariantobis moTxovna nebismieri wertilovani gardaqmnebis mimarT 
(brtyel – evklidur – an gamrudebul sivrceSi an sivrce-droSi) zogjer miaCndaT 
pirobad fizikuri kanonebis mxolod maTematikuri formulirebisadmi da ara 
fizikuri Sinaarsis mqone moTxovnad bunebis movlenis aRmweri kanonis mimarT. 
v. paulim (ix. [3], gv. 211 da iq miTiTebuli Sromebi) xazgasmiT aRniSna, rom, kerZod, 

lkg  metrikuli tenzoris komponentebis ganxilva, rogorc gravitaciuli velis 

potencialebisa, e. i. rogorc sruliad garkveuli fizikuri Sinaarsis mqone 
sidideebisa, efuZneba fizikur moTxovnas – eqvivalentobis princips, romelic 
eqsperimentulad SeiZleba Semowmdes da romlis Tanaxmadac gravitaciuli veli 

aiwereba  mxolod  
lkg  sidideebiT. amitom 

lkg  ar SeiZleba nebismierad iqnas arCeuli, 

aramed ganisazRvreba gravitaciuli velis gantolebebiT. rogorc cnobilia [3], 
am gantolebebis formis povna SesaZlebelia Semdegi moTxovnebiT: 

 1) gravitaciul vels (am velis diferencialur gantolebas) gansazRvravs 

materiis sruli energia-impulsis tenzori 
lkT ; ainStaini Tvlis, rom tenzori 

lkT  

gravitaciuli velis gantolebaSi Sedis wrfivad. 

 2) tenzori
lkT  proporciulia gamosaxulebisa, romelic wrfivia

lkg  meore rigis 

warmoebulebis mimarT (zogadi kovariantobis moTxovnis Sesabamisad, warmoebulebi 
aiReba sivrciTi cvladebiTac da droiTi cvladiTac). 

 am ori moTxovnidan gamomdinareobs gravitaciuli velis gantolebebi Semdegi 
tenzoruli tolobis saxiT: 

(19)  
1 2 3 .lk lk lk lkC R C Rg C g T    

aq
lkR  aRniSnulia riCis tenzori, xolo R  – skalaruli simrude (ix., mag., [100], $92); 

proporciulobis koeficienti  uzrunvelyofs (19) gantolebis “kovariantobas” 

ganzomilebis mixedviT (ufro zustad, uzrunvelyofs 
1 2  C Cda  i n v a r i a n t e b i s 

uganzomilebobas) da niutonis msoflio mizidulobis kanonze gadasvlis SesaZ-

leblobas (ararelativistur zRvarSi vpoulobT  8æc

 æ 

m3
kg1 wm2 ). 

 gantolebebSi (19) gasaTvaliswinebelia, rom, Tanaxmad zemoT gamoTqmuli 
mosazrebebisa, fizikuri Sinaarsis mqone Tanafardobebi invariantuli unda iyos 
4-sivrceSi koordinatTa gardaqmnebis mimarT, e. i. (19) formulebSi Semaval 10 gan-

tolebas (10 ucnobi
lkg  sididisaTvis) edeba 4 piroba – (b m a), romelic 4 igiveobis 

(geometriulad – sizigiis) saxiT SeiZleba Caiweros. sazogadod, rogorc SeniSna 
hilbertma, marTebulia [3] 

 winadadeba 3. 4-sivrceSi Caweril nebismier m kovariantul tolobas m ucnobiT 
edeba 4 bma da maT Soris damoukidebeli Tanafardobebis raodenobaa  m  4. 

 am igiveobebis mosaZebnad ainStainma moiTxova, rom (19) gantolebebidan igivurad 

gamomdinareobdes Senaxvis kanoni energia-impulsis lkT  tenzorisaTvis, romelic, 

rogorc cnobilia [96], SeiZleba Caiweros kovariantuli 4-divergenciis gamoyenebiT: 

(20)  ; 0 0,3( )k

l kT l   

(kovariantuli gawarmoebis ganmarteba da teqnika ix., mag., [103], [104]). (19) formulis 
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marcxena mxareSi warmoebulebis gamoTvla da (20) igiveobebis gaTvaliswineba  
gvaZlevs [3]: 

  
1 2( 2 ) |det( ) | 0. 0,3( )/ kl l

R
C C g l

x


  


 

am oTxi igiveobidan gamomdinareobs saZiebeli Tanafardobebi (19) gantolebis 
i n v ar i a ntul koeficientebs Soris:  

(21)  
2 1 32,/C C C     

(bolo gamosaxulebaSi gamoyenebulia ainStainis aRniSvna).  koeficientis Sesaxeb, 
zogadi kovariantobis moTxovnidan gamomdinare, SeiZleba vTqvaT mxolod is, rom 
es koeficienti 4-skalaria (invariantia). misi ganzomilebaa m2

, amitom ricxviTi 
mniSvneloba damokidebulia erTeulTa arCevaze (Sead. magaliTi 1); astronomiuli 

dakvirvebebi gvaZlevs zeda zRvars 58 2| | 10   m  (erTeulTa SI sistemaSi). savsebiT 

SesaZlebelia, rom 0.   magram ainStainis fardobiTobis zogadi Teoriis CarCo-

ebSi  koeficienti rCeba ganusazRvreli. SesaZloa, misi dafiqsireba moxerxdes 
urTierTqmedebaTa gaerTianebuli Teoriis CarCoebSi. 
 SevniSnoT, rom (21) pirobebis gaTvaliswinebiT gadaweril (19) gantolebis   

(22)   4/2 (8π )/lk lk lk lkR g R T g c    æ  

(gantoleba gravitaciuli velisaTvis -wevriT, ainStaini, 1917) marjvena mxareSi 

Semaval Sesakrebs 4 (8π ),/lkg c æ  dasaSvebia, mieces vakuumis energia-impulsis ten-

zoris interpretacia (ix., mag., [105], gv. 126-135). amis safuZvels iZleva am Sesakrebis 
damoukidebloba sivrceSi arsebuli materiis Tvisebebze da misi invariantoba 
lorencis gardaqmnebis mimarT. amasTan, vakuumis energiis simkvrive da wneva 
gamoisaxeba formulebiT  

(23)  4 4(8π ), (8π )./ /c P c        æ æ  

 fardobiTobis zogad TeoriaSi invariantevis gamoyenebis kidev erT saintereso 
magaliTs gvaZlevs singularobebis analizi Savi xvrelis gravitaciul velSi. 
 rogorc cnobilia (ix., mag., [100], gv. 381-389), uZravi, sferulad simetriuli sxe-
ulis gravitaciul velSi ainStainis gantolebebis amonaxsni SeiZleba CavweroT 
Semdegi saxiT (SvarcSildi, 1916): 

(24)  2 2 2 1 2 2 2 2 21 1 sin .//( ) ( ) ( )g gds r r c dt r r dr r d d          

 am gamosaxulebas aqvs singularoba, roca 22gr r m c  æ  da 0.r   magram simrudis 

tezoris invariantebis gamoTvla gvaZlevs ([100]; ix., agreTve, [3], [25a, b]): 

(25)  
* *2 31 3 1 3

1 248 ( ) ( /2 ) , 96 ( ) ( / 2 ) ,jklm jklm lmpq jk lmpq jk

jklm jklm g jklm pq jklm pq gI R R iR R r r I R R R iR R R r r         

(aq 
* jklmR  aRniSnavs dualur tenzors, 

* 12 ,jklm pq

jkpq lm jk pqR E R E  aris sruliad antisimet-

riuli tenzori 4-sivrceSi da ganmeorebuli indeqsebiT igulisxmeba ajamva, ix. [104]). 
(25) formulebidan vxedavT, rom invariantebs singularoba aqvs mxolod erT 
wertilSi, roca 0.r   rac Seexeba singularobas SvarcSildis sferos zedapirze 

,gr r  mas ar hqonia invariantuli xasiaTi, anu dakavSirebulia 4-koordinatebis 

sistemis arCevis specifiurobasTan (kerZod, velis centridan did manZilze met-

rikis evklidurobis moTxovnasTan). aqve SevniSnoT, rom metrikuli lkg  tenzoris 

invariantebi yovelTvis trivialuria: 

(26)  11

1 2
4; 4; ; 4.njjk k j k

k j k j j kg g g g g g     

es niSnavs, rom specifiur informacias sivrcis Sesaxeb gvaZlevs mxolod simrudis 
tenzoris invariantebi (25). 
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 invariantebis gamoyenebis zemoT CamoTvlili magaliTebi exeboda fardobi-
Tobis zogad Teorias, romelic Tavisi bunebiT geometriulia. amitom SeiZleba 
Seiqmnas STabeWdileba, rom es midgoma Sedegiania swored geometriuli xasiaTis 
TeoriebSi. magram, ramdenadac kovariantobis moTxovna savsebiT zogadia da mas 
unda akmayofilebdes nebismieri fizikuri Teoria (gardaqmnaTa Sesabamisi jgufis 
mimarT), invariantebis gamoyenebac nebismier fizikur TeoriaSia SesaZlebeli.  
 magaliTisTvis SevCerdeT formfaqtorebis meTodze, romelsac farTod iyeneben 
gabnevis movlenebis Seswavlisas klasikur da kvantur fizikaSi (ix., mag., [63], [64]).   
transformaciuli Tvisebebis TvalsazisiT formfaqtori nulovani valentobis 
(rangis) tenzoria, anu warmoadgens jgufis invariants. procesis aRmweri matri-
culi elementis tenzoruli struqtura, rogorc wesi, advili dasadgenia zogadi 
mosazrebebis safuZvelze, Tu cnobilia am procesSi monawile obieqtebis damaxasi-
aTebeli fizikuri sidideebis transformaciuli Tvisebebi. amis gaTvaliswinebiT, 
gamosakvlev matricul elements warmoadgenen (19) formulis msgavsi TanafardobiT, 
ganuzRvreli invariantuli (skalaruli) koeficientebiT. am koeficientTa – 
formfaqtorTa – raodenobas (da, Sesabamisad, matricul elementSi Semavali 
tenzorebis raodenobas) gansazRvraven met-naklebad naTeli fizikuri mosazrebebis, 
magaliTad, minimalurobis, wrfivobis, sivrce-droiTi an /da Sinagani simetriebis 
gamoyenebiT.  

 aRwerili midgomis CarCoebSi, SromebSi [106-109] msubuqi birTvebisaTvis gamoye-
nebulia dirakis relativisturi gantoleba, romelic dayvanilia Sredingeris tipis 
gantolebaze (energiaze damokidebuli potencialiT), Seswavlilia relativisturi 
erTnawilakovani mdgomareobebi da spin-orbitaluri gaxleCa msubuq birTvebSi, 
agreTve energiis speqtri kvantur-meqanikur sistemebSi singularuli potencialiT. 
miRebuli Sedegebi damakmayofileblad aRwers eqsperimentul monacemebs. 

 kidev ramdenime cnobili magaliTi gvaqvs klasikur eleqtrodinamikaSi. 
 eleqtruli da magnituri velebis daZabulobebi (vakuumSi), rogorc cnobilia, 
inarCunebs obieqtur fizikur Sinaarss mxolod sivrculi mobrunebebisa da 

arekvlebis dros, anu 
3( )O  jgufis mimarT. moZrav aTvlis sistemaSi gadasvlisas 

es sidideebi gardaiqmneba lorencis jgufis warmodgenebiT, rogorc meore rangis 

antisimetriuli 
klF  4-tenzoris komponentebi (ix., mag., [100], $23-25). amrigad, eleqtro-

magnituri velis daSla eleqtrul E  da magnitur H  velebad iseTive pirobiT 

(fardobiT) xasiaTs atarebs, rogorc nivTieri wertilis miCneva uZrav Tu moZrav 

obieqtad.  

 
klF  4-tenzoris invarintebi  

(27)  2 2 2

1 2, ( )kl kl jm

kl k l jmI F F E H I e F F E H       

SeiZleba moiZebnos, rogorc misi maxasiaTebeli gantolebis koeficientebi. magram  

SesaZlebelia klF tenzoriT samganzomilebiani kompleqsuri veqtoris ageba [4], [100],  

(28)  ( ) ,F E iH   

romelic gardaiqmneba 3( )O  jgufis veqtoruli (regularuli) warmodgenebiT, 

rodesac klF  tenzoris Semadgeneli E  da H  velebi gardaiqmneba lorencis jgufis 

tenzoruli warmodgenebiT ([100], gv. 90). aqedan gamomdinareobs, rom 
3 ( )F  veqto-

ris (kompleqsuri) kvadrati  

(29)  2 2 2 2F F F E H iE H       

am gardaqmnebis invariantia. (27) invariantebi (29) kompleqsuri invariantuli 
sigrZis namdvili da warmosaxviTi nawilebia. 
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 Zalze sainteresoa, rom (28) veqtoric, zemoT ganxiluli TvalsazrisiT, fizi-
kuri obieqtia. gantoleba, romelsac akmayofilebs es veqtori, miiReba maqsvelis 
gantolebebidan. am gantolebas aqvs hamiltonuri forma da formalurad emTxveva 
dirakis kvantur-meqanikur gantolebas umaso veqtoruli nawilakisaTvis [92]:  

(30)  ˆ( ) .t k j k l j li F c i p F    

aq ˆ
jp  aRniSnavs impulsis kvantur-meqanikur operators, ˆ , 1,3,j jp i j     xolo sami 

ermituli matrica
1 1 ,k li  2 2 ,k li  3 3 ,k li   asrulebs dirakis matricebis rols. 

velis kvantis – fotonis – umasobis gamo (30) gantolebaSi plankis mudmiva ikveceba 
da maqsvelis gantolebebSi ar figurirebs. sainteresoa, rom (30) gantolebis 
talRuri funqciis – (28) veqtoris – modulis kvadrati emTxveva eleqtromagni-
turi velis energiis simkvrivis gamosaxulebas. 
 SromebSi [91]-[93] garCeulia modeluri amocanebi, rodesac eleqtromagnituri 
velis energiis da simkvrivis pointingis veqtoris transformaciuli Tvisebebi 
formalur winaaRmdegobaSi modis energiis gavrcelebis siCqaris sasrulobasTan. 
naCvenebia, rom zogierT SemTxvevaSi, kerZod, arastacionaruli interferenciis pi-
robebSi, energiis gadanawileba sivrceSi xdeba fazuri siCqariT da ara jgufuri 
siCqariT. amasTan dakavSirebiT SevniSnoT, rom, rogorc cnobilia [110], swored 
arastacionaruli interferenciis movlenebis analizi iZleva kritikul informa-
cias kvantur-meqanikuri talRuri funqciis albaTuri interpretaciis sasargeblod. 
 aseve sayuradReboa damuxtuli nawilakis e.w. hiperboluri moZraobis klasikuri 
problema, romelsac dResac didi yuradReba eTmoba literaturaSi [3], [101], [111]. 
naSromSi [101] invariantobis moTxovnebis (energia-impulsis simkvrivis uwyvetobis)  
gamoyenebiT naCvenebia, rom problema moixsneba, Tu ganvixilavT gamosxivebul 
talRas ara rogorc Tavisufals, aramed rogorc Tavis wyarosTan urTierTqmeds.  
amasTan, fizikurad savsebiT gamarTlebulia CaiTvalos, rom eleqtromagnituri 
(an sxva romelime) velis nebismieri warmonaqmni, romelic damoukidebel fizikur 
obieqtad gvinda ganvixiloT, unda akmayofilebdes maqsvelis (an Sesabamisi velis) 
gantolebebs. am moTxovnidan, Tavis mxriv, gamomdinareobs, rom gansaxilveli 
obieqtis Semadgeneli velebis maxasiaTeblebi unda iyos sasruli da gluvi, e. i. 
gaaCndes sasruli warmoebuli. es piroba darRveulia mTel rig SromebSi, rac 
iq gakeTebul daskvnebs saeWvos xdis (ix. [93] da iq Catarebuli analizi). naSromi 
[101] Tavisufalia am naklisgan. aqve naCvenebia, rom es mosazrebebi warmatebiT 
SeiZleba gamoyenebuli iqnes araabeluri velebisaTvisac.   
 relativisturad mbrunavi sxeulis amocana oTxganzomilebiani, swori trans-
formaciuli Tvisebebis mqone fizikuri sidideebis gamoyenebiT ganixileboda 
frenkelis klasikur naSromebSi [26a,b]. aq gakeTebuli daSveba brunvis kinetikuri 
energiisaTvis kuTxur siCqareze ararelativisturi damokidebulebis samarTli-
anobis Sesaxeb, Cveni azriT, araTanmimdevrulia da ar Seesabameba am naSromis 
danarCen nawilSi gamoyenebul meTods. SromaSi [94] Cven SevasruleT Sesabamisi 
gamoTvlebi da miviReT dazustebuli Sedegebi RerZuli simetriis mqone relativis-

turad mbrunavi erTgvarovani sxeulis energiisa da | |M  impulsis momentisaTvis: 

(31)  
2 2 2

2 32 2

0 0

3 1 1 3 (1 )(3 ) 1
1 ln , | | 3 ln .

2 2 1 8 2 1
m c M m bc

            
         

        
 

aq 0,   m b da  aRniSnavs, Sesabamisad, Tavdapirvelad uZravi sxeulis masas, ekva-

torul radiuss da ekvatoris wiriTi siCqaris Sefardebas sinaTlis c siCqaresTan. 
(31) gamosaxulebebidan gamomdinareobs, rom brunvis energias da impulsis moments 
aqvs sasruli mniSvnelobebi im SemTxvevaSic ki, roca ekvatoris wertilebis siCqare 
aRwevs sinaTlis siCqares: 



  31 

(32)  
2 2

0 0 0
max1 1

3 3 3
, .| |

2 4 4

m c m b m bc
M

 
     

(
max  kuTxuri siCqaris maqsimalurad dasaSvebi mniSvnelobaa). (31) da (32) formu-

lebidan gamomdinareobs, rom Tanafardoba am fizikur sidideebs Soris (rejes  
traeqtoria, [64]), zRvarSi 1  xdeba wrfivi: 

(33)  1

1 1
2 , 1.| |cb M

    
    

 Tanamedrove fizikaSi gamoyenebuli gardaqmnis jgufebidan erT-erTi yvelaze 
mniSvnelovania yalibruli gardaqmnebis jgufi. Teoriis invariantoba am jgufis 
mimarT, rac pirvelad moiTxova h. veilma, aris urTierTqmedebis Tanmimdevrulad 
SemoRebis safuZveli da sxvadasxva urTierTqmedebaTa gaerTianebuli Teoriis 
Seqmnis imeds iZleva. yalibrulad invariantuli Teoriebia eleqtrodinamikac 
(U (1) abeluri jgufis mimarT), qromodinamikac (SU (3) araabeluri jgufis mimarT), 
romelic hadronebis Semadgeneli nawilakebis – kvarkebisa da gluonebis – urTi-
erTqmedebas aRwers, susti urTierTqmedebis Teoriac, romlis gaerTianeba eleq-

trodinamikasTan moxerxda U (1)SU (2) yalibruli jgufis mimarT invariantuli 
gleSou-vainberg-salamis e.w. standartuli modelis CarCoebSi. aseTia ainStainis 
gravitaciis Teoriac – fardobiTobis zogadi Teoria – romlis yalibruli 
invariantobis jgufi aris lorencis jgufi.  
 maTematikuri TvalsazrisiT, Teoriis yalibruli invariantoba uzrunvelyo-
filia lokaluri (sivrce-droiT koordinatebze damokidebuli) gardaqmnebis da 
am koordinatebiT kovariantuli (e.w. dagrZelebuli) gawarmoebis SemoRebiT,  

(34)  , / ; 0,3( )nD E ieW x                 

rac, Tavis mxriv, moiTxovs Sesabamisi makompensirebeli velis W  potencialis  

SemoRebas, ,a

aW W L   (ix., mag., [112], gv. 96-103). aq
nE   erTeulovani matricaa,

aL  aris 

arCeuli yalibruli n-parametriani jgufis generatori da akmayofilebs komuta-
ciur Tanafardobas 

(35)  [ , ]a b abc cL L i f L     1,( )c n  

(
abcf  aRniSnavs jgufis struqturul konstantebs, [7]), xolo e – makompensirebel, 

anu yalibrul W  velTan urTierTqmedebis konstantaa.  

 arsebiTia, rom yalibruli velis transformaciuli Tvisebebi da dinamiuri 
gantoleba ganisazRvreba TviT yalibruli jgufiT. formula (34) gviCvenebs, rom 

yalibruli velis W  potencialis komponentebi aW  unda gardaiqmnebodes lorencis 

jgufis regularuli (veqtoruli) warmodgeniT. ( )g x G  yalibruli gardaqmnisas 

potenciali W  da yalibruli velis tenzori 

(36)  
, , [ , ]G D W D W W W ie W W                

gardaiqmneba, Sesabmisad, formulebiT (ix., mag., [112], $11): 

(37)  1 1 1( ) ( ) ( ) ( ),W W g x W g x ie g x g x   

          

(38)  1( ) ( ).G G g x G g x  

   

 gantoleba yalibruli velisaTvis, romelic urTierTqmedebs damuxtul velTan 

4-denis aj  simkvriviT, zogad SemTxvevaSi Semdegi saxisaa:  

(39)  0,3, 1,( )a aD G j a n   

    

am gantolebaSi gaTvaliswinebulia, rom hamiltonianSi velis kvadratis propor- 
ciuli wevri ar aris invariantuli yalibruli gardaqmnebis mimarT, amitom Teoriis 
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yalibruli invariantoba moiTxovs, rom am wevrTan mdgomi koeficienti m (romelic 
kvantur Teoriaze gadasvlis Semdeg Seesabameba yalibruli velis kvantis masas) 

unda iyos nulis toli, m 0. amrigad, yalibrulad invariantuli urTierTqmedebis 
velis kvanti unda iyos umaso veqtoruli (erTis toli spinis mqone) nawilaki. 
gamonaklisia gravitaciuli veli, romlisTvisac yalibruli jgufi, rogorc iTqva, 

emTxveva lorencis jgufs. aseTi velis potencialis aW  komponentebSi indeqsi 

,a    e.i. gravitaciuli velis potenciali tenzoria da aqvs 2ћ spinis kvanti. 

 mesame Sesakrebi (36) formulis marjvena mxareSi gviCvenebs, rom arakomutirebadi 

potencialebi W  aRwers arawrfiv vels, anu vels, romlis kvantebsac aqvs muxti.  

 sirTule Cndeba im urTierTqmedebebis aRwerisas, romlebsac axloqmedi 
xasiaTi aqvs, anu romelTa gadamtansac, iukavas fundamenturi ideis Sesabamisad, 

aqvs m  0. yalibruli velis hamiltonianSi kvantis aranulovani masis SemoReba, 
rogorc vTqviT, ewinaaRmdegeba yalibruli invariantobis moTxovnas. es xerxdeba 
simetriis (yalibruli invariantobis) e.w. spontanuri darRvevis meTodis CarCoebSi. 
 simetriuli (gardaqmnis Sesabamisi jgufis mimarT invariantuli) arawrfivi 
hamiltonianis ZiriTadi (udablesi energiis Sesabamisi) mdgomareoba xdeba arasi-
metriuli, rodesac hamiltonianSi Semavali arawrfivi wevris koeficienti gada-
aWarbebs garkveul kritikul mniSvnelobas (anu roca arawrfivi urTierTqmedeba 
gaxdeba sakmarisad Zlieri). simetriis aseTi darRveva ar ewinaaRmdegeba zogadi 
kovariantobis moTxovnas, radgan ZiriTadi mdgomareoba gadagvarebulia, e. i. gvaqvs 
ara erTi arasimetriuli mdgomareoba, aramed aseTi mdgomareobebis simravle, 
Tanac yvela mdgomareobas am simravleSi aqvs erTnairi energia da simetriuli 
mdgomareobidan ZiriTadSi (arasimetriulSi) gadasvlis erTnairi albaToba. zemoT 
gamoTqmuli mosazrebebis CarCoebSi, fizikuri obieqtia swored es gadagvarebuli, 
yalibrulad simetriuli (invariantuli) mravalsaxeoba – fizikuri vakuumi.  
 gadagvarebuli ZiriTadi mdgomareobebis mqone kvantur-statistikuri sistemebis 
analizis Tanmimdevruli meTodi ganaviTara n. n. bogoliubovma 1960-iani wlebis 
dasawyisSi. am meTodis gamoyenebiT aixsneba zegamtarobis, zedenedobis, feromag-
netizmis da mravali sxva movlena.  
 rodesac spontanurad irRveva globaluri simetria (e. i. simetria iseTi jgufis 
mimarT, romlis elementebi ar aris damokidebuli koordinatebze), maSin TeoriaSi 
Cndeba nulovani masis kvantis mqone velebi (e.w. goldstounis bozonebi). magram 
Tu spontanurad irRveva yalibruli simetria, maSin goldstounis nawilakebidan 
erTi an ramdenime (gaaCnia, simetriis darRvevam ramdenad moxsna ZiriTadi mdgo-
mareobis gadagvareba) qreba, xolo yalibruli velebi iZens masas [5], [11a,b], [112]. 
amaSi mdgomareobs masiuri yalibruli velebis SemoRebis e.w. higsis meqanizmi. 
 higsis meqanizmis gamoyenebiT agebulma eleqtro-susti urTierTqmedebis Teoriam 

iwinaswarmetyvela susti velis kvantebis – 0    W Z da  nawilakebis arseboba [11a,b]. 

amasTan, napovni iqna Tanafardobebi – sizigiebi – eleqtromagnituri da susti 
urTierTqmedebebis konstantebs (muxtebs) Soris, agreTve sxvadasxva arastabiluri 

nawilakebis sicocxlis xangrZlivobebsa da U (1)SU (2) yalibruli jgufis sxva 

invariantebs Soris [5]. am Tanafardobebidan napovni 0    W Z da  nawilakebis masebis 

mniSvneloba daadastura amaCqarebelze (CERN, 1983) Sesrulebulma eqsperimentebma. 
amave TeoriiT nawinaswarmetyvelebi e.w. higsis velis kvanti (es swored is velia, 
romelsac Semoaqvs arawrfivoba hamiltonianSi) eqsperimentze jer ar aris aRmo-
Cenili. sxvadasxva gardaqmnebis jgufis mimarT am velis (da misi kvantis) trans-
formaciuli Tvisebebis Seswavla, masTan dakavSirebuli invariantebis povna aris 
am nawilakis amJamad mimdinare Zebnis erT-erTi ZiriTadi mimarTuleba. 
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$1.4. simetriebis gafarToeba. supersivrce 

  higsis velis kvantis – h i g s is  bozon i s  – Tvisebebis dazusteba, SesaZloa, 
moxerxdes Tanamedrove Teoriuli fizikis kidev erTi mniSvnelovani jgufis –  
e.w. s u p er si m etri is  jgufis gamoyenebiT [113-117]. es jgufi gansxvavdeba lis 
Cveulebrivi jgufebisgan imiT, rom misi zogierTi generatori spinoria. Sedegad, 
supersimetriuli jgufis dauyvanadi warmodgenebi aerTianebs nawilakebs, romel-
Ta spinebi gansxvavdeba erTmaneTisgan ћ /2 sididiT, anu fermionebsa da bozonebs. 
supersimetriis gardaqmnis orjer Tanmimdevrulad Sesrulebisas bozonebi gadadis 
bozonebSi, fermionebi – fermionebSi, xolo sistema mTlianad wainacvlebs sivrce-
droSi. amasTan, veqtoruli (ћ spinis mqone) nawilakebi ukavSirdeba skalarul 
nawilakebs. es garemoeba saSualebas gvaZlevs davakavSiroT yalibruli velis 
kvantebi – W

± da Z
0 veqtoruli bozonebi, fotoni, gluonebi – higsis skalarul 

nawilakTan. cxadia, supersimetria unda iyos ara zusti, aramed darRveuli – 
zusti simetriisas CamoTvlili nawilakebis masebi erTnairi unda yofiliyo – 
magram, Tu simetriis darRveva xdeba spontanurad, maSin dinamiuri simetria Senar-
Cunebuli rCeba, e. i. arsebobs Tanafardobebi sxvadasxva, kerZod, higsis nawilakis 
monawileobiT mimdinare procesebis damaxasiaTebel konstantebs Soris. es, Tavis 
mxriv, gvaZlevs informacias sxvadasxva nawilakebis masebisa da TviT higsis 
nawilakis masis Sesaxeb [116b]. 
 supersimetriis TeoriaSi lis algebras enacvleba lis su p er - alg e br a  da 
misi warmodgenebi, romlebic operatorebis komutatorebTan erTad Seicavs anti-
komutatorebsac [113], [114a,b]1.  

 ganmarteba 4. lis super-algebra ewodeba veqtoruli L0, L1 sivrceebis pirdapir 
jams – veqtorul sivrces L  L0L1, romelSic gvaqvs oradwrfivi asaxvebi: 

a) 0 0 0[ , ] : ,X Y L L L    b) 0 1 1[ , ] : ,X Y L L L    c) 1 1 0{ , }: ;X Y L L L   

asaxva a) antisimetriulia, b) arasimetriulia, xolo c) – simetriuli, amasTan, 
Sesrulebulia Semdegi pirobebi: 

(40)  
0 1

0 1

1

[[ , ], ] [[ , ], ] [[ , ], ] 0, ( , , )

[ ,{ , }] { ,[ , ]} { , [ , ]} 0, ( , , )

[ ,{ , }] [ ,{ , }] [ , { , }] 0. ( , , )

X Y Z Z X Y Y Z X X Y L Z L

X Y Z Z X Y Y Z X X L Y Z L

X Y Z Z X Y Y Z X X Y Z L

    

    

   

 

 ganmarteba 5. lis super-algebris w armodg e n a ewodeba lis super-algebras,  
romelSic algebris X elementebi Canacvlebulia ( )T X  operatorebiT ise, rom 

(41)  0 0 1

1

([ , ]) [ ( ), ( )], ( ; )

({ , }) { ( ), ( )}, ( , )

T X Y T X T Y X L Y L Y L

T X Y T X T Y X Y L

   

 

 an 
 

sadac kvadratuli (figuruli) frCxilebi (41) formulebis marjvena mxareSi 
aRniSnavs operatorebis komutators (antikomutators).  
 magaliTad, puankares jgufis (lorencis jgufs sivrce-droSi translaciebis 
gardaqmnebi) super-algebra Sedgeba puankares jgufis lis L0 algebrisgan [117] 

(42) [ , ] , [ , ] , [ , ] 0,M M g M g M g M g M M P g P g P P P                         

romelsac emateba 8-ganzomilebiani L1 sivrce bazisiT ψ , ψ , 1,4:     

(42')  
[ , ψ ] ( ) ψ , [ , ψ ] ψ ( ) , [ , ψ ] [ , ψ ] 0,

{ψ , ψ } {ψ , ψ } 0, {ψ , ψ } (γ ) .

M M P P

P

    

          

    

    

    

  
 

aq γ  aRniSnavs dirakis matricebs, 1/4[γ , γ ], 0,3,      xolo ψ , 1,4   , spinorebia. 

                                                           
1
 monografiaSi [6] da zogierT sxva wyaroSi [114b] statiis misamarTi miTiTebulia arazustad. 
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P da M  M aRniSnavs puankares jgufis generatorebs – impulsis 4-veqtors 
da impulsis momentis antisimetriul 4-tenzors. 
 puankares super-algebra moqmedebs supersimetriul sivrceSi, anu iseTi (gluvi)  

funqciebis simravleze, romlebic damokidebulia (x
, 

a
) cvladebze. aq x

 min-
kovskis sivrcis – sazogadod, D-ganzomilebiani sivrce-drois – koordinatebia, 

xolo 
a  
aRniSnavs antikomutirebad koordinatebs, romlebic x

 koordinatebis 
lorenc-gardaqmnebisas gardaiqmneba spinorebiviT. 
 rogorc vxedavT, supersimetriuli gardaqmnebi iwvevs gardaqmnebs minkovskis 
sivrceSi, rac niSnavs, rom super-algebris mimarT invariantobis moTxovna 
Seicavs sivrce-droiTi simetriebis moTxovnasac. sakmarisia CavTvaloT, rom 
operatorebi (42) da (42') formulebSi moqmedebs lokalurad (anu damokidebulia 
koordinatebze) da puankares super-algebris CarCoebSi moeqceva lorencis 
yalibruli jgufi, rac gravitaciis aRweris SesaZleblobasac mogvcems. 

 magaliTi 5. Tavisufali umaso nawilakis qmedebis supersimetriul ganzoga-

debas aqvs Semdegi saxe [6] ( ) /(x dx d    da a.S.): 

(43)    ( ) θγ θ ( ) θγ θ .S d x i x i  
   

     

 qmedeba (43) aRwers nawilakis moZraobas supersivrceSi koordinatebiT (x
, 

a
). 

aq θa  aRniSnavs 
a
 spinoris dirakis SeuRlebuls.   nebismieri uwyveti para-

metria nawilakis D-ganzomilebiani x
 ( ) traeqtoriis gaswvriv; , 0,1, , ( 1);D    

   minkovskis metrikaa D-ganzomilebian sivrce-droSi. 

 aRmoCnda [6], rom Tu (43) qmedebaSi θa  cvladebad avirCevT or umaso spinorul 
vels, dakvantvis Semdeg miviRebT ainStainis (gawrfivebuli) gantolebebis super- 
simetriul gafarToebas.  

 supersimetriis erT-erTi moTxovnis Tanaxmad, yovel fermions (bozons) unda 
Seesabamebodes misi supersimetriuli “mewyvile” bozoni (fermioni). msgavsi ram 
bunebaSi ar daimzireba da arc amaCqareblebze mimdinare eqsperimentebma gviCvena 
rame – dReisaTvis urTierT supersimetriuli nawilakebis arc erTi wyvili ar 
aris aRmoCenili. varaudoben, rom cnobili nawilakebis yvela superpartniors aqvs 
Zalian didi masa. amitom, miuxedavad Teoriis formaluri warmatebebisa, sasur-
velia arapirdapiri dakvirvebiTi faqtebis miTiTeba, romlebic daadastureben 
bunebaSi supersimetriis arsebobas. erT-erTi aseTi demonstraciaa T. xaCiZisa da 
a. xelaSvilis mier Sesrulebuli kepleris klasikuri da kvanturi amocanis ana-
lizi [118] da supersimetriis moTxovnidan kulonuri potencialis Teoriulad 
gamoyvana. sxva sityvebiT rom vTqvaT, bunebaSi kulonuri potencialis arseboba 
da am potencialTan dakavSirebuli laplas-runge-lencis moZraobis integrali 
([2], gv. 134) metyvelebs bunebaSi supersimetriis realuri arsebobis sasargeblod.  
 fardobiTobis zogadi Teoriis CarCoebSi sivrce-drois geometria ganisazRvreba 
dinamikiT. igive SeiZleba iTqvas fardobiTobis zogadi Teoriis supersimetriul 
gafarToebaze – supergravitaciaze da Teoriaze, romelic miiReba supersimetriis 
gaerTianebiT simebis TeoriasTan – su p ers i m e b is  Teoria z e . 
 Tavdapirvelad simebis Teoria Camoyalibda g. venecianos mier (1968) Seqmnili 
modelis safuZvelze. es modeli SemoRebuli iyo maRali spinebis mqone hadronebis 
(Zlierad urTierTqmedi nawilakebis) gabnevis amplitudis aRsawerad da emyareba 
hadronebis urTierTqmedebaSi aRmoCenili dualurobis movlenas (ix., mag., [48]), 
romelic, Tavis mxriv, gabnevis amplitudis specifiur simetrias – e.w. krosing-
simetrias ukavSirdeba. am simetriis moTxovnis dasakmayofileblad venecianom  
Cawera gabvevis amplituda eileris beta-integralis saxiT [49]: 
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(44)  
1

( ) 1 ( ) 1

0

( ) ( )
( , ) (1 ) ( ), ( )

( ) ( )

( ) ( )
( )

( )

s t s t
A s t x x dx s t

s t

   
 

 

       
    

  
 .  

aq (z) aris eileris gama-funqcia,  s   p1  p2)
2
,  t   p2  p3)

2
, aRniSnavs mandelstamis 

relativisturad invariantul cvladebs (
1 2 3 4,    ,p p p pda   gabnevaSi monawile bo-

zonebis sawyisi da saboloo 4-impulsebia, Sesabamisad), xolo  (z) aris rejes 

traeqtoria, romelic venecianom CaTvala wrfivad:  (z)  (0) ' z (rogorc cno-
bilia [64], [48], rejes traeqtoria aerTianebs sxvadasxva masis da spinis nawilakebs, 
romlebsac danarCeni kvanturi ricxvebi erTnairi aqvs, anu gviCvenebs masis damo-
kidebulebas nawilakis spinze). krosing-simetriis ( , ) ( , )A s t A t s  moTxona (bozonebi-
saTvis) dakmayofilebulia (44) ganmartebis Tanaxmad. 
 venecianos (44) amplitudas aqvs swrafad klebadi maRalenergetikuli asimpto-
tika. fiqsirebuli da didi |s| cvladebis areSi es asimptotika xarisxovania, 

(45)  ( , ) ( 0)tA s t s
     

rac fizikur areSi (t  0) iZleva swraf klebas, roca .s   kidev ufro swrafia 
kleba, roca fiqsirebulia gabnevis kuTxe da .s   am dros [63]  

2 (1 cosθ )ct s   

da s   gvaZlevs , / .t t s C     maSin (43) amplituda eqsponencialurad kle-
bulobs energiis zrdasTan erTad: 

(45')  ( )( , ) [ (θ )] .s

tA s t F    

 aseTi swrafi kleba ar axasiaTebs velis kvanturi Teoriis arc erT models 
(SeSfoTebis Teoriis CarCoebSi); (45) da (45') asimptotikebi aixsneba imiT, rom 
mravali rezonansisa da polusis wvlili gabnevis amplitudaSi urTierT Seikveca. 
 hadronebis dinamikis aRsawerad, rogorc aRvniSneT SesavalSi, formula (44) 
ar gamodga, magram ganviTarebuli midgoma sasargeblo aRmoCnda gravitaciis 
kvanturi Teoriis agebisaTvis, vinaidan aseTive (44) saxe aqvs arawertilovani 
relativisturi obieqtebis – (bozonuri) simebis – erTmaneTze gabnevis amplitudasac.  
mTavari problema kvanturi gravitaciis Tanmimdevruli agebis gzaze aris Teoriis 
gadaunormvadoba, rac dakavSirebulia gravitaciuli velis kvantis – gravitonis 
– 2ћ tol spinTan da Sesabamisi propagatorebis ganSladobebTan maRal energiebze. 
magram venecianos formula kargad aRwers maRali spinis nawilakebs da aqvs kargi 
maRalenergetikuli asimptotika. amitom simebis gabnevis amplitudisaTvis (44) for-
mulis miRebisTanave daiwyes misi gamoyeneba kvanturi gravitaciis modelebSi [6].  
 simebis da supersimebis TeoriebisaTvis damaxasiaTebelia “feinmanis diagramebis” 
gacilebiT naklebi raodenoba: SeSfoTebis Teoriis yovel rigSi simebisaTvis 
gvaqvs mxolod TiTo diagrama [6]. es Tavisebureba da kargi maRalenergetikuli 
yofaqceva SeiZleba avxsnaT iseve, rogorc hadronebis amplitudis “kargi” yofaqceva: 
simebis – arawertilovani obieqtebis – urTierTqmedeba xdeba ara erT wertilSi, 
aramed simis rxevis mTel sigrZeze. gabnevis amplituda, arsebiTad, aRwers merxevi 
simebis modebis urTierTqmedebis koleqtiur efeqts. amitom gvaqvs damoukidebeli 
diagramebis mcire raodenoba. amasTan, sxvadasxva modebis wvlilebi erTmaneTs 
akompensirebs, riTac aixsneba amplitudis klebadi asimptotika maRali energiebis 
zRvarSi. faqtiurad, arawertilovani obieqtebis urTierTqmedebis aRwerisas 
SeSfoTebis Teoriis mwkrivi nawilobriv ukve ajamulia (modebis usasrulo rao-
denobiT) da am ajamvisas xdeba velis kvanturi TeoriisaTvis (simis TiToeuli 
wertilisaTvis ki aseTi Teoria unda iyos marTebuli) damaxasiaTebeli ganSla-
dobebis kompensireba; saintereso iqneboda simebis Teoriis “mikroskopuli 
dafuZneba” velis kvanturi Teoriis CarCoebSi, analogiurad statistikuri 
kanonebis mikroskopuli dafuZnebisa.   
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$1.5. funqcionaluri damoukidebloba bmebian sistemebSi 

 
sazogadod, mravali Tavisuflebis xarisxis mqone TeoriaSi ama Tu im saxis 

kompensirebebi metyvelebs am Tavisuflebis xarisxTa Soris b m e b is  arsebobaze. 
bmebi damaxasiaTebelia nebismieri yalibrulad invariantuli TeoriisTvis.  

 magaliTi 6. Tavisufali umaso nawilakis qmedebis funqcionali D-ganzomilebian 
fsevdo-evklidur sivrce-droSi Caiwereba Semdegi saxiT [5]:  

(46)  ( ) ( ) ( )S d e x x 

       

aq   nebismieri uwyveti parametria nawilakis D-ganzomilebiani ( )x   traeqtoriis 

gaswvriv; , 0,1, , ( 1); D       minkovskis metrikaa D-ganzomilebian sivrce-droSi. 

funqcia ( )e   uzrunvelyofs S qmedebis invariantobas  parametris Secvlisas [84]. 
marTlac, yalibruli gardaqmna  

(47)  ( ), ( ) ( )
d

e e
d


    


   

invariantuls tovebs (46) marjvena mxares. am invariantobidan gamomdinareobs 
mudmivobis kanoni 

(48)  / 0.( )d d x x 

    

magram (46) formulidan, garda 0, 0, 1,x D     moZraobis gantolebebisa, gamomdi-
nareobs “moZraobis gantoleba”  

(49)  / 0 0.S e x x 

      

 (49) warmoadgens bmas, romelic edeba yalibrulad invariantul, e.i. fizikur, 

Senaxvad T x x 

  sidides da gviCvenebs, rom (46) qmedebis minimumi miiRweva 

minkovskis D-ganzomilebiani sivrce-drois sinaTlis-magvar geodeziurebze. amasTan, 

gantolebebi 0x   ar gvaZlevs T  0 pirobas; am gantolebebidan gamomdinareobs 
mxolod mudmivobis kanoni (48). amrigad, (49) warmoadgens sawyis pirobebze 

dadebul SezRudvas – Tu T  0 sawyis  0 momentSi, maSin, (48) Tanaxmad, es samarT- 

liania   nebismieri mniSvnelobisaTvis. aseTi xasiaTis bmebi damaxasiaTebelia 
nebismieri yalibrulad invariantuli sistemisaTvis. magaliTad, eleqtrodinamikaSi 

gausis kanoni 0/ 0S A    ar gamomdinareobs maqsvelis danarCeni gantolebebidan, 

magram am gantolebebidan miiReba mudmivobis kanoni 0/S A   sididisaTvis da Tu 

es warmoebuli nulis tolia sawyis momentSi, is nulis toli darCeba mudam. 

 magaliTi 7. ganvixiloT qmedebis funqcionali D-ganzomilebiani simisTvis.  

 simi  esaa erTganzomilebiani wiri ( ), 0,( 1),X D     sadac   parametria. 

Cveulebriv, iReben [0, ].   droSi evoluciisas simi Semowers sivrce-droiT 
zedapirs, romelic wertilovani nawilakis msoflio wiris organzomilebiani 

analogia. aRvniSnoT 1 2( , )    organzomilebiani veqtori, ise rom 2 1 2d d d    
gvaZlevdes am msoflio zedapiris farTis elements.  
 simis qmedebad irCeven simis mier Semowerili msoflio farTis proporciul 
sidides [6]: 

(50) 2/2 .S T d hh X X  

        

aq h  da h  aRniSnavs metrikul tenzorebs simis msoflio zedapirze; |det[ ]|.h h   

radganac (50) qmedebaSi cvladi h  cikluria, simis msoflio zedapiris moZraobis 

gantoleba / 0S h    warmoadgens bmas. 
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 bmebi Cndeba nebismier fizikur dinamiur TeoriaSi. aseTi sistemebis Seswavla 
aucileblad moiTxovs bmebis koreqtul gaTvaliswinebas, kerZod, dakvantvisas. 
sakiTxTa es mniSvnelovani wre Seswavlilia SromebSi [119a, b]-[121].  
 SromaSi [41] SemoRebulia funqciebis pirobiTi damoukideblobis  cneba.  

 pirobiT funqcionalurad damokidebuli (damoukidebeli) funqciebis cnebis 
gamoyeneba mosaxerxebelia mravali zogadi da gamoyenebiTi xasiaTis amocanis Ses-
wavlisas (ix., mag., [41], [119-121]). aRvniSnoT garkveuli analogia pirobiTi eqstremumis 
amocanasTan, romlis dayvana absoluturi eqstremumis amocanaze Tumca SesaZ-
lebelia, magram, sazogadod, dakavSirebulia amocanis simetriis dakargvasTan 
da gamokvlevebis Sesabamis garTulebasTan. simetriis SesanarCuneblad aseT 
amocanebSi sargebloben lagranJis ganuzRvrel mamravlTa cnobili meTodiT 

(ix., mag., [97], n212, gv. 470-471).  
 SromaSi [41] napovnia funqciebis pirobiTi damoukideblobis kriteriumi. 
amave naSromSi es cneba da kriteriumi gamoyenebulia matricebis unitaruli 
invariantebis bazisis Sesaswavlad. 
 vTqvaT, ,n m  da gvaqvs n m  diferencirebadi funqcia, romlebic damokide-

bulia n m  cvladebze 
1 1, , , , ,n mx x y y : 

(51)  : , 1, ,n m

if i n m     

amasTan, vTqvaT, nulisgan gansxvavdeba iakobiani 
1J : 

  1
1

1 1

( , , )
0,

( , , , , , )

n m

n m

f f
J

x x y y


 


 

xolo cvladebi 
1 1, , , , ,n mx x y y  akmayofilebs pirobebs (“bmis gantolebebs”) 

(52)  1 1( , , , , , ) 0, 1, ,j n mx x y y j m    

sadac TiToeuli funqcia : , 1, ,n m

j i m    aris diferencirebadi n m  argumentiT   

1 1, , , , ,n mx x y y  da nulisagan gansxvavdeba iakobiani 
2J : 

(53)   1
2

1

( , , )
0.

( , , )

m

m

J
y y


 


 
 

 rogorc cnobilia (ix., mag., [97], n208, gv. 453-459), Tu piroba (53) Sesrulebulia, 
bmis gantolebebi (52) (bmis pirobebi) gansazRvravs cxadi saxiT mocemul funqciebs  

1( , , ), 1, ,j j ny y x x j m   da (51) asaxva gansazRvravs
1, , nx x  cvladebis rTul funqciebs: 

(54) 1 1 1 1{( , , , ( , , ), , ( , , )}, 1, .i i n n m nf f x x y x x y x x i n m    

 ganmarteba 6. funqciebs (51) vuwodebT pirobiT funqcionalurad damokidebuls  
(damoukidebels) bmis (52) pirobebiT, Tu Sesabamisi rTuli funqciebi (54) aris 
funqcionalurad damokidebuli (damoukidebeli), anu Tu iakobiani ,det[ ]i kf  udris 

(ar udris) nuls. aq aRniSnulia  

(55)  ,
1
( )( ), , 1, ,

k l k

m

yx xi k i i ll
f f f y i k n


       

da 
kx l
y  calsaxad ganisazRvreba gantolebaTa sistemiT 

(56)   
1

0 ( )( ), 1, , 1, .
k l k

m

yx xj j ll
y k n j m


         

 naSromSi [41] damtkicebulia Teorema, romelic saSualebas gvaZlevs davadginoT 
funqciebis pirobiTi funqcionaluri damokidebuleba (damoukidebloba) ise, rom 
ar gamoviyenoT (54) cxadi funqciebi, rac, sazogadod, garda (53) bmis gantolebebis 
amoxsnasTan dakavSirebuli aSkara garTulebebisa, iwvevs amocanis simetriis 
dakargvas da damatebiT sirTuleebs qmnis xolme. 
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 Teorema. Tu (51) funqciebis argumentebi 
1 1, , , , ,n mx x y y  akmayofilebs bmis  

(52) pirobebs, maSin pirobiT funqcionalurad damokidebulia is n  funqcia 

simravlidan   | 1, ,if i n m   romelTaTvisac nulis tolia iakobiani  

(57)  1 1

1 1

( , , , , , )
det .

( , , , , , )

k l

k l

yx i i
n m

yx j jn m

f ff f
J

x x y y

  
   

    

 

 
 

 Tu 0,J  maSin funqciebi
1, , nf f  pirobiTad funqcionalurad damoukidebulia. 

 damtkiceba. SemoviRoT Semoklebuli aRniSvnebi iakobis matricebisaTvis, ro- 

gorc SromaSi [41]: 

 11 12

1 2 , ,

21 22

, , ,
kxn m m n m n ml

F F
F M M Y y M

F F
 

 
             

 
 

sadac 

 

11 12 ,

21 , 22

1 , 2

, , 1, ,

, , 1, ,

, , 1,

1, , 1, .

k l

k l

k l

x i n y i n m

x i m n y i m

x j m n y j m

F f M F f M i n

F f M F f M i n n m

M M j m

k n l m

            

              

              

 

 
 

am aRniSvnebSi formulebi (55) da (56) miiRebs Semdeg saxes: 

(58)  
, 11 12 1 2, ,i kf F F Y Y         

amasTan 

1 2 2det 0, det 0.J F J      

amitom gveqneba:  

(59)    1

, 11 12 11 12 2 1det det det .i kf F F Y F F              

gamoviyenoT aq frobeniusis formula blok-ujredovani matricis determinanti-
saTvis (ix., mag., [42], gv. 58-59) 

 

11 12 1

22 11 12 22 21

21 22

11 12 , 21 , 22 22

det det det

, , , , det 0 .n n m m n m

A A
A A A A A

A A

A M A M A M A M A

 
     

 

    

 

Sedagad miviRebT:  

(60)  11 121

, 2 2

1 2

det det ./i k

F F
f J J J  

        
 

 amrigad, pirobebi 
,det 0i kf     da 0J   urTierT tolfasia.  

 damtkicebuli Teoremidan gamomdinareobs Semdegi 

 Sedegi. Tu (51) da (52) formulebSi , 1, ,j n jf j m   da 1 0,J   anu, Tu bmis piro-

bebi dadebulia funqcionalurad damoukidebeli n m  funqciebis (51) simravlis 

m  elementze, 0, 1, ,n jf j m    maSin  

, 1 2det 0/i kf J J      

da (51) simravlis danarCeni n  elementi , 1, ,if i n  aris pirobiT funqcionalurad 

damoukidebeli. 

 miRebuli Sedegebi gamoyenebuli iqneba disertaciis momdevno TavebSi. 
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I Tavis daskvnebi  

1. aRniSnulia invariantTa klasikuri Teoriis ganviTarebis mTavari 
etapebi.  

2. naCvenebia invariantebis Teoriis adgili da mniSvneloba elementaruli 
geometriaSi da Tanamedrove algebrul geometriaSi. 

3. naCvenebia invariantebis Teoriis mniSvneloba zogierTi Tanamedrove 
fizikuri TeoriisaTvis. naCvenebia, rom fizikuri obieqtebi, iseve, ro-
gorc geometriuli obieqtebi, aiwereba orTogonaluri da unitaruli 
jgufebis invariantebiT, xolo fizikuri kanonebi, romlebic akavSirebs 
am fizikur obieqtrebs, iseve, rogorc geometriuli Teoremebi, warmo-
adgens Tanafardobebs (sizigiebs) gardaqmnaTa Sesabamisi jgufis 
(polinomur) invariantebs Soris.  

4. naCvenebia, rom (polinomur) invariantebs Soris Tanafardobebis (bmebis) 
Seswavla Seadgens nebismieri fizikuri Teoriis Sinaarss.  

5. dasabuTebulia gamokvlevis SerCeuli mimarTulebis aqtualuroba, Camo-
yalibebulia naSromis ZiriTadi mizani, gansazRvrulia misi mecnieruli 
siaxle da mniSvneloba. 

6. ganmartebulia funqcionalurad pirobiT damoukidebeli funqciebi   
(f-bi (54-56)). damtkicebulia Teorema funqciebis funqcionalurad 
pirobiTi damoukideblobisaTvis sakmarisi da aucilebeli pirobebis 
Sesaxeb (f-la (57)). 
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  Tavi II 

operatorebis invariantebi 
 da klasificireba 

 
 operatorebis da maTi matricebis unitaruli msgavsebis amocana centraluria 
ukve saukuneze meti xnis ganmavlobaSi. aq miRebuli Sedegebidan aRsaniSnavia 
Spextis [16] da k. pirsis [17a, b] Teoremebi n n  matricebis unitaruli msgavse-
bisaTvis sakmarisi pirobebis Sesaxeb, j. smiTis [18], spenseris [23], sibirskis [24], 
Jelobenkos [122] Sedegebi 3 3 matricebisTvis (ix. agreTve monografia [20] da iq 
moyvanili citireba). amocana bolomde gadawyvetilia SromebSi [40] da [41], sadac 
agebulia ermituli da araermituli operatorebis unitaruli invariantebis 
minimaluri polinomuri da funqcionaluri bazisi n-ganzomilebian unitarul 
(evklidur) sivrceSi da napovnia operatorTa unitaruli (orTogonaluri) eqviva-
lentobisaTvis aucilebeli da sakmarisi pirobebi cxadi saxiT, maTi polinomuri 
invariantebis terminebSi.  

am TavSi moyvanili originaluri Sedegebi gamoqveynebulia SromebSi [40], [41], 
[43], [67], [96]. 
 

$2.1. ZiriTadi cnebebi da debulebebi 

 winamdebare paragrafebSi n  aRniSnavs n-ganzomilebian unitarul sivrces, anu 
wrfiv veqtorul sivrces kompleqsuri ricxvebis  velze, romelSic ganmar-
tebulia ermituli metrikuli forma (ermituli skalaruli namravli). rogorc 

cnobilia (ix., mag., [42], gv. 233-239), sasrul-ganzomilebian unitarul n  sivrceSi 
yovelTvis SeiZleba avagoT orTonormirebuli bazisi: 

(1)    | , 1, ,n n

k ke e k n  B  

(2)   , , , , 1, ,k j k j j k j k k je e g g e e k j n


      

sadac k j  aRniSnavs kronekeris simbolos, xolo * kompleqsuri SeuRlebis 

operacias. iq, sadac es ar gamoiwvevs gaurkvevlobas, SemdgomSi davwerT n B B. 

 ganvixiloT operatori : ,n nP  romelic moqmedebs n  sivrceSi: 

 : , , .nx y x x y   P P  
nB  bazisSi gveqneba (ix., mag., [98], gv. 41): 

(3)  
1 1

.
n ni k

i ki k
y y e x x e

 
   P P  

veqtori n

ke P  SegviZlia CavweroT B bazisSi. (2) gaTvaliswinebiT, miviRebT: 

(4)  
1 1

, , , 1, ,
n ni i

k k i m k mk mi ki i
e P e e e P g P k n

 
    P P  

da (3) formulaSi Setanis da gamartivebis Semdeg gveqneba: 

(3')   
1

, 1, .
ni k i

kk
y x P i n


   

 formula (4) gviCvenebs, rom [ ]ikP P  matricis k-ur striqonSi dgas n

ke P  

veqtoris koordinatebi B bazisSi, 1, .k n  amrigad, 
1[ ] ( )n

ik nP P M  , sadac ( )lM  

aRvniSnavs (ix. Sroma [44a, b] da mimoxilva [20]) yvela iseTi l l  matricis simravles, 

romelTa elementebi ekuTvnis  vels,  1,2, .l   qvemoT gveqneba   an .  
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 n  sivrceSi orTonormirebuli bazisis arCeva SesaZlebelia mravalnairad. B 
bazisis nebismieri gardaqmna, romelic inarCunebs skalarul namravls (2),  

(5)   
1

| , , 1, ,
n

n k

jj j j k

k

e e e U e j n


      B B  

(6)   , , , , 1, ,k j k j k je e e e k j n      

xorcieldeba unitaruli operatoriT 

(7)  
1

: , 1, ,
n

k

j j j j k

k

e e e U e j n


   U U  

(8)  1, det 1,k

jU     U U  

amasTan, : n nP  operatoris matrica gardaiqmneba kanoniT: 

(9)      * 1

, 1

.
n

k k
k k j k m

i i i m j i i
i k

'P P U U P UPU UPU 



     

 cxadia, rom 

(9')     * 1

, 1

.
n

k k
k j k m

i i m j i i
i k

'P U U P U P U U P U 



     

 ganmarteba 1. Q matricas, romelic miiReba mocemuli P matricis gardaqmniT: 

(10)   1 ,ik ik
Q V PV  

sadac [ ]ikV V  aris nebismieri aragansakuTrebuli matrica, det 0,V   ewodeba 

mocemuli P matricis msgavsi da aRiniSneba ~ .Q P  Tu gardamqmneli matrica V aris 

unitaruli 1 , det 1,V V V    maSin Q  da P  matricebs ewodebaT unitarulad msgavsi. 

 amrigad, (7)-(9) forulebidan gamomdinareobs, rom marTebulia  

 winadadeba 1. nebismieri : n nP  operatoris matricebi or nebismier orTo-
normirebul bazisSi aris urTierT unitarulad msgavsi.  

 radgan unitaruli gardaqmnebi adgenen jgufs, n n  matricebis ( )nM  simravle 

iSleba eqvivalentobis klasebad unitaruli msgavsebis TvalsazrisiT _ orbitebad 

(ix., mag., [73], gv. 67), amasTan, TiToeuli orbita Seicavs erTi : n nP  operatoris 

Sesabamis matricebs n  sivrcis yvela orTonormirebul bazisSi. n  sivrceSi 
moqmedi sxvadasxva operatoris matricebi SeiZleba iyos unitarulad msgavsi, 
magram gansxvavebul bazisebSi, e. i. sxvadasxva orbitebi ar gadaikveTeba. 

 ganmarteba 2. : n nP  operatoris sakuTari ricxvi ewodeba iseT jp   ricxvs,  

romlisTvisac n  sivrceSi arsebobs aranulovani veqtori ( ) ,njx p   iseTi, rom 

adgili aqvs tolobas: 

(11)   ( ) ( ). ( ) 0j j j jx p p x p x p P  

amave tolobas xSirad CavwerT Semoklebuli saxiT: 

(11')   . 0j j j jx p x x P  

 (aranulovan) veqtors ( ) ,njx p   romelic akmayofilebs (11) tolobas, ewodeba  

: n nP  operatoris sakuTari veqtori. 

 operatoris sakuTar ricxvs xSirad uwodeben am operatoris maxasiaTebel 
ricxvs, an sakuTar mniSvnelobas (ix., mag., [42], gv. 82-84, [8a], gv. 21-22, [8b], gv. 29). 
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 sasrulganzomilebian unitarul sivrceSi marTebulia Semdegi debulebebi: 

 winadadeba 2. nebismier : n nP  operators aqvs aranakleb erTi da araumetes 
n sxvadasxva sakuTari ricxvi. 

 winadadeba 3.  : n nP  operatoris sakuTari ricxvebi da sakuTari veqtorebi 

ar aris damokideuli n  sivrceSi bazisis arCevaze, e.i. 

 winadadeba 3 '. : n nP  operatoris sakuTari veqtorebi da sakuTari ricxvebis 

simravle ar icvleba (invariantulia) n sivrceSi bazisis nebismieri gardaqmnebisas. 

winadadeba 3 iZleva saSualebas, movZebnoT : n nP  operatoris sakuTari 
veqtorebi romelime bazisSi, rogorc Semdegi wrfivi erTgvarovani gantolebebis 
sistemis aratrivialuri amonaxsnebi: 

(12)   1
...( ) ( ). 1, , 1,2,

n k i i

j k j jk
x p P p x p i n j


    

aq i

kP  aris : n nP  operatoris matrica arCeul bazisSi, xolo ( )i

jx p  _ 

( ) n

jx p   sakuTari veqtoris koordinatebi amave bazisSi. amasTan, gvaqvs 

winadadeba 4. : n nP  operatoris sakuTari ricxvebi 
1 2

..., ,p p  ganisazRvreba 

(12) gantolebaTa sistemis aratrivialuri amonaxsnis arsebobis pirobiT 

(13) 
1

det 0
n

i i

k kP p    , 

romelic, algebruli TvalsazrisiT, warmoadgens n xarisxis mudmivkoeficientebian 
gantolebas da, maSasadame, aqvs zustad n kompleqsuri fesvi (fesvTa jeradobis 
gaTvaliswinebiT). 

 (13) gantolebas ewodeba : n nP  operatoris maxasiaTebeli gantoleba. xSirad 
(ix., mag., [42], gv. 82)) mas uwodeben sekularul an saukunoebriv gantolebas. am 

gantolebis marcxena mxareSi mdgar n xarisxis mravalwevrs ewodeba P : 
n  

n
 

operatoris (
i kP  matricis) maxasiaTebeli mravalwevri (maxasiaTebeli polinomi). 

 winadadeba 5. : n nP  operatoris maxasiaTebeli mravalwevris koeficientebi 

invariantulia n  sivrceSi bazisis unitaruli gardaqmnebis mimarT. 

 cxadia, igive winadadeba SeiZleba Camoyalibdes meorenairad: 

 winadadeba 5 '. (unitarulad) msgavsi matricebis maxasiaTebeli mravalwevrebi 
igivurad tolia. 

 winadadeba 5' iZleva matricebis (operatorebis) unitaruli msgavsebisaTvis 
aucilebel, magram, sazogadod, arasakmaris pirobebs. es pirobebi aris sakmarisic, 

Tu operatori : n nP  mTlianad ganisazRvreba Tavisi sakuTari ricxvebiT, 
Tundac erT romelime orTonormirebul bazisSi.  

 winadadeba 6. nebismieri : n nP  operatorisaTvis n  sivrceSi arsebobs 

erTaderTi operatori ,P  romelic n e b i s m i eri  ori veqtorisaTvis ,n nx y   
akmayofilebs tolobas 

(14)   , , , . , nx y x y y x x y
    P P P . 

 (14) ganmartebidan cxadia, rom  

(15)     .


 P P  

  operatorebs P  da 
P  ewodebaT erTmaneTis SeuRlebuli operatorebi.  
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 advili saCvenebelia, rom 
P  da P  operatorebis Sesabamisi matricebi P   da 

P  nebismier (orTonormirebul) bazisSi aris urTierT transponirebuli da 
kompleqsurad SeuRlebuli: 

(16)  .TP P   
 marTlac, (4), (15) da (14) tolobebis gamoyenebiT vRebulobT: 

* *** ( ), , , , .ik i k i k i k k i kiP e e e e e e e e P        P P P P  
* *** ( ), , , , .k

i i k i k i k k i kiP e e e e e e e e P        P P P P  

aseT matricebs uwodeben urTierT SeuRlebul (zogjer _ ermitulad SeuRlebul) 
matricebs. 

 ganmarteba 3. : n nP  operators (P matricas) ewodeba martivi struqturis 
operatori (matrica), Tu (12) gantolebaTa sistemas gaaCnia n wrfivad damoukide-

beli amonaxsni, e. i. Tu : n nP  operatoris sakuTari veqtorebi adgenen baziss 
n  sivrceSi. am baziss ewodeba P  operatoris sakuTari bazisi.  

 winadadeba 7. Tu : n nP  operatoris maxasiaTebeli gantolebis yvela fesvi 
martivia, e. i. Tu am operators aqvs n erTmaneTisgan gansxvavebuli sakuTari 
ricxvi, maSin es operatori martivi struqturisaa. 

 marTlac, vTqvaT, (11' ) gantoleba sruldeba n wyvil-wyvilad erTmaneTisgan 

gansxvavebuli sakuTari ricxvisaTvis ,j kp p  roca , , 1, .j k j k n   davuSvaT, 

arsebobs iseTi mudmivebi , 1, ,jc j n   rom 

(17)   
1

0. 0
n

j j jj
c x x


   

vimoqmedoT (17) tolobis orive mxareze Tanamimdevrulad 2 1..., , , n
P P P  operatorebiT 

( k
P  aRniSnavs P  operatoris k-ur xarisxs) da gaviTvaliswinoT (11' ). miviRebT: 

   1

1
( ) 0. 1, , 0

n k

j j j jj
p c x k n x


    

vinaidan am erTgvarovan gantolebaTa sistemis determinanti aris  

(18)  1

1

1

det[ ] ( ) 0,k n

j j m

m j n

p p p

  

    

gveqneba 0, 1, .j jc x j n   aqedan, 0jx   pirobis gaTvaliswinebiT, miviRebT 0, 1, ,jc j n   

rac, (17) daSvebis ZaliT, niSnavs, rom veqtorebi 1
..., , n

nx x   wrfivad damoukideb-

lebia, e. i. adgens baziss n  sivrceSi.      

 winadadeba 8. martivi struqturis operatoris SeuRlebuli operatori agreTve 
martivi struqturisaa.  

 winadadeba 9. Tu urTierT SeuRlebul operatorebs P  da 
P  aqvs saerTo 

sakuTari veqtori, maSin am operatorebis sakuTari ricxvebi, romlebic Seesabameba 
saerTo sakuTar veqtors, erTmaneTis kompleqsurad SeuRlebulia. 

 ganmarteba 4. : n nP  operators (P matricas) ewodeba normaluri operatori 

(normaluri matrica), Tu is komutirebs Tavis SeuRlebul : n n P  operatorTan 
(P+ matricasTan). 

 winadadeba 10. operatori : n nP  normaluria maSin da mxolod maSin, Tu 

mas aqvs sakuTari veqtorebis sruli orTonormirebuli sistema an Tu P  da 
P  opera-

torebis saerTo sakuTari veqtorebi adgens (orTonormirebul) baziss n sivrceSi. 
 amrigad, normaluri operatori yovelTvis martivi struqturisaa.  
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 winadadeba 11. nebismieri operatoris matricas am operatoris sakuTar bazisSi 
(Tuki aseTi bazisi arsebobs) aqvs diagonaluri saxe: 

(19)  0 , , , 1, .jk j k j jkP e e p k j n  
P

P   

kerZod, normaluri : n nP  operatoris matrica nebismier orTonormirebul 
bazisSi unitarulad msgavsia (19) diagonaluri matricis. igive marTebulia SeuR-

lebuli : n n P  operatoris matricisaTvisac. amasTan, P  da 
P  operatorebis  

matricebi am operatorebis (saerTo orTonormirebul) sakuTar bazisSi aris 
erTmaneTis kompleqsurad SeuRlebuli: 

(20)   , , , , 1, .j k j k j jke e e e p k j n


   
PP

P P   

 ganmarteba 5. : n nH  operators (H matricas) ewodeba TviTSeuRlebuli 

(ermituli), Tu is emTxveva Tavis SeuRlebul : n n H  operators (H + matricas): 

(21)  , .H H  H H  

 am ganmartebidan da (20) Tanafardobidan gamomdinareobs 

 winadadeba 12. normaluri operatori ermitulia maSin da mxolod maSin, Tu: 
am operatoris yvela sakuTari ricxvi namdvilia; am operatoris matrica nebismier 
orTonormirebul bazisSi unitarulad msgavsia namdvilelementebiani diagonaluri 
matricis. 

 winadadeba 12 gviCvenebs, rom SegviZlia ise avirCioT orTonormirebuli bazisi, 
rom (14) matricis diagonaluri elementebi _ ermituli operatoris sakuTari 
ricxvebi _ iyos dalagebuli da Seadgendes araklebad mimdevrobas: 

(22)   
1 2

... .np p p    

Tu ermituli operatoris sakuTari ricxvebis { }jp  simravlis yvela elementi 

sxvadasxvaa, e. i. Tu am operatoris maxasiaTebel gantolebas ar aqvs jeradi fesvebi, 
vityviT, rom operatoris speqtri martivia. aseT SemTxvevaSi (22) TanafardobaSi 
gveqneba mkacri utolobebi.  

 ganmarteba 6. martivi speqtris mqone ermituli : n nH  operatoris sakuTar 
baziss, romelSic sabaziso veqtorebi gadanomrilia (22) pirobebis Sesabamisad, 

vuwodoT am operatoris kanonikuri bazisi da aRvniSnoT
HB , xolo H operatoris 

matricas 
HB  bazisSi – am operatoris kanonikuri matrica.  

 SevniSnoT, rom ermituli operatoris sakuTari (orTonormirebuli) bazisi 
gansazRvrulia bazisis veqtorebis numeraciis sizustiT. cxadia, bazisis veqtorebis 

gadanomvra (rac, cxadia, warmoadgens unitarul gardaqmnas n
 sivrceSi) cvlis 

operatoris sakuTari ricxvebis numeracias. (22) pirobebi afiqsirebs martivi 

speqtris mqone ermituli : n nH  operatoris kanonikuri bazisis veqtorTa 
numeracias, amitom kanonikuri matricis invariantobis jgufs romelic, cxadia, 
warmoadgens U(n) jgufis qvejgufs, aRwers Semdegi 

 winadadeba 13. martivi speqtris mqone ermituli operatoris kanonikuri matricis  
invariantobis jgufi Sedgeba unitaruli operatorebisagan, romlebsac am opera-

toris kanonikur bazisSi Seesabameba diagonaluri matricebi  1 ..., , :niiU diag e e
  

(23)   exp( ). , , 1,jk jk j jU i j k n      

 cxadia, (23) matricebi komutirebs ermituli operatoris kanonikur matricasTan. 
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 winadadeba 14. martivi speqtris mqone ori ermituli operatori 
1:

n nH  da 

2 : ,n nH  romelTa kanonikuri matricebi erTnairia, urTierT unitarulad msgavsia: 

(24)   1 1

1 2 .   H U H U U U  

 winadadeba 14 warmoadgens operatorTa unitaruli klasificirebis safuZvels: 
ori operatoris Sesabamisi matricebi (orTonormirebul bazisSi) ekuTvnis erT 
orbitas (anu urTierT unitarulad msgavsia), Tu am operatorebis kanonikuri 
matricebi erTmaneTis tolia. 

 winadadeba 15. nebismieri wrfivi operatori : n nP  calsaxad SeiZleba 
warmovadginoT ori “ermituli komponentis” saSualebiT: 
(25)   ,i  P P P  

(26)  2 , 2 .( ) ( )/ /i   

         P P P P P P P P  

amasTan, operatori : n nP  normaluria maSin da mxolod maSin, roca misi 
ermituli komponentebi (26) komutirebs. 

 winadadebebi 15 da 10 gvaZlevs Semdeg Sedegs:  

 winadadeba 16. normaluri : n nP  operatoris “ermitul komponentebs” 
P  

aqvs saerTo sakuTari veqtorebis (orTonormirebuli) sruli sistema; maSasadame, 
maTi matricebi P

 da P
 SeiZleba erTdroulad daviyvanoT diagonalur saxeze; 

amave bazisSi diagonaluri iqneba (25) operatoris P P iP    matricac, amasTan, 

(27)  ( ) ( )( ),jk jk j jP p ip    

sadac ( )

jp   aris  
P  operatoris ( P

 matricis) sakuTari ricxvebi, 1,j n . 

 marTebulia Sebrunebulic: unitaruli gardaqmniT (27) saxeze daiyvaneba mxolod  
normaluri operatoris matrica. 

 SevniSnoT, rom Tu normaluri : n nP  operatoris ermituli komponentebidan 
erTs mainc aqvs martivi (namdvili) speqtri, maSin P  operatoris speqtric martivia.  

 SevniSnoT agreTve, rom, Tumca 
P  da 

P  operatorebis sakuTari bazisebi 

emTxveva erTmaneTs, maT SeiZleba hqondes sxvadasxva kanonikuri bazisi maSinac ki, 
roca orive operatoris speqtri martivia. 

 
n

 sivrcis kerZo SemTxvevas warmoadgens evkliduri sivrce n
 _ wrfivi veqto-

ruli n-ganzomilebiani sivrce namdvil ricxvTa velze dadebiTad gansazRvruli 
metrikuli formiT.  

 n
 sivrceSi bazisis orTonormirebis pirobas inarCunebs namdvili unitaruli 

gardaqmna – orTogonaluri gardaqmna. aseTi gardaqmnebi adgenen jgufs, romelsac 
uwodeben orTogonalur jgufs da aRniSnaven ( )O n  (ix., mag., [7], gv. 338-339).  
 vinaidan namdvil ricxvTa veli ar aris algebrulad Caketili, zemoT CamoT-

vlili debulebebidan zogierTi Seicvleba. ermituli operatoris nacvlad n
 

sivrceSi unda ganvixiloT simetriuli (namdvili ermituli) operatori, romelsac 
aqvs sakuTari veqtorebis sruli orTogonaluri sistema (gaaCnia sakuTari orTo-

normirebuli bazisi n
 sivrceSi) da romlis yvela sakuTari ricxvi namdvilia. 

nacvlad (25), (26) warmodgenebisa, nebismieri : n nT  operatorisaTvis gvaqvs: 

(28)  , 2,( )/T

     T T T T T T  

sadac zeda indeqsi T, iseve, rogorc zemoT, aRniSnavs transponirebas. 

 CamoTvlili debulebebis damtkicebulia, mag., monografiebSi [20], [42], [123]. 
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$2.2. martivi speqtris mqone ermituli operatoris invariantebi  

 

 rogorc aRvniSneT wina paragrafSi, n  sivrceSi bazisis unitaruli gardaqmna 
(7) iwvevs am sivrceSi moqmedi nebismieri P  operatoris matricis gardaqmnas (9) 

formulebiT ( n  sivrceSi nacvlad (7) gardaqmnebisa, unda ganvixiloT bazisis 
orTogonaluri gardaqmnebi. qvemoT unitaruli da evkliduri (namdvili) sivrceebi 
ganixileba paralelurad). amasTan, 2.5 winadadebis Tanaxmad, matricis maxasiaTe-
beli mravalwevri ar icvleba. 
 P  operatoris (P matricis) maxasiaTebeli mravalwevris koeficientebi, rom-
lebic, vietis Teoremis ZaliT, urTierT calsaxad ganisazRvreba operatoris 
(matricis) sakuTari ricxvebiT, warmoadgens am operatoris (matricis) unitarul 
(orTogonalur) invariantebs. 
 SeiZleba vTqvaT, rom P  operatoris matricis elementebi Seicavs “obieqtur” 
informacias operatoris Sesaxeb, romelic ar icvleba sivrceSi bazisis gardaq-
mnisas, da “subieqtur” informacias, romelic ganisazRvreba bazisis arCeviT da 
bazisis gardaqmnisas icvleba. Cveni gamokvlevis mTavari mizania, davadginoT, 
operatoris ramdeni da romeli invariantebi gvaZlevs am operatoris matricaSi 
Cadebuli “obieqturi” informaciis povnis, “Sereuli” informaciisgan am “obieqturi” 
informaciis gamoyofis SesaZleblobas. 

 ganvixiloT erTganzomilebiani sivrce 

 1 , , , 1n n

x xt t x x x      

da SemoviRoT operatori 1: ,n

x xP  romelic ganmartebulia Semdegi tolobiT: 

(29)          1: , , .n

x xy x x y y   P  

 advili saCvenebelia, rom (29) formula gansazRvravs proeqciul operators: 
2 .

x xP P  

 marTlac, (29) ganmartebidan gvaqvs: 

 2 : : , , , , : , .n

x x xy x x y x x x x y x x y y y     P P P  

 Tanamedrove literaturaSi farTod iyeneben dirakis mier SemoRebul e. w. 

“ket-” da “bra-veqtorebs”. “ket-veqtors” aRniSnaven x  simboloTi; ganmartebiT, 

.nx x   “bra-veqtori” aRiniSneba simboloTi y  da ganimarteba, rogorc 1-forma 

ket-veqtorebze (ix., mag., [8a], gv. 54). ganmartebis Tanaxmad, gvaqvs .y y


  am 

aRniSvnebSi proeqciuli operatori 1: n

x xP  Caiwereba, rogorc .x x xP  

 winadadeba 17. veqtorebi 
1

..., , n

nx x   Seadgens srul orTonormirebul sistemas 

(orTonormirebul baziss) n  sivrceSi maSin da mxolod maSin, roca Sesrulebulia 
piroba (e. w. sisrulis piroba (ix., mag., [8a], gv. 54)): 

(30)  
1 1

,
k

n n

x k kk k
x x

 
  P E  

sadac : n nE  erTeulovani  (igivuri) operatoria.   

 Teorema 1. martivi struqturis nebismieri ermituli operatori : n nH  

gamoisaxeba misi sakuTari ricxvebiT hk da sakuTari veqtorebiT k  Semdegnairad: 

(31)  
1

.
n

k k kk
h


H     1, 1,k k k n    
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 damtkiceba. vinaidan ermituli operatoris sakuTari veqtorebi ,k  1, ,k n  

Seadgens orTonormirebul baziss n  sivrceSi, nebismieri nx   veqtorisaTvis 

SegviZlia davweroT: 

(30')  
1

n

k kk
x x


   . 

vinaidan k  aris : n nH  operatoris 
kh  sakuTari ricxvis Sesabamisi sakuTari  

veqtori, (30') gaSlis gamoyenebiT miviRebT: 

  
1 1

.
n n

k k k k kk k
x x h x

 
     H H      

 SeniSvna. (31) da (4) formulebidan gamomdinareobs, rom martivi struqturis ermi- 
tuli operatoris matricas nebismier orTonormirebul bazisSi aqvs Semdegi saxe: 

(31')  
1 1

( ) ( ) .
n n

lm k l k k m k k l k mk k
H h e e h 

 
       

 ganvixiloT martivi speqtris mqone ermituli operatori mis kanonikur bazisSi 
– am operatoris kanonikuri matrica. sruli informacia, romelsac Seicavs moce-

muli operatori, gansazRvravs misi kanonikuri bazisis orientacias n  sivrceSi 
arCeuli orTonormirebuli bazisis mimarT da am operatoris sakuTari ricxvebis 

mniSvnelobebs. Tu bazisis arCeva n  sivrceSi SeiZleba nebismierad, operatoris 
kanonikuri bazisis orientacias ver davafiqsirebT. maSasadame, am operatorSi 
mocemuli “obieqturi” informaciis maqsimaluri moculoba mTlianad ganisazRvreba 
n namdvili parametriT, romlebic urTierT calsaxad gansazRvravs operatoris 
sakuTar ricxvebs.  

 es situacia analogiuria fardobiTobis principisa: erTgvarovan izotropul 
sivrceSi ar arsebobs gamoyofili aTvlis sistema da amitom verafers vityviT 
Cvens sakuTar laboratoriasTan dakavSirebuli aTvlis sistemis moZraobis siCqareze; 
bunebrivia, es aTvlis sistema CavTvaloT uZravad, ufro zustad – aRvweroT 
movlenebi Cveni sakuTari aTvlis sistemis mimarT. amiT savsebiT ganisazRvreba 
am movlenebis xasiaTi nebismieri sxva aTvlis sistemis mimarTac – sakmarisia 
Sesabamisi gardaqmnis kanonebis gamoyenebiT axal aTvlis sistemaSi gadasvla. 
 ermituli operatoris damaxasiaTebel parametrebad sakuTari ricxvebis arCeva, 
rogorc wesi, mouxerxebelia: Tu operatori Tavidanve ar aris mocemuli misi 
sakuTari matriciT, sakuTari ricxvebis mosaZebnad saWiroa amoixsnas operatoris 
maxasiaTebeli gantoleba – n xarisxis algebruli gantoleba, rac, sazogadod, 
SesaZlebelia mxolod miaxloebiT, ricxviTi meTodebis gamoyenebiT. zogad 
SemTxvevaSi analizuri amonaxsnis povnis SeuZlebloba 5n   ganzomilebebisaTvis 
warmoSobs garkveul, zogjer ki principul sirTuleebs, rogorc Cvens amocanaSi 
operatorTa unitaruli klasificirebis Sesaxeb, aseve gamoyenebiTi xasiaTis sxva 
amocanebSi. 
 amrigad, gvesaWiroeba iseTi parametrebi, romlebic gansazRvravs ermituli 
operatoris yvela damoukidebel (namdvil) sakuTar ricxvs da, amasTan, unitarulad 
invariantulia da ar moiTxovs maT mosaZebnad romelime specialur bazisSi 
gadasvlas. cxadia, martivi speqtris mqone ermituli operatoris sakuTari ricxvebi 
– kanonikuri matricis diagonaluri elementebi – SeiZleba iyos nebismieri. 
amasTan, 2.1 Teoremis Tanaxmad, martivi speqtris mqone ermituli operatoris 
sakuTari ricxvebi calsaxad gansazRvravs am operatoris orbitas (unitaruli 
jgufis mimarT). amitom marTebulia 

 Teorema 2. martivi speqtris mqone erTi ermituli operatoris polinomurad 
damoukidebeli unitaruli invariantebis raodenoba tolia sivrcis ganzomilebisa.  
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 damtkiceba. 2.5 winadadebis Tanaxmad, : n nP  operatoris maxasiaTebeli 
mravalwevris koeficientebi unitarulad invariantuli sidideebia, amasTan, maTi 
raodenoba mravalwevris n xarisxs emTxveva. nebismier orTonormirebul bazisSi 
P  operatoris maxasiaTebel mravalwevrs aqvs Semdegi saxe: 

(32)   
1 0

det ( ) ,
nn n k

kk
P E p


    

sadac mravalwevris koeficientebi 
kp  warmoadgens operatoris [ ]ikP P  matricis 

k rigis mTavari minorebis jamebs (aRniSvnebi iseTivea, rogorc monografiaSi [42]): 

(33)  1 2

1 1 2

...
.

...

k

k

i j n k

i i i
p P

i i i  

 
  

 
   1,k n  

 vietis Teoremis Tanaxmad, yvela es koeficienti aris maxasiaTebeli gantolebis 
fesvebis – P  operatoris sakuTari ricxvebis – elementaruli simetriuli mraval-
wevrebi (ix., mag., [59], gv. 242-246): 

(34)  
1 2

1

1
...1

... ...( , , ) .
k

k

k k n i i i

i i n

p
   

           

kerZod,  
1 1 1 1 1 1 2

...... ...tr ( , , ) ... , ( , , ) det .n n n n n np P p P                    

 advilad vaCvenebT [96], rom mravalwevrebi (34) erTmaneTisgan funqcionalurad 
damoukidebelia da, maSasadame, polinomurad damoukidebelia.   

 Sedegi 1. cxadia, rom martivi speqtris mqone operatoris nebismieri unitaruli 
invarianti gamoisaxeba misi sakuTari ricxvebis simetriuli mravalwevriT. vinaidan  
nebismieri simetriuli mravalwevri gamoisaxeba (calsaxad), rogorc elemen-
taruli simetriuli mravalwevrebis polinomi (koeficientebiT imave ricxviTi 
velidan, romelsac ekuTvnis mocemuli simetriuli mravalwevris koeficientebi) 
(ZiriTadi Teorema simetriuli mravalwevrebis Sesaxeb (ix., mag., [59], gv. 243)), 
vaskvniT, rom  

 martivi speqtris mqone erTi ermituli operatoris maxasiaTebeli polinomis 
n koeficienti Seadgens am operatoris unitaruli invariantebis polinomur baziss. 

 ermituli operatoris polinomiuri unitaruli invariantis magaliTs iZleva 
am operatoris naturaluri k xarisxis kvali (nebismier orTonormirebul bazisSi), 
romelsac aRvniSnavT, rogorc SromaSi [41], 

(35)  
1

( ) tr
nk k

k jj
t P P


   .   k   

(35) invariantis warmodgenas (34) bazisSi iZleva niutonis formulebi ([59], gv. 245): 

(36)  

1 1 1

1

1

1

( ) ( 1) ( ) ( 1) , (1 )

( ) ( 1) ( ) . ( )

k l k

k k l l kl

n l

k k l ll

t P t P k k n

t P t P k n

  







       

   




 

 paragrafis dasasruls CamovayaliboT hamilton-kelis fundamenturi Teorema, 
romelic mniSvnelovania SemdgomisaTvis (damtkiceba ix., mag., [42], gv. 92-93):  

 Teorema 3 (hamiltoni, keli). nebismieri matrica ( )nP M  (operatori : n n)P  

akmayofilebs sakuTar maxasiaTebel (32) gantolebas: 

(37)  
0
( ) 0.

n n l

ll
P p


   

aq 0( ) ( )n nP E M   erTeulovani matricaa, xolo tolobis marjvena mxareSi dgas 

nulovani n n  matrica. SevniSnoT, rom (37) matriculi igiveobis orive mxaris 

kvalis gamoTvla gvaZlevs (36) formulas k  n SemTxvevisaTvis. 
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 $2.3. gadagvarebuli speqtris mqone ermituli operatoris 
invariantebi 

  
 vTqvaT, ermituli : n nP  operatoris jp  sakuTari ricxvis jeradoba 1,jr   

e. i. operatoris sakuTari ricxvebi Seadgens multisimravles (ix., mag., [99], $3.4) 

(38)   | 1, 1, , ,jr

j j j kp r j m p p     roca .j k  

aq ,jr   , 1, ,jp j m   amasTan  

(39)   
1

.
m

jj
r n


  

maSin (33) unitarul invariantTa Soris SeiZleba arsebobdes polinomiuri damo-
kidebulebebi. naSromSi [41] gadawyvetilia amocana aseTi operatoris unitaruli 
invariantebis minimaluri polinomiuri bazisis agebis Sesaxeb da naCvenebia, rom 
ori aseTi operatori unitarulad msgavsia (maTi matricebi ekuTvnis erT orbitas) 
maSin da mxolod maSin, roca maTi invariantebis minimaluri polinomiuri bazisebi 
erTnairia. 

 dasmuli amocanis gadasawyvetad invariantebis (33) bazisis nacvlad ufro 
mosaxerxebelia (35) bazisis gamoyeneba, romelic calsaxad dakavSirebulia (33) 
bazisTan niutonis formulebiT (36).  

 (38) speqtris mqone ermituli operatorisaTvis gveqneba: 

(40)  
1

...( ) tr , 0,1,2, .
mk k

k j jj
t P P r p k


    

 SemoviRoT [41] e. w. hankelis matricebi (ix., mag., [42], gv. 301): 

(41)  
2 1 ,( ) [ ( )] ( )k i j i j k kT P t P M      

da aRvniSnoT 

(42)  ( ) det ( ), .k kD P T P k   

cxadia, 
1 0( ) ( ) .D P t P n   

 vinaidan : n nP  ermituli operatoris yvela sakuTari ricxvi namdvilia, 

k-s sakmarisad didi mniSvnelobebisaTvis 2 1( ) [ ( )] k

k i jT P t P   matricis rangi tolia 

P  operatoris erTmaneTisgan gansxvavebuli sakuTari ricxvebis m raodenobisa 

(da ( )kT P  matricis signaturisa (ix., mag., [42], gv. 494)): 

(43)  rank ( ) , .kT P m k m   
 naSromSi [41] damtkicebulia Semdegi 

 winadadeba 18. (42) determinantebi gamoiTvleba formuliT 

(44) 
1

1

2

...1 1

( ) ( ) 0, 1 .
k j l

k

k i i i i

i i m j l k

D P r r p p k m
      

 
     

 
   

 damtkiceba. (40)-(42) formulebis gaTvaliswinebiT, gvaqvs 

(45) 
1

1

( ) det det ( ) ( ) ,
k

m

k i j jlj
D P AB a P b P


  
   

sadac aRvniSneT 

 1 1

, ,[ ( )] [ ] ( ), [ ( )] [ ] ( ). (1 , 1 , )i i

i j j j k m jl j m kA a P r p M B b P p M j m i l k            

bine-koSis formulis (ix., mag., [42], gv. 20) gamoyenebiT, (45) formulidan vRebulobT 
dasamtkicebel (44) gamosaxulebas.   
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 Sedegi 2. xarisxovani jamebi (niutonis jamebi)
1

( )
m k

k j jj
t P r p


  romelTa xarisxis 

maCvenebeli 2 ,k m  racionalurad gamoisaxeba jamebiT 
0 2 1

...( ), , ( ).mt P t P
 

 damtkiceba. (43) formulidan gamomdinareobs, rom 

  
...1, , , 1

0, ,
...1, , ,

m m
D k

m m k

 
  

 
 

( ) 0mD P   minoris yvela moarSiebuli minorisaTvis. aqedan vpoulobT (ix. [59], gv. 32): 

(46)   2 1 2 1, 1
( ) ( ) ( ) ( ) ( ), ,

m

m k m m k j m ll j

j

l
t P D P t P t P A P k      

   

sadac ( )( )j

l
A P  aris 2( )l jt P   elementis algebruli damateba ( )mD P  determinantSi. 

cxadia, ( )( )jlA P  damokidebulia mxolod
0 2 2

...( ), , ( )mt P t P
 jamebze. (46) Tanafardobidan 

vxedavT, rom roca 1,k   Camoyalibebuli debuleba marTebulia: 

   1

2 1 1, 1
( ) ( ) ( ) ( ) ( ).

m

m m m j m ll j

j

l
t P D P t P t P A P



   
   

aqedan da (46)-dan k-s mixedviT induqciiT miviRebT 2.2 Sedegs.   

 winadadeba 18 da Sedegi 2.2 saSualebas gvaZlevs davamtkicoT am paragrafis 
ZiriTadi Teorema [41]: 

 Teorema 4. asaxva 

(47)     ( ) | 0,2 1 | 1,ir

k it P k m p i m    

aris bieqturi (urTierT calsaxa). 

 damtkiceba. asaxvis inieqtivoba gamomdinareobs ganmartebidan (40), romlis 
Tanaxmad (47) asaxvis marcxena mxare calsaxad gamoisaxeba marjvena mxareSi mdgari 
sidideebis diferencirebadi funqciebiT. maSasadame Teoremis dasamtkiceblad 
sakmarisia vaCvenoT (47) asaxvis surieqtivoba. 
 visargebloT operatoruli igiveobiT  

(48) 
1
( )

m

kk
p


 P E 0  

(38) speqtris mqone ermituli operatorisaTvis (es igiveoba advilad mowmdeba 
operatoris sakuTar bazisSi), romelic gadavweroT tolfasi saxiT:  

(49) 
1

.
mm m k

kk
c 


P P 0  

koeficientebi 
kc  (49) igiveobaSi dakavSirebulia operatoris sakuTar (namdvil) 

kp  ricxvebTan ( k lp p  roca )k l  formulebiT 

(50) 
1 21

1

...1
...( 1) , 1, ,

kk

k

k i i ii i m
c p p p k m

   
    

da gansazRvravs am ricxvebs, rogorc 
1

0
mm m k

kk
z c z 


   gantolebis fesvebs. 

  Tavis mxriv,
kc  koeficientebi moiZebneba (49) formulebidan Semdegi xerxiT [41]: 

gavamravloT (49) igiveobebi Tanmimdevrulad P  operatoris xarisxebze da gamoviT-
valoT miRebuli igiveobebis orive mxaris kvali. miviRebT gantolebaTa sistemas  

(51) 
1

( ) ( ), 0, 1,
m

k m k i m ik
c t P t P i m  

    

romlis determinanti, (41)-(43) gaTvaliswinebiT, aris ( 1) / 2( 1) ( ) 0.m m

mD P   aqedan 
kc  

ricxvebi ganisazRvreba, rogorc 0 2 1
...( ), , ( )mt P t P  sidideebis racionaluri funqciebi.  

 kp  ricxvebis (40) formulebSi SetaniT miviRebT m wrfiv gantolebaTa sistemas 

1
..., , mr r  ucnobebisaTvis, determinantiT 1

1 1
det[ ] ( ) 0.k m

i j kk j m
p p p

  
       
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 SeniSvna. (47) asaxvis iakobiani daiyvaneba vadermondis 2-jerad matricaze: 

 

 
2

0 1 2 1
11

1 1

2

1
1

...( , , , )
...(52) det ( , , ;2)

...( , , , , )

! ( ) 0.

mm
i mi

m m

m

i j ki
k j m

t t t
J r V p p

p r p r

m r p p






  


  


  



 
 

 aseTi matricebi SemoRebulia SromaSi [44] da ganxilulia disertaciis III TavSi.  

 Teorema 2.4 gvaZlevs ermituli P  da Q  operatorebis unitaruli msgavse-
bisaTvis sakmaris pirobebs: 

(53)  
0 0 2 1 2 1

...( ) ( ), , ( ) ( ),m mt P t Q t P t Q    

romelTa raodenoba ganisazRvreba am operatorebis sxvadasxva sakuTari ricxvebis 
raodenobiT m.  

 SromaSi [41] naCvenebia, rom (53) pirobaTa Soris yvela ar aris damoukidebeli. 

kerZod, damoukidebeli pirobebis raodenoba Semcirdeba, Tu zogierT (sxvadasxva) 
sakuTar ricxvs aqvs erTnairi jeradoba. 

 aRvniSnoT, rogorc SromaSi [41], , 1, ,i j ip j s  ermituli : n nP  operatoris is 

(sxvadasxva) sakuTari ricxvebi, romlebsac aqvs jeradoba (erTnairi) , 1, .i j ir q i l   

am aRniSvnebSi  | 1,jr

jp j m   multisimravlis pirveli specifikacia (ix., mag., [54]) 

TviTon Seadgens multisimravles:  

(54)     | 1, , 1, , | 1, , ,is

i j i i i kr j s i l q i l q q       roca ,i k  

amasTan, 

(55)  
1 1

, . , , 1
l l

i i i i ii i
q s n s m q s l

 
      

 zogadobis daurRvevlad, (38) multisimravle SegviZlia movawesrigoT ise, rom 

(56)  , 1 1, 1, ; , 1, 1.i j i j i i ip p j s q q i l        

 2.4 Teoremis Tanaxmad, (54) multisimravlis elementebze dadebuli m l piroba 

(57)  
111 1 1 1

... ... ..., ,
ls l l s lr r q r r q       

gadaisaxeba 
1 2 1

...( ), , ( )mt P t P
 unitarul invariantebze dadebul m l damoukidebel 

pirobaSi. amitom 2m 1 unitarul invariantebs 1 2 1
...( ), , ( )mt P t P  Soris aris araumetes  

( )P m  l 1  damoukidebeli. 

 SeniSvna. dayofaTa Teoriis terminologiiT, (55) formulebi gviCvenebs, rom 

mowesrigebuli multisimravle (54) warmoadgens n naturluri ricxvis – n  sivrcis 
ganzomilebis – dayofas, amasTan am dayofis rangi aris m. [99] monografiis 
aRniSvnebSi gvaqvs: 

 1

1
..., , lss

lq q   1
..., , , ln s s  .m  

danawevrebaTa TeoriaSi cnobili ramzis Teoremis Tanaxmad (damtkiceba ix., 
mag., [53], gv. 77-81),  ( )P m  l1  aris is minimaluri (naSromSi [41] daSvebulia 
koreqturis Secdoma da dabeWdilia “maqsimaluri”) naturaluri ricxvi, romlis 
nebismieri dayofa l nawilad  

 1
..., , l  ( )P  

Seicavs iseT erT nawils mainc, romlisTvisac 

, 1 .i is i l    
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 winadadeba 19. ( )P  ricxvisTvis marTebulia [41] Sefaseba 

(58)  
1

( ) 1 ,
l

ii
P l s n


     

amasTan, toloba miiRweva mxolod im SemTxvevebSi, rodesac 

 a) : n nP  operatoris speqtri martivia: 

1 11; 1, ; (1 )nl q s n    ,n  

 b) : n nP  operatoris erTi sakuTari ricxvis jeradobaa 2, xolo danarCeni 
sakuTari ricxvebi martivia: 

  2

1 1 2 22; 1, 2; 2, 1; (1 , 2)nl q s n q s        .n  

 damtkiceba. (55) formulebidan gvaqvs 

1 1 1 1 1 1
( 1)( 1) ( 1) ( 1)( 1) ( ) ( 1) 2./

l l l l l l

i i i i i i i ii i i i i i
n q s s q q s s q i l l

     
                    

(56) pirobebidan gamomdinare 1,i is q i   utolobebis gaTvaliswinebiT, vpoulobT: 

1
( 1) / 2,

l

ii
n s l l


    

sadac toloba miiRweva mxolod maSin, roca , 1,iq i i l   da 
2

... 1ls s   . vinaidan 

( 1) 2 1/l l l    da aq toloba miiRweva mxolod maSin, roca 1,2l , vRebulobT (58).   

 naSromSi [41] ganxilulia 2.19 winadadebis sailustracio ramdenime saintereso 
magaliTi: 

 1. vTqvaT, P  operators aqvs 1s  martivi sakuTari ricxvi, e. i. mis speqtrs aqvs 

Semdegi saxe: 

 1 1, | 1, , 2, .iq

j ip p j s i l    

maSin (55) da (56) gvaZlevs  

   1 1 1 1 12 2 2
( 1) 2 1, , 1/

l l l

j j jj j j
n s s q s q s j s l l n s l

  
               

saidanac 

  
1

1 1

( 1) 2 1 0,

1 9 8( ) 2 2 1 9 8( )

/l l n s

n s l n s

     

           
 

da vpoulobT: 

1 1 1 1 12
( ) 1 2 2 ( ) 9 8( ) 3.

l

ii
P l s s l s s P n s s


               

maSasadame, am SemTxvevaSi ( )P  ganisazRvreba martivi fesvebis 1s  raodenobiT.  

 SevniSnoT, rom martivi speqtris mqone operatorisaTvis 1( ) .P n s   

 2. vTqvaT, P  operatoris speqtri Semdegi saxisaa:  11 2, .np p   maSin  

1 1 2 22; 1, 1, 1, 1 ( ) 3.l q s q n s P         

 3. vTqvaT,  1 .np  maSin 1 11; , 1 ( ) 1.l q n s P      

 vaCvenoT, rogorc naSromSi [41], rom marTebulia  

 Teorema 5. ermituli : n nP  operatoris unitaruli invariantebis simravlis 

(59)   1
( ) ( ) 1, ( ), ( ) 1| l

k ii
P t P k P P l s


    I  

elementebi, rogorc damoukidebeli (56) cvladebis funqciebi, funqcionalurad 
damoukidebelia. 
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 damtkiceba. SemoviRoT aRniSvnebi (ix. [41])  

, 1 1, 1, 1, 1, ,i j i j i ir r j s i l      

sadac i jr  aris i jp  sakuTari ricxvis jeradoba, 1, , 1, .ij s i l   naSromSi [41] SemoRebulia 

funqciebis pirobiTi funqcionaluri damoukideblobis cneba da napovnia Sesabamisi 
kriteriumi (ix. Tavi III, $5). Teoremis dasamtkiceblad unda vaCvenoT, rom funqciebi 

 ( ) | 1, ( )kt P k P  pirobiTad funqcionalurad damoukidebelia Semdegi saxis bmebis 

pirobebSi: 

(60) 
0 1

0, 1, 1, 1, , ( ) .
l

i j i i ii
j s i l t P q s n


       

 saTanado Teoremis (ix. gv. 38) pirobis Sesabamisad, gamoviTvaloT iakobiani 

 
 

0 1 ( ) 11

11 11

......, , , , , ,
.

..., , , ,

l

l l

P ls

ls ls

t t t
J

p r p r






 
 

martivi gardaqmnebis Semdeg, (41) formulebis gaTvaliswinebiT, miviRebT 

(61)        11
...det[ | | ]i

l s

i li
J q u u


  , 

sadac 

 ( )

0 ( ) 11
0 ( )1

...[ ] , ( ) , , ( ) , 1, .
i

i

i

si k k k

i k j k P i j i isj
k Pj s

u u p p p i l  
  

    
   

aq 1( ) ( / )k k k

i j i j i j i jp kp p p     . 

 induqciiT l indeqsis mixedviT advilad vaCvenebT (ix. [41]), rom determinanti 
(61) formulis marjvena mxareSi aris 

1lp  cvladis polinomi, romlis xarisxia 

 1
2 ( ) 4 2 1 4 4 6 2

l

ii
P l s l


         

da ufrosi wevris koeficienti ar aris igivurad nulis toli. maSasadame, 0.J   
aqedan, 3.4 Teoremis Tanaxmad, gamomdinareobs (59) simravlis elementebis funqci-
onalurad damoukidebloba.   

 invariantebi 0 1 2 1
...( ), ( ), , ( ),mt P t P t P  Tanaxmad 2.4 Teoremisa, srulad gansazRvravs 

: n nP  operatoris speqtrs – misi sakuTari ricxvebis (38) multisimravles, 
romelic, Tavis mxriv, gansazRvravs P  operatoris nebismier unitarul invariants.  

 2.2 Sedegis Tanaxmad, 0 1 2 1
...( ), ( ), , ( )mt P t P t P  gansazRvravs tr ( )k

kt PP  invariantebs 

nebismieri naturaluri maCveneblisaTvis 2k m  da, (36) niutonis formulebis gamo-

yenebiT, yvela elementarul simetriul mravalwevrs 1
...( , , ), 1, .k np p k n   amrigad, 

simetriuli mravalwevrebis Sesaxeb ZiriTadi Teoremis gaTvaliswinebiT, gvaqvs 

 Sedegi 3. gadagvarebuli speqtris mqone ermituli : n nP  operatoris yvela 
racionaluri invarianti gamoisaxeba, rogorc 0 1 2 1

...( ), ( ), , ( )mt P t P t P  invariantebis 

namdvili racionaluri funqcia. 

 SeniSvna. Tu 2 1 ,m n   hamilton-kelis 2.3 Teoremis da niutonis (36) formulebis 

gamoyenebiT k n  xarisxis mqone invariantebi simravleSi  ( ) | 0, 2 1kt P k m   polino-

murad gamoisaxeba ufro dabali xarisxis mqone invariantebiT. amrigad, 

 gadagvarebuli speqtris mqone ermituli : n nP  operatoris unitaruli 
invariantebis minimaluri polinomuri bazisi Seicavs N elements, ( ) .P N n   
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 SromaSi [41] napovnia Tanafardobebi  |( ) 0, 2 1kt P k m  simravlis elementTa Soris, 

romlebSic gadaisaxeba (57) bmebi. 

 SemoviRoT diagonaluri matrica 

(62)   1 1

1
...diag , , mR r r   

(es ganmarteba koreqtulia, vinaidan yvela 1, 1,ir i m  ) da SeviswavloT Semdegi 
sidideebi: 

(63)  2 1 0( ) tr , ( ) [ ( )] , ( ) det ( ), . ( )k k

k k i j k kt R R T R t R D R T R k t R m       

 marTebulia (ix. [41]) Semdegi 

 Teorema 6. asaxva 

(64)     |( ) 0, 2 1 ( ) |k kt P k m t R k    

aris inieqturi da yvela ( ) tr , ,k

kt R R k   racionalurad gamoisaxeba argumentebiT 

0 1 2 1
...( ), ( ), , ( ).mt P t P t P

 

 damtkiceba. gamosaxulebebis SemoklebisaTvis aRvniSnoT, rogorc SromaSi [41]: 

 tr , ( ), tr , ( ), .k k

k k k k k kt P T T P t R T T R k      

 (40) tolobebis pirveli m gantolebidan vpoulobT: 

(65) 
( )

1

1

det
, 1, ,

det[ ]

i

i k m

i

R
r i m

p 
   

sadac ( ) ( )[ ] ( )i i

kl mR R M   matricis k-uri striqoni Semdegi saxisaa: 

 1 1 1 1

1 1
... ..., , , , , , , 1, .k k k k

i k i mp p t p p k m   


     

 (65) formulebidan vRebulobT 

  
( ) ( )

2

1 1

det[ ] det[ ]
, 1, ,

det[ ]det[ ]

i i

l kl kl
i k k

j j j

r R R
r i m

r p p 
   

 SevkvecoT am tolobis orive mxare 0ir   sidideze da gadavamravloT marjvena 

mxareSi mdgari determinantebi “striqoni striqonze” wesis Sesabamisad. miviRebT: 

(66)  
2

2 1 1 1

2 1

det[ ]
, 1, .

det[ ]

k j m

k j k j i i

i m

k j

t t t r p
r i m

t

 

   

 

 
   

 am gamosaxulebis gasamartiveblad SemoviRoT (ix. [41]) erTsvetiani matricebi 

   1

,1 1 ,1 ,11, 1,
[0] , [ ] , [ ] , 1,k

m k m i i mk m k m
M t M p M i m

  
      0 t p  

da visargebloT Semdegi igiveobiT ( 2) ( 2)m m    zomis ujredovani matricebisaTvis: 

1 0 1 0 1 0

0 1 0 1 0 1

T T

m i i m m i i i i i

T T T

T T T

i i

T r E T r r       
    

        
            

t p 0 0 tt p p t p

t t 0

p p 0

 

(aq 
m mE M  erTeulovani matricaa;  T aRniSnavs transponirebas), romelic gvaZlevs: 

det det 1 0 .

0 1

m i i

T T T

m i i i

T

i

T r

T r

 
         
   

t p

tt p p t

p

 

mivumatoT ukanaskneli matricis ( 1)m  -e striqons pirveli striqoni da Semdeg 
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gamovakloT ( 1)m  -e svets pirveli sveti. vinaidan 2 1[ ]m

m i jT t    matricis pirvel stri- 

qonSi dgas 1[ ]T T

kt t , xolo pirvel svetSi _ 
1[ ]kt t , miviRebT 

0 0 0det det 1 det 1 (1 )

1 1 1 0

m i i m i i

T T T T

m i i i i i

T T

i i

T r T r

T r t r t t r

    
                  
          

0 p 0 p

tt p p 0 0

p p

. 

marjvena mxares mdgari determinantis gaSla ( 1)m  -e striqonis elementebis 

mixedviT mogvcems Tanafardobas 

   0 0det (1 )det (1 ) . 1,
0

m iT T

m i i i i i mT

i

T
T r r t t r D i m

 
            

p
tt p p

p
 

am Sedegis Setana (66) marjvena mxareSi da gamartiveba gvaZlevs 

(67)  det , 1, .
0

m i

i mT

i

T
r D i m

 
  

 

p

p
 

 rogorc vxedavT, determinanti am tolobis marcxena mxareSi warmoadgens 
mT  

matricis moarSiebul minors. amitom (ix., mag., [59], gv. 32) vRebulobT 

(68)     1 1 1 2

1 ,
det ( ) . 1,

0

m i j l

i m m iT j l m
i

l
j

T
r D D A P p i m    

 

 
   

 


p

p
 

 aqedan vpoulobT 

(69)   (2 1) 1

1
( ) , 1,

k mk k j

i m j ij
r D c k p i m

  


    

sadac koeficientebi ( )jc k  polinomurad gamoisaxeba 
0 2 1

..., , mt t 
 sidideebiT.  

 (69) formulebis ajamva i indeqsis mixedviT gvaZlevs 

(70)   
(2 1) 1

1 1 1
( ) .

m k m mk k j

k i m j ii j i
t r D c k p k

  

  
      

aq Semavali xarisxovani jamebi 1

11
...( ), 1,2, ,

m j

i ji
p S P j


   niutonis (36) formulebis 

gamoyenebiT gamoisaxeba (50) koeficientebiT :kc  

  

1

1

1

( ) ( ) , (1 )

( ) ( ) ( )

k

k k l l kl

n

k k l ll

S P S P c kc k m

S P S P c k m







   

 




 

da, (51) gantolebebis ZaliT, aris 
0 1 2 1

..., , , mt t t 
 sidideebis racionaluri funqciebi. 

amitom (70) formulebiT kt  sidideebi, ,k  gamoisaxeba, rogorc
1 2 1

..., , mt t 
 cvladebis 

racionaluri funqciebi.       

 Sedegi 4. 18 winadadebis Tanaxmad, (63) formulebiT ganmartebuli matricebi 

( )kT R  akmayofileben pirobebs 

(71)  
( ) 0, ,

rank ( ) , .

k

k

D R k l

T R l k l

 

 
 

amitom, 2.6 Teoremis gaTvaliswinebiT, vaskvniT, rom 2m 1 unitaruli invarianti 

1 2 1
...( ), , ( )mt P t P  akmayofilebs  m l  damoukidebel racionalur Tanafardobas  

(72)  
...1, , , 1

0, 1, ,
...1, , ,

l l
D k m l

l l k

 
   

 
 

( ) 0l lD R D   minoris yvela moarSiebuli minorisaTvis. maSasadame, 

simravle 1 2 1
...( ), , ( )mt P t P  Seicavs araumetes  ( )P m l 1 damoukidebel elements. 
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  SeniSvna. (72) pirobebi SeiZleba CavweroT (46) analogiuri formiT 

(73)    2 1 2 1, 1
( ), 1,

l

l k l l k i l ji j

i
jt D t t A R k m l      

    

romlebic, 2.5 Teoremis ZaliT, gansazRvravs ( ) 1 2 1
..., , ( )P mt t P   sidideebs, rogorc (59)  

simravlis elementebis funqciebs. maSasadame, marTebulia Semdegi 

 winadadeba 20. simravle (59) 

   1
( ) ( ) 1, ( ), ( ) 1| l

k ii
P t P k P P l s


    I  

warmoadgens ermituli operatoris unitaruli invariantebis minimalur funqci-
onalur baziss.   

 damtkicebul debulebebze dayrdnobiT SromaSi [41] Camoyalibebulia ermituli 
operatorebis unitaruli msgavsebisaTvis aucilebeli da sakmarisi piroba: 

 Teorema 7. ermituli operatorebi : n nP  da : n nQ  unitarulad msgavsia 

maSin da mxolod maSin, roca sruldeba 
1

1
l

ii
l s


    (namdvili) toloba 

(74) ( ) ( ),P QI I  

sadac simravle ( )PI  ganmartebulia (59) formuliT. 

 damtkiceba. (74) pirobebis aucilebloba cxadia. sakmarisoba gamomdinareobs  

 ( ) , 1, , 1,|i j i iP p q j s i l I  

asaxvis inieqturobidan, rac, Tavis mxriv, gamomdinareobs winadadebidan 20.       

 sailusrtaciod moviyvanoT ori magaliTi. 

 a) ermituli martica ( )nP M  proporciulia erTeulovani 
n nE M  matricisa 

(namdvili p  proporciulobis koeficientiT) maSin da mxolod maSin, roca 

(75)   
22 2

2 0 2 1( ) 0 tr tr ./D P t t t P P n      

naTelia, rom maSin proporciulobis koeficienti 1 trp n P   da 

 1 tr ( ).n nP n P E M   

 b) Tu Sesrulebulia (75) da, garda amisa, tr 0,P   maSin (da mxolod maSin) 

ermituli martica ( )nP M  udris nuls.  

 SeniSvna. Tu ermituli : n nP  operatoris P  matricis elementebs (rome-
lime orTonormirebul bazisSi) edeba raime damatebiTi SezRudvebi (bmebi), anu, 

Tu  , 1, , 1,|i j i ip q j s i l   simravlis elementebi aRar aris damoukidebeli (mag., Tu,   

rogorc zemoT ganxilul magaliTSi, tr 0P  ), maSin P  operatoris unitaruli 
invariantebis sruli sistema Seicavs ( )N P  damoukidebel invariants.  

 arsebiTia, rom l ricxvis ((54) multisimravleSi erTmaneTisagan gansxvavebuli 

elementebis raodenobis) mosaZebnad aucilebelia  ( ) | 0, 2 1kt P k m   simravlis yvela 

elementis codna. amasTan, (72) (an maTi tolfasi (73)) Tanafardobebi, romlebidanac  

moiZebneba ricxvi l, gvaZlevs polinomur kavSirebs am simravlis elementebs Soris  

– f. klainis terminologiiT, e.w. sizigiebs (ix., mag., [83], gv. 145). 

 bolos aRvniSnoT, rom am paragrafis debulebebi darCeba ZalaSi, Tu ermitul 

: n nP  operators SevcvliT simetriuli : n nS  operatoriT evklidur n  
sivrceSi da unitarul gardaqmnebs – orTogonaluri gardaqmnebiT. 
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$2.4. araermituli operatoris invariantebi 
 
 wina paragrafebSi miRebuli Sedegebi TiTqmis Seucvlelad marTebulia nebis-
mieri normaluri operatorisaTvis. gansxvaveba ermitul da zogad normalur 
operatorebs Soris ZiriTadad daiyvaneba maTi sakuTari ricxvebis gansxvavebaze:  
ermituli operatoris sakuTari ricxvebi namdvilia, normaluri operatoris saku-
Tari ricxvebi ki, sazogadod, kompleqsuria (ix. f-la (27)). am gansxvavebis gamo ori 
normaluri operatoris unitaruli msgavsebis kriteriumi (74) Caiwereba kompleqsuri 
tolobebiT, e. i. namdvili pirobebis raodenoba matulobs.  

 ganvixiloT araermituli : n nP  operatorebis unitaruli klasificirebis 
amocana maTi invariantebis gamoyenebiT. jer SeviswavloT SemTxveva, rodesac 
operatori P  ar aris normaluri, anu CavTvaloT, rom misi ermituli komponentebi 
(26) ar komutirebs: 

(76)    , 0.      
  P P P P P P  

maSin, 2.16 winadadebis Tanaxmad, ermitul : n n

 P  operatorebs ar gaaCnia saerTo 

sakuTari bazisi da i  P P P  operatoris matrica arc erT orTonormirebul 

bazisSi ar iqneba diagonaluri. aseTi operatoris matricis kanonikur formad, 
Cveulebriv, irCeven am matricis Jordanis normalur formas (ix., mag., [42], gv.153-155). 
magram Jordanis normaluri forma matricas aqvs iseT bazisSi, romelic, sazoga-

dod, ar aris orTonormirebuli. amitom : n nP  operatoris matricis Jordanis 
forma, sazogadod, ar ekuTvnis am matricis unitarul orbitas da ar gamodgeba 
operatorebis unitaruli klasificirebisaTvis. 
 1961 wels karl pirsim daamtkica (ix. [17a]) Semdegi 

 Teorema 8 (pirsi). vTqvaT, gvaqvs algebra V  da ,x y V  _ am algebris nebis-
mieri damoukidebeli (sazogadod, arakomutirebadi) cvladebia. aRvniSnoT  

   
 

1 1...( , ) , , .

..., 1,2,

k k

i iw x y x y x y V

i k

  
    


 

 ori (zogadi saxis) operatori , : n nP Q   , : n nP Q  unitarulad (orTo-

gonalurad) msgavsia, Tu yvela maCveneblebisaTvis , ,i i   romelTa jami 22 ,n  gvaqvs 

(77)       2tr , tr , . 2i iw w n        
    P P Q Q  

 SeniSvna. naSromSi [17a] termini “unitarulad msgavsi”, Secvlilia terminiT 
“unitarulad eqvivalenturi”. garda amisa, pirsis Teorema damtkicebulia operato-

rebisaTvis hilbertis n-ganzomilebian savrceSi, romlis kerZo SemTxvevebia n  

da n . disertaciaSi ganxilul SemTxvevisgan es gansxvaveba ar aris arsebiTi. 

 advili saCvenebelia (ix. [17a]), rom (77) pirobebi Seicavs
222 n  tolobas. amrigad, 

pirsis Teoremis Tanaxmad, kompleqsuri (namdvili) n n  matricis unitaruli 

(orTogonaluri) invariantebis sruli krebuli Seicavs araumetes 
2

4n  invariants.  
 cnobilia, rom es Sefaseba araa saukeTeso. amas aRniSnavs TviTon pirsi citire-

bul SromaSi [17a]. kerZod, n2 da n3 SemTxvevebSi, nacvlad 2.8 TeoremiT gansaz-

Rvruli raodenobebisa _ Sesabamisad 44  da 94  _ unitaruli invariantebis 
sruli krebulis gaumjobesebuli Sefasebebi mocemulia statiebSi [17b], [18], [21a,b] 
da monografiebSi [20] (gv. 102), [23] (gv. 183-188), [24] (gv. 207-260). SevniSnoT, rom es Sefa-
sebebic ar aris saboloo, xolo zogierT SemTxvevaSi (mag., [19], (gv. 216)) sakmarisi 
ar aris orbitebis unitaruli klasificirebisaTvis (e. i. ar aris sruli).  
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 SromaSi [40] (ix. agr. [43] da [96]) agebulia zogadi saxis : n nP  ( ): n nT  
operatoris unitaruli (orTogonaluri) invariantebis minimaluri sruli krebuli 
nebismieri (sasruli) ganzomilebis unitarul (evklidur) sivrceSi. cxadi saxiT 
napovnia analizuri formulebi, romlebic aRwers am operatoris polinomuri 
invariantebis baziss da damoukidebel polinomur Tanafardobebs _ sizigiebs _ 
bazisis Semadgenel invariantebs Soris. 

 : n nP  operatoris unitaruli invariantebis minimalur srul krebulSi ele-
mentebis raodenobis Sesafaseblad SromaSi [40] gamoyenebulia am operatoris erT-
erTi ermituli komponentis (26) sakuTari (orTonormirebuli) bazisi. zogadi 
saxis operatoris warmodgena (25) formiT gamoiyeneboda agreTve sxva avtorebis 
mier. naSromSi [18] (25) da (28) warmodgenebis gamoyenebiT cxadi saxiT amowerilia 

invariantebis minimaluri sruli krebuli operatorebisaTvis 3 3: P  da 3 3: T  

(cxrilebis saxiT). amave warmodgenaSi amowerilia invariantebi 3  sivrceSi mono-
grafiaSi [19] (ix. gv. 210-221), magram aq ganxiluli invariantebi ar aris sakmarisi 
operatorebis orTogonaluri klasificirebisaTvis (ix. agr. [21a,b]), e. i. araa sruli. 

 davuSvaT, : n nP  operatoris 
P  ermitul komponents aqvs martivi speqtri, 

anu, 2.13 winadadebis Sesabamisad, davuSvaT, am komponentis kanonikuri bazisi B 
(ix. ganmarteba 6) gansazRvrulia calsaxad (23) unitaruli gardaqmnis sizustiT. 

am bazisSi 
P  operatoris matricas aqvs diagonaluri saxe: 

 ( ) ( ) ( )

1
...diag , , ,jk nP p p p  


     

xolo 
P  operatoris matricas, (76) pirobisa da 2.16 winadadebis Tanaxmad, diago-

naluri saxe ar aqvs. visargebloT (23) gardaqmniT da SevarCioT namdvili ricxvebi 

(fazebi) 1 2
..., , , n    ise, rom maqsimalurad gamartivdes

P  operatoris matrica. 

 Teorema 9. zogadi saxis : n nP  operators moeZebneba orTonormirebuli 

bazisi ,nPB  gansazRvruli n  sivrcis glo b alur i  unitaruli gardaqmnis 

  exp( ), ,nx x x i x      , 
sizustiT, romelSic mocemuli operatoris matricas aqvs Semdegi saxe: 

(78)           ( ) ( ) ( ) ( ) * ( )

1
...diag , , , , , 1,( )n jk jk k jP P i P p p i p p p j k n    

 
       B B BP P P

 

sadac 
1

1( ) ( ) ( ) ( )

1 11
... 0,, 1 , [ 1, ],

qq q qq q

q

ii k ki i q t q q qt
p pp p i n k m m



   

 
       Tu  da ( ) ( ) 0,

q q q qi k k ip p    Tu 

1
1, , [ 1, ].

q

q t q qt
i n k m n


   
   aq 1 0, 1, , 0, 1.q qm m q l m l      

 winaswar davamtkicoT Semdegi ori lema: 

 lema 1. Tu ermituli : n nP  operatoris 1[ ]n

ikP p  matricas ar aqvs kvazi-

diagonaluri saxe sabazisiso veqtorebis arc erTi numeraciisas, maSin an 
a)  P matricis arc erTi aradiagonaluri elementi ar udris nuls,  

an 

      b) moiZebneba iseTi naturaluri ricxvebi m1, ..., m l , n1, ..., n l, da bazisis iseTi 
gadanomvra, rom ujredovani matrica PB  miiRebs kvazi-samdiagonalur saxes:  

1

1
*

11 1

0, 1, , [ 1, ],

0, 1 , , [ 1, ],

q q q q

q q q q

q

i k k i q t q qt

q q

i k k i q t t q q qt t

p p i n k m n

p p i n n k m m





 

     
 

      
 



 

Tu

Tu
 

sadac 1, ,q l
1

11
1 ,

q

t q qt
n m m




    0 0, .m l   
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 damtkiceba. bazisis veqtorebis gadanomvra
i ke e  iwvevs ermituli operatoris 

P matricis unitarul gardaqmnas 1 1, ( )P P UPU U U      romelic axorcielebs am 

matricis striqonebisa da svetebis i k  gadasmas; Sedegad, matricis diagonaluri 
elementebi rCeba diagonalze. matricis ermituloba, cxadia, ar irRveva. 
 cxadia, aradiagonalur matricaSi arsebobs aranulovani aradiagonaluri ele-

mentebi. Tu yvela pik  0, i k, lema WeSmaritia (l  m1n11).   
 Tu P matricis zogierT striqonSi aris nulovani aradiagonaluri elementebi, 

maSin amovarCioT striqoni
1 1,1 ,j j n   romelSic gvaqvs aseTi nulebis maqsimaluri, 

1 2n m n    raodenoba da
1 1j  gadasmiT gadavitanoT pirvel adgilze; Semdeg gada-

vitanoT am striqonis nulebis Semcveli svetebi (garda pirveli svetisa, romelsac

uZravs vtovebT maSinac, roca
11 0p  ) bolo n m1 adgilze. Sesabamisad gadanomrili 

bazisi aRvniSnoT (1) (1) | 1, .{ }ie i n B  operatoris matrica (1)B  bazisSi aRvniSnoT P1. 

 es ageba ar aris calsaxa: P1 matricis pirvel striqonSi nulovani elementebis 

ganlageba ar Seicvleba, Tu gadavnomravT veqtorebs 
1

(1) (1)

2
..., , me e  an /da 

1

(1) (1)

1
..., ,m ne e .  

 amovarCioT P1 matricis is striqonebi, romlebSic bolo n m1 diagonalis-

zeda adgilebze dgas nulebi. vTqvaT, gvaqvs n1 1 aseTi striqoni (garda pirvelisa). 
cxadia, n1< m1 _ winaaRmdeg SemTxvevaSi ermituli matrica P1  iqneboda kvazidiagona-

luri.
1

(1) (1)

2
..., , me e  veqtorebis gadanomvriT gadavsvaT es striqonebi 2,.. .,n1 adgilebze.  

miviRebT Semdegi saxis ujredovan matricas: 

(79)  






1 1 1 1

1

1 1

1

11 12

1 1

1 1 1 12 22 23 1 1

23 33

0

.

0

( )

n m n n m

n

m n

n m

P P

P P U PU P P P U U

P P

 

   





 
 

   
 
  

 

radgan nm1  aris P matricis striqonSi nulebis maqsimaluri raodenoba, yvela 

elementi
12P  ujredSi da yvela aradiagonaluri elementi

11P  ujredSi 0.  ujredSi
23P   

arsebobs aranulovani elementebi _ winaaRmdeg SemTxvevaSi ermituli matrica 1P  iq-

neboda kvazidiagonaluri. Tu am ujredis yvela elementi 0, lema damtkicebulia.  

Tu P23 matrica Seicavs nulovan elementebs, amovarCioT misi is striqoni, romelSic 

dgas nulebis maqsimaluri raodenoba,
1 1

(1) (1)

1
..., ,n me e  veqtorebis gadanomvriT gadavsvaT 

P23 matricis pirvel ( 1P  matricis n11) adgilze da
1

(1) (1)

1
..., ,m ne e  veqtorebis gadanomvriT  

gadavsvaT am striqonis nulebi bolo m21,. . . , n adgilebze, m1<m2 nm11. Semdeg,  
n12, . . . , m1 striqonebis gadanomvriT, gamovyoT P23 ujredis zeda marjvena kuTxeSi 

nulebiT Sedgenili n2(nm2) zomis bloki, 1 n2m1n1. Tu n2<m1n1, maSin P23 
ujredis darCenil striqonebs Soris amovarCioT is, romelSic dgas nulebis maqsi-

maluri, nm3 raodenoba bolo nm2 svetSi da Sesabamisi gadanomvrebiT gavagrZeloT 
nulovani blokebis gamoyofa. Tu am procesis Sedegad P23 ujredis qveda marjvena 

kuTxeSi Cadgeba elementi, romelic 0, lema damtkicebulia. Tu P23 ujredis qveda 

marjvena kuTxeSi miviRebT nulebiT Sedgenil nq(nmq) zomis bloks, 1nqm1n1, 

1mq nm2 (kerZod, Tu n2m1 n1 nq), maSin P33 ujredi aucileblad Seicavs aranu-

lovan elementebs (mqm1)(nmq) zomis zeda marjvena blokSi da nulovani blokebis  
gamoyofis aRweril process vagrZelebT. nabijebis sasruli l raodenobis Semdeg 
P  operatoris matricis bolo nml svetSi nulebiT Sedgenili blokis qvemoT yvela  
aradiagonaluri elementi iqneba aranulovani da procesi dasruldeba.         
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 lema 2. Tu : n n

 P  operatorebis speqtri martivia, maSin i  P P P  operatoris  

matricas aqvs kvazidiagonaluri saxe maSin da mxolod maSin, roca 
P  da 

P  

ermituli operatorebis sakuTar veqtorebze daWimuli wrfivi kj-ganzomilebiani 

garsebi, 
1

,
m

jj
k n


  emTxveva erTmaneTs. 

 damtkiceba. vTqvaT, saerToa 
P  operatorebis m sakuTar veqtorze daWimuli 

wrfivi garsebi: 

(80)  ( ) ( )

1 1
... ...[ , , ] [ , , ] , , , 1, .m m i i i i i ie e e p e p i m

 

 

    P P P P     

maSin, cxadia, emTxveva (nm)-ganzomilebiani garsebic da 
P  operatoris sakuTar 

(orTonormirebul) 
PB  bazisSi, (31') formulis gamoyenebiT, gveqneba: 

( ) ( )

1 1
( ) .

m n

jl i j i i l i j i i li i m
P p e e p e e 

   
       

aqedan ( ) 0,j lP   Tu , 1j m l m    an Tu , 1l m j m   :  

(81)   



11

22

0
(1 1)

0

n mm

m

n m

P
P m n

P







   
 

BP
 

da  P
PB
 matricis kvazidiagonaloba mtkicdeba induqciiT.  

 sakmarisoba gamomdinareobs (12) gantolebebidan, Tu ( ) ( ),i jp p   roca .i j   

 marTlac, vTqvaT, 
P  operatoris sakuTar 

PB  bazisSi  P
PB
 matricas aqvs (81) 

saxe. maSin (12) gantolebaTa sistema daiSleba or damoukidebel sistemad: 

(82)  
 

   

111

221

( ) ( ), 1, ,

...( ) ( ), 1, . 1,2,

m

k j j i jikk

n

k j j i jikk m

P x p p x p i m

P x p p x p i m n j



 

 

   




 

radgan, lemis pirobiT, 
P  operatoris speqtri martivia, gantolebebs 

11det 0P   da 

22det 0P   ar aqvT saerTo fesvebi da (82) sistemebidan erT-erTs aqvs mxolod trivi-

aluri amonaxsni. amitom (12) sistemis aratrivialur amonaxsnebs aqvT Semdegi saxe: 

  

 

 

( ) ( )

1 1 11 22

( ) ( )

1 1 11 22

... ...( ) ( , , , 0, , 0), ,..., | det 0,det 0 , 1, ,

... ...( ) (0, , 0, , , ), ,..., | det 0,det 0 , 1, .

j j

j j m j m

j j

j j m n j m n

x p x x p p p P P j m

x p x x p p p P P j m n 

     

      




 

maSasadame, P  operatoris sakuTar 
PB  bazisSi (80) pirobebi Sesrulebulia. amitom 

es pirobebi sruldeba nebismier (orTonormirebul) bazisSic.    

 Teoremis damtkiceba. CavweroT P  operatori P  operatoris sakuTar bazisSi. 

zogad SemTxvevaSi 
P  operatoris speqtri martivia, e. i. misi sakuTari bazisi 

fiqsirebulia gadanomvrisa da (23) gardaqmnis sizustiT. martivi speqtris mqone 

P  operatorebis sakuTar veqtorebze daWimuli wrfivi kj-ganzomilebiani garsebi, 

1
,

m

jj
k n


  sazogadod ar emTxveva erTmaneTs. amitom, 2.2 lemis Tanaxmad, P  matricas 

ar aqvs kvazidiagonaluri saxe P  operatoris sakuTari bazisis arc erTi numera-

ciisas. maSin, 2.1 lemis Tanaxmad, moiZebneba bazisis iseTi numeracia, romelSic 

P  matricas aqvs kvazi-samdiagonaluri saxe. amiT bazisi fiqsirdeba P  matricis  

diagonalur, nq nq zomis, 1, ,q l  ujredebSi Semavali striqonebis (da svetebis) 

gadanomvris da (23) gardaqmnis sizustiT. SevarCioT bazisis numeracia ise, rom 
Sesruldes pirobebi:  



 61 

(83)  
1

1( ) ( )

1 1 1
... , 1 , , 1, , 1.

q q

q q

i i q t tt t
p p i n n q l l



 

  
      
    

 cxadia, (23) saxis nebismieri gardaqmna Secvlis ( ) ( ) expj k j k jkp p i    ricxvebis 

mxolod fazebs: 

(84)       0 , , 1, ,jk jk jk j k j k n         

xolo (83) utolobebs datovebs uZravs. 
P  operatoris ermitulobis gamo pirobebi 

yovelTvis Sesrulebulia ( ) * ( ), , 1, .( )jk k jp p j k n    amrigad, Teoremis dasamtkiceblad 

sakmarisia vaCvenoT, rom SesaZlebelia ise SevarCioT (23) gardaqmnis fazebi 

1
..., , ,n   rom ermituli P

 matricis aranulovani ujredebis pirveli striqonebis 

elementebi (garda ( )

11p   elementisa) gaxdes namdvili dadebiTi. 

 advili saCvenebelia, rom wrfiv gantolebaTa (84) sistemis maqsimaluri 

rangia 
m 1.r n   amitom (84) gantolebaTa sistemidan moiZebneba araumetes 1n  

faza, xolo aranakleb erTi faza rCeba ganusazRvreli. Tu, magaliTad, 

  ( ) ( )

1 1 1exp 0, 2, ,k k kp p i k n     

maSin yvela faza 1 , 2, ,k k n  gansazRvrulia da (84) gantolebaTa sistemis maqsima-

luri rangi miiRweva. moviTxovoT, rom (23) gardaqmnis Semdeg gvqondes 0

1 0, 2, .k k n   

am SemTxvevaSi (84) gantolebebis amoxsnis Sedegad miviRebT: 

(85)  1 1 1, 2, , .k k k n       

 zogad SemTxvevaSi, 2.1 lemis Tanaxmad, gansazRvrulia P
 matricis aranulovani 

ujredebis pirveli striqonebis elementebis fazebi  

   
1

1 01
, 1 , [ 1, ], 1, . 0

q q

q

i k q t q q qt
i n k m m q l m




       

amitom, Tu moviTxovT, rom gvqondes 
10

1 01
0, 1 , [ 1, ], 1, , 0,

q q

q

i k q t q q qt
i n k m m q l m




        

gantolebaTa sistema (84) daiyvaneba Semdeg saxeze:  

(86)  
1

11
, 1 1, , 1, .

q q

q

i k ik q t q qt
i n k m m q l




          

(86) gantolebebi Tavsebadia, radgan, 
P  operatoris ermitulobis ZaliT, 

11 0  

(cxadia, igive marTebulia (85) gantolebebisaTvisac). 

 vinaidan, 2.1 lemis ZaliT, 
1

11
1 , 2, ,

q

q t qt
i n m q l




      (86) formulebi gvaZlevs: 

1 11 12 tq q tq q

q

ii i ii i t  
       

da, Sedegad, vpoulobT (23) gardaqmnis 2
..., , n   fazebs  1  : 

(87)  

1

1 1 1

1 12

, 1, , ( 1)

, 1, . ( 2, )
tq t

kk

q

ii k ik q qt

k m q

k m m q l
 

    

      



 
 

Tu
P  operatorebis speqtri martivia, am gardaqmnis Semdeg orTonormirebuli bazisi 

nBP  fiqsirebuli iqneba globaluri unitaruli gardaqmnis sizustiT, romlis 

matrica proporciulia erTeulovani EMn matricisa: 

(88)   1 1exp( ) ( ). ,n jkU E i M E          

cxadia, (88) gardaqmnis operatori komutirebs nebismier : n nQ  operatorTan 
((88) matrica komutirebs nebismier Q matricasTan) da, maSasadame, nebismieri ope-
ratoris orbita (88) jgufSi iqneba wertili (matrica Q invariantuli iqneba (88) 
gardaqmnebis jgufis mimarT).      
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 Sedegi 5. zogadi saxis : n nP  operatoris damaxasiaTebeli unitarulad 

invariantuli damoukidebeli namdvili parametrebis raodenoba ar aRemateba 2 1n   
da ar SeiZleba Semcirdes unitaruli gardaqmniT, Tu P  operatoris matricis 
elementebze raime damatebiTi piroba (bma) ar aris dadebuli.  

 damtkiceba. (78) warmodgenaSi damoukidebeli namdvili sidideebis maqsimaluri 

raodenoba gvaqvs maSin, roca yvela ( ) 0, , 1, ,j kp j k n    e.i. aris araumetes 
2( 1) 2 ( 1)( 2) 2 1./n n n n n n          

am sidideebis unitaruli invariantoba gamomdinareobs 2.3 winadadebidan da 

formulidan (31) (ix. Teorema 2.1), romelic marTebulia zogadi saxis : n nP  

operatoris ermituli 
P  da 

P  komponentebisaTvis.        

 Sedegi 6. zogadi saxis ori matrica , ( )nP Q M  unitarulad msgavsia maSin da 

mxolod maSin, roca 

(89)     P Q
P QB B

, 

rac gvaZlevs ( 3) 2/n n  kompleqsur (magram mxolod 2 1n   namdvil) pirobas. 

 SeniSvna. formulebi (78) da (89) gvaZlevs arakomutirebadi ermituli operatore-
bis wyvilebis unitaruli klasificirebisaTvis aucilebel da sakmaris pirobebsac. 

 amrigad, (78) da (89) formulebi pasuxobs dasmul amocanas zogadi saxis opera-
torebis (an arakomutirebadi ermituli operatorebis wyvilebis) unitaruli 
klasificirebisaTvis aucilebeli da sakmarisi invariantuli pirobebis povnis 
Sesaxeb [40]. magram napovni kriteriumi am saxiT mouxerxebelia gamosayeneblad, 
radgan (78) da (89) pirobebi Cawerilia arakovariantulad, specialurad agebul 
bazisSi, romlis povna, sazogadod, ar aris martivi amocana.  

 Sesabamisi kovariantuli pirobebis (ix. [40]) mosaZebnad SemoviRoT invariantebi 

(90)     ,
( ) ( )2 tr tr , , , ,( ) ( ) ( ) ( ) ( )I i i            

              P P P P P P P P P P P P P  

da  avagoT am invariantebiT Semdegi saxis matrica ( ) ( ).nMPI : 

(91)   ( ) ( ) ( )

1 1
( ) diag ...( ) ( ) ( ), ,

n

nt t t  


    P P P PI , 

sadac  

(92)       ( ) ( ) 1 1 2

0 , 00 ( 1)( 1),12tr tr , 1,( ) ( ) ( ) ( ), , .t I t I i n    

               P P P P P P P P P  

 ganmarteba 7. (91) matricas ( )PI  vuwodoT zogadi saxis i  P P P  operatoris 

invariantebis matrica. 

 SeviswavloT invariantebis ( )PI  matricis struqtura.  

 radgan ermituli operatoris naturaluri xarisxebi ermitulia, gveqneba: 

(93)  ( ) ...tr 1,2, .( ) ,t  

    P P  

 cnobilia (ix., mag., [8a], gv. 56), rom nebismieri , , ( )nA B C M  matricebisaTvis 
* * *tr tr , tr tr tr , tr tr tr tr tr .( ) ( ) ( ) ( ) ( ) ( ) ( ) [ ( )]T T T T TA A A A A ABC CAB ABC C B A C B A           

amitom (90) ganmartebidan vpoulobT: 

(94) 

     

 

, ,

*
* *

, ,

( )( ) ( ) ( ) ( ) ( ) ( )tr tr tr

( ) ( )( 1) tr ( 1) ( 1) , ( , , , 1)

( )

( ) ( )

T

I i i i i I i i

i i I I

           

               

      

       

    

         

P P P P P P P P P P P P P P

P P P P P P

 

       
*

* *

0 , 0 , 0 ( ) 0 ,
( ) ( )tr ( 1) tr ( 1) ( 1) .( ) ( ) ( )I i i I I      

               P P P P P P P  
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aqedan, 1, 2    mniSvnelobebis SetaniT, vpoulobT pirobebs, romlebsac akmayo-

filebs ( )PI  invariantebis matricis elementebi ( )

( 1)( 1),12
( ) ( ):t I

   P P  

(95)   
 

   

*
( ) ( )

* *
( ) ( ) ( ) ( )

0 0 0 0

( ) ( )

( ) ( ) ( ) ( )

, 1 , ;

, .1

t t

t t t t

n

n

 

 

   

   

 

    

 

 

P P

P P P P

 

 amrigad, ( )

1
( )

n

t 


  P  matricis diagonali, pirveli striqoni da pirveli sveti wminda 

warmosaxviTia, danarCeni elementebi ki antiermitulobis pirobebs akmayofilebs. 
amitom, (90)-(93) formulebis gaTvaliswinebiT, bunebrivia invariantebis matricis 
warmodgena Semdegi saxiT: 

(96)  ( ) ( ) ( )i  P P PI I I , 

sadac aRniSnulia: 

(97) 
   

   

( )

1, 1,

( ) 1 1 2

, 1, , 1,

( )( ) diag diag tr ,

( ) tr .( )

n n

n n

t

i t i

 

    

   

           

 

         

P P P

P P P P P P P P P

I

I
 

 advili SesamCnevia, rom (96)-(97) formulebiT ganmartebuli invariantebis ( )PI  

matricis struqtura emTxveva (78) matricis struqturas zogadi saxis i  P P P   

operatorisaTvis, Tu [ ]P PB  matricebis ( )

j kp   elementebze ar aris dadebuli raime 

damatebiTi piroba (bma), kerZod, Tu [ ]P PB  matricis yvela elementi 0. 

  naSromSi [40] naCvenebia, rom zogadi saxis : n nP  operatoris parametrebi, 
romlebic gansazRvrulia 2.9 TeoremiT, da am operatoris invariantebis (96) 
matricis damoukidebeli elementebi urTierT calsaxad gadaisaxeba erTmaneTSi. 

 Teorema 10. zogadi saxis : n nP  operatoris invariantebis ( )PI  matricis  
damoukidebeli elementebis simravle ( )PI : 

(98) 
 

   

 

1 1 2( ) tr 1, tr 1

, 2, 2

( )

( () )/ /

| |n n

i i

   

    

 

   

     

     

I P P P P P P

P P P P P P P P P
 

Sedgeba am operatoris [ ]P
PB  matricis ( )

j kp   elementebis (1 j  k  n) damoukidebeli 

funqciebisagan. 

 damtkiceba. CavweroT (98) simravlis elementebi 2.9 TeoremiT gansazRvrul 

PB  bazisSi. gamosaxulebebis SemoklebisaTvis aRvniSnoT ( ) .j jp x   
PB  bazisSi 

matrica [ ]P PB  diagonaluria da (97) matricebis elementebi Caiwereba Semdegnairad:  

(991)  
1

tr , 1, ;
n

jj
x n 

 
  P  

(992)   1 1 2 1 ( ) 1 2

, 1
tr 1 .( )

n

j jk k k jj k
x p x P n       

    
     P P P P  

 gardavqmnaT jami (992) formulaSi: 

   

 

1 ( ) 1 2

, 1

1 1 1 1 ( ) 2 1 1 1 1 ( ) 2

, 1 , 1

1 1 1 1 ( ) 2 ( ) 2 1 1 1

1

1 1

2 2

1 1

2 2

( )

( ) ( )

( ) ( ) }{

n

j jk k k jj k

n n

j k k j jk k j j k k j jk k jj k j k

n

j k k j jk k j k j jk k k kj k

x p x P

x x x x p P x x x x p P

x x x x p P p P x x x x

   



                 

  

             

  



    

    



 

  1 ( ) 2

1
( )

n

k kk kkk
p P  




    1 1 1 1 ( ) 2 ( ) 2

1

1
.

2
( ) ( ) }{

n

j k k j jk k j k j jkj k
x x x x p P p P       

  
    
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aqedan, ( ) ( ) ( ) ( ) ( ) ( ) *( )k j jl lk jk k l l jp p p p p p       Tanafardobis gaTvaliswinebiT, miviRebT:  

 
1 1 1 1

1 1 2 ( ) 2 ( ) 2
, 1 , 11 1 1 1

1
tr per Re det Im ,

( , )
( ) ( )} }{ {

n nj j j j
j k j kjk k j jk k j
j k j k

k k k k

x x x x
p P i p P

j k x x x x

     

   
         

 

   
    

    
 P P P P  

sadac perA aris 1[ ]n

jkA a  matricis permanenti (ix. disertaciis III Tavi da, mag., 

monografia [57]): 

1 ( )1
per per[ ]

n

nn

jk j jj
S

A a a 


    

(ajamva xdeba yvela SesaZlo gadanacvlebebiT ( ) ,)j j  xolo ( , )j k  aRniSnavs mowes-

rigebul ( , )j k  wyvilSi Semavali ricxvebis jeradobebis faqtorialebis namravls. 

 amrigad, (992) ixliCeba gantolebaTa or damoukidebel sistemad namdvili da 
warmosaxviTi nawilebisaTvis: 

(1001)  
1 1

1 1 2 ( ) ( ) 2
, 1 1 1

1
Re tr Im per Re

( , )
( ) }{

n j j
j k jk k j
j k

k k

x x
t p P

j k x x

  

   
      



 
    

  
P P P P  

(1002)  
1 1

1 1 2 ( ) ( ) 2
, 1 1 1

Imtr Re det Im .( ) }{
n j j
j k jk k j
j k

k k

x x
t p P

x x

  

   
      



 
   

 
P P P P  

 1 n      

 (991) gantolebebTan erTad (1001,2) Seadgens gantolebaTa sistemas ( ) ( ),j j jkx p p    

ucnobebis mimarT. amasTan, xarisxovani jamebi (991) gansazRvravs x1, . . . , xn sidideebs 
numeraciis sizustiT, romelic, 2.9 Teoremis Tanaxmad, fiqsirebulia calsaxad. 

amitom (1001,2) formulebSi ( ) 2Re ( ) }{ jk k jp P

  da ( ) 2Im ( ) }{ jk k jp P

  wevrebTan mdgari koefi-

cientebi srulad ganisazRvreba sidideebiT tr , 1, .n

 P  SevniSnoT, rom roca  an 

 , (1002) formulaSi gvaqvs 0 0 saxis igiveoba. amrigad, aratrivialuri Tanafar-

dobebis raodenoba (1002) formulaSi aris (n2)(n1)/2, xolo (1001) formulaSi _ 

n(n1)/2, anu imdenive, ramdenic gvaqvs ucnobi ( )Im jkp   da ( )Re ,jkp   Sesabamisad. 

 gadavnomroT wyvilebi (, ) da ( j, k ) leqsikografulad da SemoviRoT aRniSvnebi 
(ix. Sroma [67] da disertaciis III Tavi, $3.4) 

( ) 2 ( ) 2Re , Im ,( ) ( )} }{ {jk k j jk k jp P p P 

    a b      1 1 2 1 1 2Retr , Imtr ,   

          P P P P P P P PU V  

  
1 1 1 1

1 1 1 1

1
per , det ;

( , )

j j j j

k k k k

x x x x

j k x x x x

     

    

   
    

    
p d     (,) ( j,k ).   

am aRniSvnebSi formulebi (1001,2) Rebulobs martiv saxes: 

(1011) 
2

1 2

11
, 1, ,

nC

nC


   
  U ap  

(1012)  
2

' '1
, ' 1, ', ' ( 2)( 1) 2/

nC
N N n n   

      dV b  

amasTan, multiindeqsebi  ekuTvnis araklebad mimdevrobaTa simravles, xolo 

multiindeqsebi ' ' _ mkacrad zrdadi mimdevrobebis simravles (ix. $3.4): 

   2, 1 2{ | ( )}nG       ,  ' ' 2, 1 2{ | ( )}nQ        ,  1 , 1,2i n i   . 

 mivuerToT (1012) gantolebebs n 1 igiveoba, romlebic miiReba (1002) gantole-

bebidan, roca  1 (da romlebic sruldeba nebismieri : n nP  operatorisaTvis)

(102)    1 3 1 1 ( ) 2
, 1Imtr 0 Im , 2, .( ) }{

n

j k k j jk k j
j k

x x p P n    
  



    P P  
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(1012) da (102) erTad Seadgens n(n1)/2 gantolebian sistemas n(n1)/2 ucnobisaTvis 
( ) 2Im ,( ) }{ jk k jp P

  1 j < k  n. rogorc naCvenebia disertaciis III TavSi (ix. agreTve [67]), 

(1011) da {(102) (1012)} sistemebis determinantebi gamoiTvleba formulebiT: 

(103) 
2 2

1 1 1

1 11 1
det ( ) 0, det ( ) 0

n nC Cn n

k j k jj k n j k n
x x x x

  

      
            p d  

da, maSasadame, daiyvaneba
P  operatoris maxasiaTebeli gantolebis diskriminantze, 

romelic aris am gantolebis koeficientebis mTeli funqcia. amitom sidideebi 
a  

da 2

1, 1, ,nC b  calsaxad ganisazRvreba (991,2) gantolebebis marcxena mxareebis _ 

tr ,P   1 1 2Retr , 

   P P P P   1 1 2Imtr  

   P P P P  mniSvnelobebiT, 1, .n     amasTan, cxadia, 

nebismieri : n nP  operatorisaTvis ( ) 2Im 0, 1, ,( ) }{ kk k kp P k n

    xolo ( ) 2Im ( ) }{ jk k jp P

  

(1 j < k  n) sidideebs Soris damoukidebelia mxolod ' ( 2)( 1) 2/N n n    sidide. 

kerZod, yvela ( ) 2

1 1Im , 2, ,( ) }{ k kp P k n

   aris danarCeni ( ) 2Im ( ) }{ jk k jp P

  sidideebis wrfivi 

kombinacia. 
 Teoremis damtkicebisTvis sakmarisia vaCvenoT, rom (98) simravlis elementebi aris 

( )

j k jk k jp p p    1( )j k n    da jk k j   2( )j k n    cvladebis damoukidebeli funqci-

ebi  ( )exp , , ,jk jk jk jk jkp i p p     anu, rom    ( ) [ ]P
P

P BI  asaxvis iakobiani J /0.  

 pirdapiri gamoTvlebi gviCvenebs, rom iakobiani J warmoadgens 11p  cvladis 

n1 xarisxis polinoms, romlis ufrosi koeficienti, Tanaxmad Teoremis pirobebisa 

( x j  x k,  p j k  0, j  k, , 1,j k n ) da (103) formulebisa, 0: 

 
 

 
 

2 2
1

( ) ( ) ( ) ( ) ( )

1

1
1 11 1 11 1

1 1 2 2

12 11 11

, Re , Im Re , Im
(104) det

, , , , , , , , , , ,

det det det 3!2 ( )

( ) ( ) ( ) ( ) ( )

[n n

n

j

n n jk jk n jk jk

n C C
n n

j n jk

t t t t t
J x

x x p p p p p p

x p p p


    

    

  

 

 
      

               

P P P P P

p d

 

1

11

1

.] n

j k n

p 

  

 
 

 


 

maSasadame, asaxva    ( ) [ ]P
P

P BI  warmoadgens bieqcias.   

 Sedegi 7. zogadi saxis ori operatori , : n nP Q  unitarulad msgavsia maSin da 

mxolod maSin, roca Sesrulebulia Semdegi n(n3)/2 kompleqsuri ( n21 namdvili) 
damoukidebeli invariantuli piroba 
(105) ( ) ( )P QI I .        

 Sedegi 8. simravle (98) 

   1 1 2( ) tr 1, tr 1( )| |n n    

        P P P P P PI  

warmoadgens araermituli operatoris unitaruli invariantebis minimalur funq-
cionalur baziss. 

 Tu operatori (am operatoris matricis elementebi romelime orTonormirebul 
bazisSi) akmayofilebs raime damatebiT pirobebs, maSin (105) pirobebs Soris yvela ar 

iqneba damoukidebeli. magaliTad, Tu araermituli operatori : n nP  aris 

normaluri, e. i. Tu misi ermituli 
P  da 

P  komponentebi komutirebs, maSin [ ]P
PB  

matricas aqvs diagonaluri (27) saxe: ( ) ( ) ( ) ( ) ( )

1 1

...[ ] diag{ , , } [ ] ( ) ,
n

n jk jk j jP p p i p p ip         PB  

e. i. yvela ( ) 0, , , 1,j kp j k j k n     da (104) iakobiani J0.  

 martivi saCvenebelia, rom samarTliania 
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 winadadeba 21. : n nP normaluri operatoris unitaruli invariantebis simravle  

(106)    1tr tr , 1, ,( ) n 

    P P P  

aris normaluri operatoris unitaruli invariantebis minimaluri racionaluri 
bazisi. amasTan, Tu

P  operatorebs ar edeba raime damatebiTi SezRudva (bma), (106) 

bazisi aris Tavisufali, e. i. misi elementebi funqcionalurad damoukidebelia. 

 damtkiceba. 
PB  bazisSi (106) simravlis elementebi Caiwereba Semdegnairad:  

(107) ( )

1
tr ,

n

jj
p  

 
P    1 ( ) 1 ( )

1
tr .

n

j jj
p p    

  
 P P    1,n  

cxadia, am bazisSi normaluri : n nP  operatoris nebismieri polinomuri 

invarianti gamoisaxeba (1071) elementaruli simetriuli mravalwevrebis da ( )

jp   

elementebis simetriuli polinomiT da, simetriuli polinomebis Sesaxeb ZiriTadi 

Teoremis ZaliT, polinomurad gamoisaxeba tr 1,( )n

 P  xarisxovani jamebiT. ganto-

lebebi (1072) formalurad emTxveva (40) gantolebebs gadagvarebuli speqtris mqone 
ermituli operatoris sakuTari ricxvebis jr  jeradobebisaTvis. amitom SegviZlia 

gamoviyenoT Teorema 2.6, romlis Tanaxmad, xarisxovani jamebi – invariantebi 

tr 1,( )n

 P  racionalurad gamoisaxeba (106) simravlis elementebiT. 

 (107) formulebidan gamomdinareobs, rom asaxva   

(108)    1 ( ) ( )tr , tr 1, , 1, ,( ) | |
j jn p p nj    

      P P P  

romlis iakobiania  

(109) 
 

 
 

1
2

( ) 1 ( ) 1 ( ) ( )

( ) ( ) 11 1

tr , tr
det det ! 0,

,

( ) n n

j j k jj k n

j j

J p p n p p
p p

  

        

    


           


P P P

 

aris bieqcia. amitom, Tu ( ) ( ),j jp p   elementebs ar edeba raime damatebiTi SezRudva,  

(106) bazisi Sedgeba funqcionalurad (da, maSasadame, polinomurad) damoukidebeli  
invariantebisgan, romelTa saSualebiT calsaxad ganisazRvreba P  operatoris 
matricis elementebi kanonikur

PB  bazisSi da, maSasadame, operatoris nebismieri 

invariantuli (kerZod, polinomuri) funqcia.          

  SeniSvna. (105) pirobebi iZleva arakomutirebadi ermituli , : n n

  P P  operato-

rebis wyvilebis unitaruli klasificirebisaTvis aucilebel da sakmaris pirobebs. 

simravle (98) Sedgeba : n n

 P  arakomutirebadi wyvilis erToblivi unitaruli 

polinomuri invariantebisgan, romlebic, 2.10 Teoremis Tanaxmad, aris funqciona-
lurad damoukidebeli da, maSasadame, polinomurad damoukidebelic.  

 komutirebadi ermituli : n n

 P  operatorebis wyvilebis unitaruli klasi-

ficirebisaTvis aucilebel da sakmaris invariantebs Seicavs simravle (106). 

 Tu ( ) ( ),j jp p   elementebs edeba raime damatebiTi SezRudva (bma), magaliTad, Tu  

: n n

 P  operatoris speqtri gadagvarebulia, maSin (106) bazisi ar aris Tavisufali, 

e. i. misi Semadgeneli invariantebi ar aris damoukidebeli. aseT SemTxvevaSi, $2.3-Si 
ganxiluli SemTxvevis analogiurad, arsebobs sizigiebi (racionaluri bmebi) (106) 
bazisis invariantebs Soris, romlebic gamoisaxeba (72) formulebiT (ix. Sedegi 2.4):  

 
...1, , , 1

0 1,
...1, , ,

l l
D k n l

l l k

 
   

 
 

00,( 1)( 1) 1 ,( ) det ( ) 0[ ]l lD P I     P  minoris yvela moarSiebuli minorisaTvis (aq l aRniSnavs 

( ) 1, )(jp j n   namdvil ricxvTa Soris erTmaneTisgan gansxvavebulTa raodenobas). 
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$2.5. namdvili operatorebis orTogonaluri invariantebi 

 

 evklidur sivrceSi moqmedi zogadi saxis , : n nT R  operatorebis ( ( ), nT R M  

matricebis) orTogonaluri msgavsebisaTvis (105) pirobebi ar aris sakmarisi. 

 marTlac, rogorc aRvniSneT $1-Si, evklidur sivrceSi zogadi saxis : n nT  

operatori ( ( )
nT M  matrica) urTierTcalsaxad gamoisaxeba misi simetriuli da 

antisimetriuli komponentebiT (ix. formulebi (28), romlebic evklidur sivrceSi 
cvlis (25), (26) formulebs): 

, 2,

, 2 .

( )

( )

/

/

T

T TT T T T T T T

  

   

   

     

T T T T T T
 

 Sesabamisi cvlilebebi gveqneba (90) da (94) formulebSic. kerZod: 

(90')     , 2 tr tr , , , ,( ) ( ) ( ) ( ) ( )T T T TI         

              T T T T T T T T T T T T T  

(94')  

       

     

,

, , ,

0 , 0

tr tr tr ( 1) tr

( 1) ( 1) , , , , 1,

tr tr ( 1) tr ( 1)

( )

( ) ( ) ( )

( )

T

T

I

I I I

I I

                

                 

 

     

       

       

     

        

     

T T T T T T T T T T T T T T T T T

T T T

T T T T T T T ,
( ).  T

 

aqedan vxedavT, rom nebismieri : n nT  operatorisaTvis 

(110) ,12 0 ,12 0,( ) ( )I I   T T  

da, maSasadame, : n nT  operatoris invariantebis (106) simravle Seicavs mxolod 

[ ( 1) 2 ( 1)] ( 1)( 2) 2/ /n n n n n n n         

namdvil damoukidebel elements, rac naklebia operatoris [ ]T B T
 matricis damou-

kidebel (namdvil) elementTa raodenobaze T  operatoris kanonikur bazisSi. 

 Teorema 2.9 kanonikuri bazisis ,TB  arsebobis Sesaxeb rCeba TiTqmis Seucvleli. 

kerZod, gvaqvs (ix. Sroma [40]) 

   Teorema 11. zogadi saxis : n nT  operators moeZebneba orTonormirebuli 

bazisi ,nBT  gansazRvruli n  sivrcis globaluri (namdvili) orTogonaluri  

   ( 1) , , 0;1nx x x x        

gardaqmnis sizustiT, romelSic mocemuli operatoris matricas aqvs Semdegi saxe: 

(111)         ( ) ( ) ( ) ( ) ( )

1
...[ ] diag , , , , , 1,n jk jk k jT T T t t t t t j k n    

 
        T T T

B B B
 

sadac 
1

1( ) ( ) ( ) ( )

1 11
... 0,, 1 , [ 1, ],

qq q qq q

q

ii k ki i q t q q qt
t t t t i n k m m



   

 
       Tu  da ( ) ( ) 0,

q q q qi k k it t    Tu 

1
1, , [ 1, ].

q

q t q qt
i n k m n


   
   aq  1 0, 1, , 0, 1.q qm m q l m l      

 damtkiceba am SemTxvevaSic eyrdnoba 1 da 2 lemebs da daiyvaneba 2.9 Teoremis 

damtkicebaSi ( ) ( ) *( )jk k jt t   kompleqsuri sidideebis namdvili ( ) ( )

jk k jt t    sidideebiT 

Secvlaze ( ( )argjk jkt   fazebis Secvalaze 0,  mniSvnelobebiT).       

 vinaidan nebismier orTonormirebul bazisSi antisimetriuli ( )
nT M  matricis 

diagonaluri elementebi nulebia, xolo [ ]T
TB  kanonikuri matrica, cxadia, Sedgeba 

T  operatoris orTogonaluri invariantebisgan, 2.11 Teoremidan gamomdinareobs 

2.5 da 2.6 Sedegebis analogebi: 
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 Sedegi 9. zogadi saxis : n nT  operatoris damaxasiaTebeli orTogonalurad 
invariantuli damoukidebeli (namdvili) parametrebis raodenoba ar aRemateba 

( 1) 2/n n  da ar SeiZleba Semcirdes orTogonaluri gardaqmniT, Tu T  operatoris 
matricis elementebze raime damatebiTi piroba (bma) ar aris dadebuli. 

 damtkiceba daiyvaneba (111) warmodgenaSi damoukidebeli (namdvili) sidideebis 
maqsimaluri raodenobis daTvlaze.           

 Sedegi 10. zogadi saxis ori matrica ( ), nT R M  orTogonalurad msgavsia maSin 

da mxolod maSin, roca 

(112)     T R
T RB B

, 

rac gvaZlevs ( 1) 2/n n   damoukidebel (namdvil) pirobas. 

 , : n nT R  operatorebis ( ( ), nT R M  matricebis) orTogonaluri msgavsebis 

invariantuli kriteriumis dasadgenad (98) simravlis nulovani (110) elementebi 
SevcvaloT Sesabamisi (invariantuli) aranulovani elementebiT ise, rom miviRoT 
(112) formulebSi Semavali ( 1) 2/n n   damoukidebeli sididis tolfasi simravle. 
SromaSi [40] Camoyalibebulia Sesabamisi 

 Teorema 12. zogadi saxis : n nT  operatoris invariantebis simravle 

(113)      

 

1 2 1 1 2( ) tr 1, tr 1, 1 tr 2

2,

( () )

( ) /

| | |

T

n n n   

      

  

      

   

I T T T T T T T T

T T T T T T
 

Sedgeba am operatoris  T
TB
 matricis ( )

jkt   elementebis (1  j  k  n) damoukidebeli 

funqciebisagan. 

 damtkiceba. CavweroT (113) simravlis elementebi 2.11 TeoremiT gansazRvrul 

TB  bazisSi da gamoviTvaloT  ( ) [ ]T
T

T BI  asaxvis iakobiani J. SemoklebisaTvis 

aRvniSnoT  
( ) ( ), ,j j jk jk k jt s t A A T A 

     . 

vinaidan 0, 00 1
tr , 1, ,( )

n

jj
I s n 

  
   T T  gveqneba 

 
 

 
 

 
 

0, 00 10, 20 1 1,12 0, 00 10, 20 1 1,12

1 1 12 1

1

1 1 11

, , ,

, , , , , , ,

det ,! ( )

n lm n n n

n

j k jj k n

I I I I I I
J

s s A s s A A

s J J n s s

       





  

  
  

  

       

 

sadac 

 
 

 
 

1 2 1 1 2

10, 20 1 1,12

1

12 112 1

, tr , tr
.

, ,, ,

( () )

n nn n

I I
J

A AA A

  

       



 
 

 

T T T T T T
 

zogad SemTxvevaSi, roca ( ),j ks s j k   da 0, 1 ,lmA l m n     anu roca 
TB  bazisi 

fiqsirebulia calsaxad, rogorc gviCvenebs gamoTvlebi J1 0,  J 0 da, maSasadame, 

asaxva  ( ) [ ]T
T

T BI  warmoadgens bieqcias.        

 Sedegi 11. zogadi saxis ori operatori , : n nT R  orTogonalurad msgavsia 

maSin da mxolod maSin, roca Sesrulebulia Semdegi n(n ) /2 damoukidebeli 
namdvili invariantuli piroba 

(114) ( ) ( )I IT R .        
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 Sedegi 12. simravle (113) Seadgens zogadi saxis : n nT  operatoris orTo-
gonaluri invariantebis minimalur funqcionalur baziss. 

 SeniSvna. Tu : n nT  operatoris , T T  komponentebs edeba raime damatebiTi 

SezRudva (bma), magaliTad, Tu : n n

 T  operatoris speqtri gadagvarebulia, 

maSin, $2.3-Si ganxiluli SemTxvevis analogiurad, invariantebis (113) bazisis 
elementebs Soris arsebobs racionaluri bmebi (sizigiebi). aseT SemTxvevebSi 
invariantebis bazisis minimalurobis sakiTxi da Sesabamisi sizigiebis povna 
specialur Seswavlas moiTxovs. 

 aRwerili midgoma gamosadegia zogadi saxis simetriuli da antisimetriuli 

, : n nS A  operatorebis wyvilebis orTogonaluri klasificirebisaTvisac:  

 Sedegi 13. zogadi saxis namdvili simetriuli da antisimetriuli , : n nS A  
operatorebis wyvilebis orTogonaluri invariantebis minimalur funqcionalur 
baziss warmoadgens simravle  

(115)      1 2 1 1 2( , ) tr 1, tr 1, 1 tr 2 .( () )| | |n n n           I S A S S A S AS A  

 Sedegi 14. zogadi saxis simetriuli da antisimetriuli namdvili operatorebis 
ori wyvili 

1 1 2 2( , ), ( , )S A S A  orTogonalurad msgavsia maSin da mxolod maSin, roca 

Sesrulebulia Semdegi   n( n) /2  damoukidebeli namdvili invariantuli piroba 

(116) 
1 1 2 2, ,( ) ( )I IS A S A . 

 naTelia, rom arakomutirebadi simetriuli namdvili 1 2, :( ) n nS S  operatorebis 

wyvilebis orTogonaluri klasificirebisaTvis (116) pirobebi ar aris sakmarisi, 

radgan 
1

B
S  bazisSi  

1
2S

B S

 matricas aqvs (sazogadod aranulovani) diagonaluri 

elementebi. 

 Teorema 13. zogadi saxis namdvili arakomutirebadi simetriuli
1 2, :( ) n nS S  

operatorebis wyvilis invariantebis simravle 

(117)     1 1 2

1 2 1 1 2 1 2, tr 1, tr 1( )( ) | |n n       I S S S S S S S  

Sedgeba am operatorebis  
1

1 ,S
BS

  
1

2S
B S

 matricebis elementebis damoukidebeli 

funqciebisagan. 

 damtkiceba. simravle (117) Seicavs ( 1) 2 ( 3) 2/ /n n n n n     namdvil elements, 

imdenives, ramdensac (zogadi saxis) matricebis 
1 2,( )S S  wyvili 

1
B
S  bazisSi. asaxva 

(118)     
1 1

1 2 1 2, ,( ) S S
B B

I
S S

S S  

warmoadgens bieqcias, radgan am asaxvis iakobiani J0.  

 Sedegi 15. simravle (117) warmoadgens zogadi saxis namdvili arakomutirebadi 

simetriuli 
1 2, :( ) n nS S  operatorebis wyvilis orTogonaluri invariantebis 

minimalur funqcionalur baziss. 

 Sedegi 16. zogadi saxis namdvili arakomutirebadi simetriuli operatorebis 
ori wyvili 1 2 1 2( , ), ( , )R R S S  orTogonalurad msgavsia maSin da mxolod maSin, roca 

Sesrulebulia Semdegi   n( n) /2  damoukidebeli namdvili invariantuli piroba 

(119) 
1 2 1 2, ,( ) ( )I IR R S S . 
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 Tu namdvili simetriuli operatorebi
1 2,S S  (am operatorebis 

1 2,S S  matricebi 

romelime orTonormirebul bazisSi) akmayofilebs raime damatebiT pirobebs, 
maSin (117) pirobebs Soris yvela ar iqneba damoukidebeli. magaliTad, Tu es 

operatorebi komutirebs, maSin  
1

2S
B S

 matricas aqvs diagonaluri saxe da iako-

biani J0. aRvniSnoT, rom aseT SemTxvevaSi 
1

B
S  bazisi aRar aris calsaxa. 

 Teorema 14. simetriuli komutirebadi 1 2, : n nS S  operatorebis orTogonaluri  

invariantebis minimalur racionalur baziss Seadgens simravle 

(120)    1

1 1 2tr tr , 1, ,( ) n   S S S  

amasTan, Tu
1 2,S S  operatorebs ar edeba raime damatebiTi SezRudva (bma), bazisi (120) 

aris Tavisufali, e. i. misi 2n elementi funqcionalurad damoukidebelia. 

 damtkiceba sityva-sityviT imeorebs 2.21 winadadebis damtkicebas.      

 SeniSvna. Tu simetriul komutirebad
1 2, : n nS S  operatorebs edeba damatebiTi 

SezRudva (bma), magaliTad, Tu 2:
n nS  operatoris speqtri gadagvarebulia, 

maSin (120) bazisis Semadgeneli invariantebic ar aris damoukidebeli, kerZod, 
sizigiebi (racionaluri bmebi) (120) bazisis invariantebs Soris gamoisaxeba 
formulebiT (72) (ix. Sedegi 2.4)  

   
...1, , , 1

0, 1,
...1, , ,

l l
D k n l

l l k

 
   

 
 

2

2 2 1 ,
( )( ) det tr 0[ ]l lD S 

  S  minoris yvela moarSiebuli minorisaTvis (aq l aRniSnavs 

2S  operatoris sakuTar ricxvebs Soris erTmaneTisgan gansxvavebulTa raodenobas). 

 martivi speqtris mqone namdvili simetriuli operatori : n nS  arasodes 

ar komutirebs namdvil antisimetriul operatorTan : ,n nA  magram SeiZleba 

komutirebdes am operatoris kvadratTan – simetriul operatorTan 2: .n nA  aseTi  

operatorebis moqmedeba : n nS  operatoris sakuTar veqtorebze aiwereba Semdegi 
formulebiT (ix., mag., [42], gv. 258):  

(121) 
2 2 2 2 2

, , 0,

, , 0

k k k k k k l

k k k k k k l

x a y y a x x

x a x y a y x

   

    

A A A

A A A
 

  , , 1, ; 2 1,|k k lx y x k m l m n   
S

B  

maSasadame, : n nA  operatoris  A
SB
 matricas : n nS  operatoris sakuTar 

(orTonormirebul)
SB  bazisSi (sabaziso veqtorebis Sesabamisi gadanomvris Semdeg) 

aqvs kvazidiagonaluri saxe:  

(122)  
2

1

1

00
diag , , ,0, ,0

00

n m

m

m

aa
A

aa

    
    

     
SB

, 

amasTan, , , 1, ,k kx y k m  veqtorebze daWimuli organzomilebiani sibrtyeebi aris 

: n nA  operatoris invariantuli qvesivrceebi. (121) formulebidan naTelia, rom 

ka   ricxvebis niSani icvleba am sibrtyeebSi sabaziso veqtorebis arekvlebisas 

, , 1, ,k k k k k kx x x y y y k m       

amitom, mocemuli , : n nS A  operatorebis wyvilisaTvis kanonikuri bazisi ,S AB  

yovelTvis SegviZlia avarCioT ise, rom gvqondes 0, 1, .ka k m   cxadia, bazisi ,S AB   
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fiqsirdeba namdvili orTogonaluri gardaqmnebis sizustiT: 

(123)  2 2 2 , 1,2

2

diag{ , , , 1, , 1} ( ),n jk j k

n mm

U E E M E




           

romlebic adgenen ,S A operatorebis matricebis ( , )S A wyvilis invariantobis jgufs.  

 (122) gamosaxulebidan gamomdinareobs, rom 2
A  simetriuli operatoris speqtri 

gadagvarebulia; misi sakuTari ricxvebi Seadgens multisimravles  
2

2 2 2 2

1 1, , , , , 0, ,0 .

n m

m ma a a a

  
    
  

 

sazogadod, 2
A  simetriuli operatoris erTmaneTisgan gansxvavebuli sakuTari 

ricxvebis raodenoba q moiZebneba $2.3-Si aRwerili meTodiT, (43) Tanafardobidan: 

(124) 2det ( ) 0, 1.kT A k q    

Tu n  sivrcis ganzomileba kentia, maSin 2
A  simetriuli operatoris sakuTar 

ricxvTa Soris erTi mainc 0, xolo danarCeni sakuTari ricxvebis jeradobebia 2, 

e. i. (122) matricis damoukidebeli parametrebis maqsimaluri raodenobaa  2/n  

(simbolo [x] aRniSnavs x  ricxvis mTel nawils). amrigad, mocemuli operatore-
bis , : n nS A  wyvilis funqcionalurad damoukidebeli invariantebis maqsimaluri 

raodenoba ar aRemateba  2/n n  da samarTliania Semdegi 

 Teorema 15. vTqvaT, mocemulia simetriuli operatori : ,n nS  romelsac aqvs 

martivi speqtri da antisimetriuli operatori : ,n nA  iseTi, rom 2
A  komutirebs 

mocemul S  operatorTan. maSin operatorebis ( , )S A  wyvilis orTogonaluri inva-
riantebis minimalur racionalur baziss Seadgens simravle 

(125)    1 2|tr 1, tr 1,[ / 2] ,( ) |n n   S S A  

amasTan, Tu ,S A  operatorebs ar edeba raime damatebiTi SezRudva (bma), maSin 

(125) invariantebis bazisis  2/n n  elementi funqcionalurad damoukidebelia. 

 damtkiceba am SemTxvevaSic daiyvaneba Sesabamisi iakobianis gamoTvlaze.    

 SeniSvna. 2.15 Teoremis pirobiT gansazRvruli ,S A  operatorebis wyvilis (125) 
invariantebis bazisi SeiZleba SevcvaloT bazisiT  

(125')    2|tr 1, tr 1,[ / 2] ,( ) |n n   S A  

romelic agreTve aris minimaluri racionaluri, magram Seicavs A  operatoris 
ufro maRal xarisxebs, vidre bazisi (125). 

 ganmarteba 8. operatoris (matricis) invariants ewodeba d a y v a n a d i, Tu is 
polinomurad gamoisaxeba operatoris (matricis) ufro dabali xarisxebiT agebuli 
invariantebiT. 

 monografiebSi [23], [24] gamoTqmulia mosazreba (daumtkiceblad), rom invari-
antebis minimaluri polinomuri bazisi ar unda Seicavdes dayvanad invariantebs.  
(125) da (125') formulebiT mocemuli kontrmagaliTi gviCvenebs, rom es mosazreba,  
sazogadod, mcdaria da rom es sakiTxi moiTxovs ufro safuZvlian Seswavlas. 
 Teoremebi 2.14 da 2.15 gvaZlevs am Teoremebis pirobebSi ganmartebuli opera-
torebis wyvilebis orTogonaluri klasificirebisaTvis sakmaris da aucilebel 
pirobebs. amrigad, invariantebis sistemebi (34), (59), (98), (106), (113), (117), (120), (125) 
gvaZlevs operatorebis wyvilebis unitaruli da orTogonaluri klasificirebis 
amocanis srul gadawyvetas. 
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II Tavis daskvnebi 

1. n-ganzomilebian unitarul 
n
(evklidur 

n
) sivrceSi moqmedi, gadagvare-

buli speqtris mqone ermituli (simetriuli) P operatorisaTvis napovnia misi 
damaxasiaTebeli damoukidebeli parametrebis minimaluri raodenoba (P ) 

da naCvenebia, rom es raodenoba emTxveva ramzis ricxvs (f-ebi (58-59)). 

2. napovnia gadagvarebuli speqtris mqone ermituli (simetriuli) opera-

toris polinomuri invariantebis bazisi 
n
(

n
) sivrceSi  (winadadeba 20). 

3. 
n
(

n
) sivrceSi  napovnia ori ermituli (simetriuli) operatoris 

unitaruli (orTogonaluri) msgavsebisaTvis aucilebeli da sakmarisi 
damoukidebeli pirobebi (Teorema 5).  

4. 
n
(

n
) sivrceSi zogadi saxis operatorisaTvis ganmartebulia kanoni-

kuri bazisi da cxadi saxiT agebulia am operatoris matricis kanonikuri 
forma (Teoremebi 9, 11, f-ebi (78), (111)). 

5. agebulia zogadi saxis operatoris unitaruli (orTogonaluri) inva-
riantebis minimaluri sruli krebuli – polinomuri invariantebis bazisi; 
damtkicebulia ZiriTadi Teorema operatoris matricis kanonikuri formisa 
da polinomuri invariantebis bazisis urTierTcalsaxa Sesabamisobis Sesaxeb. 
damtkicebulia agebuli polinomuri invariantebis bazisis elementTa funq-
cionaluri damoukidebloba. 

6. napovnia zogadi saxis ori operatoris unitaruli (orTogonaluri) 
msgavsebisaTvis aucilebeli da sakmarisi damoukidebeli pirobebi (Teorema 7, 
f-la (89)); amasTan, gaumjobesebulia pirsis Sefaseba aseTi msgavsebisaTvis 
sakmarisi pirobebis raodenobis Sesaxeb (Cvens mier napovni Sefasebaa 

N ≤ n
2

+1, nacvlad pirsis mier mocemuli N ≤
222 n raodenobisa) da naCvenebia 

(f-la (2.105)), rom zogad SemTxvevaSi es Sefaseba ar SeiZleba gaumjobesdes. 

7. SemoRebulia zogadi saxis operatoris unitaruli invariantebis 

matrica (f-ebi (2.90-91)) da naCvenebia, rom am matricis struqtura emTxveva 
operatoris kanonikuri matricis struqturas. 

8. napovnia sxvadasxva simetriis mqone operatorebis wyvilebis orTogonalu-
ri klasificirebisaTvis sakmarisi da aucilebeli pirobebi maTi invariantebis 
bazisebis terminebSi (Teoremebi 2.12-15); bolomde gadawyvetilia operatorTa 
aseTi wyvilebis unitaruli da orTogonaluri klasificirebis amocana. 
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Tavi III 

vandermondis matricis ganzogadebebi   
da maTi Tvisebebi 

 am TavSi ganixileba originaluri Sedegebi, romlebic miRebulia SromebSi [44a,b], 
[40], [41], [67], [96] da warmoadgens [20], [56]-[58], [123]-[125] SromebSi mocemuli cnebebisa 
da Tanafardobebis vrcel ganzogadebas, amasTan, damtkicebebi Catarebulia ufro 
dawvrilebiT, vidre originalur SromebSi. 
 

$3.1. vandermondis jeradi matrica 
 

 jeradi interpolaciis klasikuri amocana (ix., mag., [55], gv. 104-106; [126], gv. 13-16) 
gviCvenebs, rom arsebobs 1N   xarisxis erTaderTi polinomi 

1NP 
, romelic 

akmayofilebs Semdeg pirobebs: 
( 1) ( 1)

1(1) ( ) , 1, , 1, , 1,2,...k k

N j j jP x y k r j n n 

      

sadac jx  da ( 1)k

jy   aris mocemuli elementebi nebismieri velidan; ,j lx x  roca ,j l  

1jr   da
1

.
n

jj
N r


 (1) pirobebi SeiZleba ganvixiloT, rogorc wrfivi gantolebebis 

sistema 
1NP 
 polinomis koeficientebis mimarT. maSin aseTi polinomis arseboba 

da erTaderToba niSnavs, rom (1) gantolebaTa sistemis matricis determinanti 
gansxvavebulia nulisgan. 

 aRvniSnoT (ix. [44a, b] da mimoxilva [20]) ( )lM  yvela iseTi l l  matricis simravle, 

romelTa elementebi ekuTvnis   vels,   1,2, .l   simboloTi 

  1 1( , ) ( , ; ; , ) ( ), ( , , 1, )n n N j jV V x r x r M x r j n    x r  

aRvniSnoT blok-ujredovani N N  matrica  

(2)   1 1 1 1 2 2( , ; ; , ) ( ) ¦ ( ) ¦ ¦ ( ) ,n n n nV x r x r w x w x w x  

sadac , 1, ,jw j n  aRniSnavs marTkuTxa matricebs 

(3) 1 ( 1)
1
1

( ) ( ) .
j

i k
i Nj
k r

w x x  
 
 

     

aseTi tipis matricebi bunebrivad Cndeba sxva amocanebSic, magaliTad, unitarul 
(evklidur) sivrceSi operatorebis polinomiuri invariantebis bazisis Seswavlisas 
(ix. Tavi II da Sromebi [40], [41]).  
 kerZo SemTxvevaSi, rodesac 1 1,nr r    gvaqvs N n  da matrica (2) daiyvaneba 

vandermondis matricaze 1( , , ) ( ):n nV V x x M   

1

1 1
( ,1; ; ,1) ,

n
i

n jV V x x x       

romlis determinanti gamoiTvleba cnobili (ix., mag., [124], gv. 50) formuliT 

(4) 1

1
1

det ( ).
n

i

j j k

k j n

x x x

  

       

 ganmarteba 1. (2) matricas vuwodebT vandermondis 1( , , )nr r -jerad matricas. 

rodesac 
1 ,nr r r    am matricas vuwodebT vandermondis r-jerad matricas da 

aRvniSnavT 1( , , ; ).nV x x r  

 es matricebi ganmartebuli da Seswavlilia SromebSi [44a,b]. 
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 im SemTxvevebSi, rodesac veli  , ,  samarTliania [44] Semdegi  

 Teorema 1. nebismieri 
1, , nr r   da 

1, , nx x   ricxvebisaTvis vandermondis 

1( , , )nr r -jeradi matricis determinanti gamoiTvleba formuliT 

(5)   1

1 1 1 0
1

det ( , ; ; , ) ( !) ( ) .
j i ln r r r

n n l ij k
i l n

V x r x r k x x


 
  

     

 kerZod, rodesac 
1 ,nr r r     gvaqvs 

(5')   
21

1 0
1

det ( , , ; ) ( !) ( ) .
nr r

n l ik
i l n

V x x r k x x



  

    

 Teoremis dasamtkiceblad winaswar davamtkicoT Semdegi lema: 

 lema 1. nebismieri ( )NU M  blok-ujredovani matricisaTvis, 

(6)   1 1 2 2( ) ¦ ( ) ¦ ¦ ( ) ,n nU u x u x u x  

sadac 

 
( 1)

1
1

1

(7) ( ) ( ) ( ) , 1, ,

, , , 1 , , ,

j

k

j i jk i N
k r

n

j jj

u x f x x j n

n N r n N r N x




 
 



  
  

    

 

xolo funqciebi , :i jkf   akmayofilebs pirobebs: 

 

1

1

( , ), 1, ,

( , ), max{ | 1, },

k

jk j

r

i j

C k r

f C r r j n

 



 

  
 

samarTliania Tanafardoba 

   1 1 1 1
(8) det det ( ) ¦ ¦ ( ) ( )

jn r

n n jk jj k
U x x x

 
      

sadac 

      
( 1)

1
1

( ) ( ) .
j

k

j i i N
k r

x f x


 
 

 
 

 

 lemis damtkiceba (ix. [44]). marTkuTxa ( )ju x  matricis k-uri sveti aRvniSnoT 

[k] j , 1, , 1, .jk r j n    cxadia, (8) samarTliania trivialur SemTxvevaSi, rodesac romelime    

 j nomrisaTvis, 1 ,j n   gvaqvs 
1( ) 0.j jx   vTqvaT, yvela 1,j n  nomrisaTvis gvaqvs 

1( ) 0.j jx   maSin sakmarisia vaCvenoT, rom (7) matricis svetebis elementaruli gar-

daqmnebiT xerxdeba maTi dayvana Semdeg saxeze: 

 
( 1)

1

(9) [ ] [ ] ( ) ( ) .
k

jj i jk
i N

k k f x x


 

  
 

 

 (9) formulis samarTlianoba davamtkicoT induqciiT. svets [1] j ukve aqvs (9) saxe:  

1 1
[1] [1] ( ) ( ) , 1, .jj i j i N

f x x j n
 

      

davuSvaT, yvela svets  [ ] | 1, , 1 1,j j j jk k m m r     agreTve aqvs saWiro saxe (9). Tu k-s 

romelime mniSvnelobisaTvis, 1 ,jk m   gvaqvs ( ) 0,jk jx   maSin formula (8) damtki-

cebulia. Tu axla k -s da j -s yvela mniSvnelobebisaTvis, 1, ,jk m 1, ,j n  gvaqvs 

(10)   ( ) 0,jk jx   

maSin (7) matricis [m j1] j svets davumatoT jami  ( 1)1

, 11
( ) ( ) [ ] ,/

j j

j j

m m qq

m j m jq jq
C x x q

 


    rome- 

lic, (10) pirobis Tanaxmad, koreqtulad aris ganmartebuli. vinaidan aq  1 ,jq m   
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induqciuri daSvebis ZaliT, jamSi Semaval [q ] j svets aqvs (9) saxe. amitom gveqneba 

  1( 1) ( )1 ( )

, 1 , 11 0
( ) ( ) [ ] ( ) ( )/

j jj j

j j j j

m mm q m qq q q

m j m jq j m j m iq q
C x x q C x f x

  

  
       

da, [m1] j svetSi laibnicis formulis gaTvaliswinebiT, miviRebT: 

 
( )

( ) ( )( )

, 1 , 1 , 10 111

[ 1] ( ) ( ) ( ) ( ) [ 1] ( ) ( ) .
j

j j j

j j j j

m m m q mq q

j j i j m m i j m j i j mq j i Ni Ni N

m f x x C f x x m f x x


      

          
     

  

 amrigad, [ 1]j j
m   svetma miiRo (9) saxe da lema damtkicebulia.   

 Teoremis damtkiceba (ix. [44]). (2) matricaSi i nomris mqone striqoni, 1, ,i N  

aRvniSnoT {i}. striqons 
1{ },r i  11, ,i N r   davumatoT jami 1

1
{ 1},

r

qq
c q i


   romlis 

koeficientebi qc F  jerjerobiT ar aris gansazRvruli. miviRebT: 

(11)  1 1

1 1

1 1

( )( )
det ( , ; ; , ) det

( )( )

n n

n n

n n

w xw x
V x r x r

u xu x

 
  

 
, 

sadac matrica ( ), 1, ,jw x j n  miiReba (3) matricidan bolo 
1N r  striqonis amoSliT, 

xolo matricas ( ), 1, ,ju x j n  aqvs Semdegi saxe: 

 

aq 11 1

1
( )

rr q

qq
Q x x c x 


   aris 

1r  xarisxis polinomi. 

 SevniSnoT, rom matrica
1

1 1( ) ( , ) ( )rw x V x r M   aris  1

1( ) | 1,i

if x x i r   funqciaTa 

sistemis vronskiani da amitom gvaqvs 

(13)  
1 1

1 1 0
!.det ( ) det ( , )

r

k
k w x V x r




   

 SevarCioT , 1, ,qc q N n    koeficientebi ise, rom ( )Q x  polinoms hqondes 
1r  

jeradobis fesvi wertilSi 
1x x  (es SesaZlebelia vietis Teoremis Tanaxmad). maSin 

1

1(14) ( ) ( ) ,
r

Q x x x   
( )

1 1(15) ( ) 0, 0, 1,kQ x k r    

da, laibnicis formulis, (12) da (15) Tanaxmad, gveqneba 1 1( ) 0.u x   Sedegad 

2 21 1

1 1

2 2

( )( )( )
...det ( , ; ; , ) det

( )( )0

n n

n n

n n

w xw xw x
V x r x r

u xu x

 
  

 
, 

saidanac, determinantisaTvis laplasis Teoremis (ix., mag., [59], gv. 30, [123], gv. 51) da 
(13) formulis gaTvaliswinebiT, vRebulobT: 

 1
1

1 1 0
!(16) det ( , ; ; , ) det .

r

n n k
kV x r x r U




   

(16) formulaSi Semavali matrica  
1

2 2( ) ¦ ¦ ( ) ( )n n N rU u x u x M    blok-ujredovani saxisaa, 

amasTan, misi blokebi ganisazRvreba (12) formuliT. maSasadame, U  akmayofilebs 
1 lemis pirobebs, saidanac, (12) da (3) formulebis gaTvliswinebiT, vpoulobT: 

     2 2 2 2 2
det det ( ) ¦ ¦ ( ) det ( ) ¦ ¦ ( ) ( ) .

jrn

n n n n jj
U u x u x w x w x Q x


    

amitom, (2) da (14) gaTvaliswinebiT, (16) gvaZlevs rekurentul Tanafardobas 

 1 1
1

1 1 1 2 20 2
(17) det ( , ; ; , ) ! ( ) det ( , ; ; , ).j

r n r r

n n j n nk j
V x r x r k x x V x r x r



 
    

(17) da (13) formulebidan n-iT induqciis gamoyenebiT vRebulobT dasamtkicebel 
(5) Tanafardobas.   

… 

… 

 
1

( 1)
1

1
1

(12) ( ) ( ) , 1, .

j

k
i

j i N r
k r

u x x Q x j n




  
 

  
  
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$3.2. vandermondis ganzogadebuli jeradi matrica 

 vTqvaT, , ( , 1, )i jx i j n  namdvili ricxvebia, iseTi, rom ,i j   roca .i j   

 SemoviRoT aRniSvna (ix. [44])   

(18)  ( ) { | 1, }.n i i n    

iq sadac es ar gamoiwvevs gaugebrobas, aRvniSnavT ( ) .n    

 monografiaSi [42] (gv. 372) mtkicdeba, rom vandermondis ganzogadebuli matrica 
( ) ( )

1
1

1 1

(19) ( , , ; )

... ...( )0 ;

i
n

G G

j n

n n

x V x x V

x x

    

    




 
 

aris savsebiT dadebiTi, e. i. am matricis y v ela minori dadebiTia. 

 ganmarteba 2.  matricas 

( ) ( ) ( ) ( ) ( )

( ) 1 1 ( ) 1 1 2 2(20) , ; , ; ; , ; ( ) ¦ ( ) ¦ ¦ ( ) ,( ) ( )G G G G G

N n n N n nV V x r x r w x w x w x    x r    

sadac 
( ) ( 1)

1
1

1

(21) ( ) ( )

( , , , , 1, ).

i

j

G k
i Nj
k r

n

i j jj

w x x

x r N r j n


 
 





   

    




 

vuwodoT vandermondis ganzogadebuli 
1( , , )nr r -jeradi matrica.  

 SromaSi [44] SemoRebuli es matrica aris 3.1 paragrafSi Seswavlili vandermondis 

jeradi matricis bunebrivi ganzogadeba. cxadia, rom, rodesac 1, 1, ,i i i N    gvaqvs 
( )

1 1, ; , ; ; ,( ) ( ),G

n nV V x r x rx r   xolo roca 1, 1, ,ir i N   maSin ( ) ( )

1, ; ( , , ; ).( )G G

nV V x xx r    

 Teorema 2. vandermondis ganzogadebuli
1( , , )nr r -jeradi matrica  

( ) ( ) ( ) ( )

1 1 ( ) 1 1 2 2

1 1

, ; ; , ; ( ) ¦ ( ) ¦ ¦ ( )

... ...(0 ; )

( )G G G G

n n N n n

n n

V x r x r w x w x w x

x x

   
    



 
 

dadebiTad aris gansazRvruli. 

 am Teoremis dasamtkiceblad dagvWirdeba lema (ix. [44]): 

 lema 2. nebismieri mudmivebisaTvis , 1, ,ic i N   romlebic erTdroulad ar udris 

nuls da , ,i i k     roca , , 1, ,i k i k N   funqcias 
1

: , ( ) i
N

ii
f f x c x


 

  aqvs araumetes 

1N   dadebiTi nuli (Tu nulebis raodenobas daviTvliT maTi jeradobis gaTva-
liswinebiT), e. i. 

( )1

( )1

( ) ( ) ;

1; ; 0, 0; 0, 1, , 1 .

( ),

( )

j
n r

j Nj

n

j N jj

f x x x x

r N x x x j n n N





 

       












 

 lemis damtkiceba. Tu funqcias :f   aqvs mxolod martivi nulebi, anu, 

Tu 1 1,nr r    maSin n N da 2 lemis samarTlianoba gamomdinareobs utolobidan 
( )det 0,GV   romelic damtkicebulia monografiaSi [42] (gv. 372). marTlac, es utoloba 

niSnavs, rom, Tu 
1

( )
N

ii
f x c x


   funqciis nulebis raodenoba  N, maSin mudmivebi ic  

akmayofilebs erTgvarovan gantolebaTa sistemas, romlis rangi  N da, Sedegad, 

0, 1, .ic i N   
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 vTqvaT, lema samarTliania, rodesac 1 jr r   yvela j nomrisaTvis, 1, ,j n  da 

davamtkicoT, rom is samarTliania maSinac, roca romelime j' nomrisaTvis, 1 ,j n   

gveqneba 1.j'r r   

 davuSvaT sawinaaRmdego: vTqvaT, arsebobs iseTi mudmivebi , 1, ,ic i N   romel-

Tagan erTi mainc ar udris nuls, rom N-xarisxovan jams aqvs N 1 nulze meti: 

1
( )11

1

;( )( )

; 1 1, 0, 1, , 1 .

( ),j
n rN

j Ni ji

n

j j jj

xx xf x c x

r N r r x j n n N





 

       





 
 

 gadavnomroT ( )f x  funqciis nulebi xi ise, rom maTi jeradoba ri ar izrdebodes. 

aRvniSnoT m im nulebis raodenoba, romelTa jeradoba ri2, 1 .m n   am aRniSvnebSi 
gveqneba 

1
(22) .

m

jj
r n m N


    

 gakeTebuli daSvebidan gamomdinareobs, rom funqcia ( )f x  akmayofilebs Semdeg 
pirobebs: 

( 1)

( )(23) 0, 1, ,

( ) ( )(24) 0, 2 1, 1, .j

j

r

j j j

f x j n

f x f x r r j m


 

       
 

 SemoviRoT (ix. [44]) damxmare funqcia :f  :   

 1
1

1
( ) ( )(25) .

N

ii
f x f x x c x





    
 

 rolis Teoremis (ix., mag., [97], n111) Tanaxmad, (23) pirobebidan gamomdinareobs, 

rom funqcia (25) nulis toli xdeba wertilebSi ,j  10 , 1, 1,j j jx x j n      e.i.    

( ) 0, 1, 1.jf j n    

amas garda, laibnicis formulis da (23), (24) pirobebis gaTvaliswinebiT, gvaqvs 
( 2)

( ) ( ) ( ) 0, 1, ,jr

j j j
f x f x f x j m

      

da, maSasadame, (N 1)-xarisxovan jams (25) aqvs Semdegi saxe: 

(26)  
1 1

( ) ( )1 1
( ) ( ) ( ) ; ( ) ; ,( ) ( )j

n m r

k j N Nk j N
f x x x x x x xP

 

 
         

sadac ( )
N

xP  polinomis yvela fesvi dadebiTia da aqvs jeradobebi, romlebic  r.  

 induqciuri daSvebis ZaliT, ( )f x  funqciis dadebiTi nulebis raodenoba < (N 1). 
meores mxriv, (26) da (22) formulebidan vpoulobT 

1 1
( 1) 1 1 1.

m m

j jj j
N r n r m n N

 
            

mivediT winaaRmdegobamde, e.i. lema samarTliania maSinac, roca f  funqciis romelime 

nulis jeradobaa 1.j'r r   amiT lemis damtkiceba induqciiT dasrulebulia.     

 Teoremis damtkiceba. jer davamtkicoT, rom nebismieri mudmivebisaTvis ,jr   

0, ,j j lx xx    roca , , 1, ,j l j l n   da , ,i i k     roca , , 1, ,i k i k N   sruldeba utoloba 
( )

1 1 ( )(27) det , ; ; , ; 0.( )G

n n NV x r x r   

 ganvixiloT Semdegi saxis funqcia :f  :  

(28)    ( ) 1 1 1 2 2 2; det ( , ; ) ¦ ( ; ) ¦ ¦ ( ) ,N n n
f x x x r x r x     

sadac marTkuTxa matricebs 2, , n   aqvs Semdegi saxe: 
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(29)  ( 1)
1, 1
1,

( , ) ( ) , ( 2, , , , ),i

j

nk
i N jj j j ij
k r

xx r x j n r N


  
 


         

xolo (28) determinantis pirvel blokSi mdgar 
1  matricas pirvel svetSi aqvs 

(0, )x   cvladis xarisxebi , 1, ,ix i N
  danarCen svetebSi ki _ am xarisxebis 

warmoebulebi, gamoTvlili fiqsirebul 
1 0x   wertilSi: 

1
( 1)

1 1 1 1 1
1,

(30) ( , ; ) , ( ) , ..., ( ) .i i i r

i N
x x r x x x




   

     

 (28)-(30) ganmartebebidan gamomdinareobs, rom  

(31)  
1

( )

( ) 1 1 ( )( ; ) det , ; ; , ;( ).|
G

N n n N
x x

f x V x r x r

   

 gavSaloT (28) determinanti pirveli svetis elementebis mixedviT. miviRebT 

( ) 1
( ; ) ,i

N

iN i
f x c x




  

sadac koeficientebi , 1, ,ic i N   aris (28) determinantSi ix  elementis algebruli 

damateba. cxadia, es koeficientebi damokidebulia , , 1, , 1,( )i j ix r j n i N   parametrebis 

mniSvnelobebze da ar aris damokidebuli x cvladze:
1 1 ( )( , ; , ); ; .i i n n Nc c x r x r   maSasa-

dame, (28) akmayofilebs 2 lemis pirobebs da amitom misi nulebis raodenoba 1.N    
 meores mxriv, advili SesamCnevia, rom (28) determinantis k-jer gawarmoebis Sede-

gad, 11, 1,k r   pirvel
1 1 1( , ; )x x r  blokSi ori sveti 1x x  wertilSi xdeba erTnairi da 

(32)  
1

( 1)

( ) 1( ; ) 0, 2, .|
k

N
x x

f x k r



   

garda amisa, (28) ganmartebis Tanaxmad, ( )( ; )N
f x   funqcias aqvs rj jeradobis nulebi 

wertilebSi , 2, .jx x j n   Tu davuSvebT, rom utoloba (27) mcdaria, e.i. arsebobs 

iseTi mudmivebi , , 1, , , 1, ,j j ir x j n i N


      romelTaTvisac 

(33) 
1

( )

1 1 ( ) ( )det , ; ; , ; ( ; ) 0, ( , ; , ),( ) |
G

j ln n N N i k
x x

f x x xV x r x r j l i k 


        

miviRebT, rom, (32) da (33) formulebis Tanaxmad, 1x x  wertili aris ( )( ; )N
f x   

funqciis r1 jeradobis nuli; maSin ( )( ; )N
f x   funqciis nulebis raodenoba (maTi 

jeradobis gaTvaliswinebiT) aris 

1 2 1
1.

n n

j jj j
r r r N N

 
       

 miRebuli winaaRmdegoba gviCvenebs, rom (33) mcdaria, e. i. (27) WeSmaritia.  

 kerZo SemTxvevaSi, rodesac 1, 1, ,i i i N    gvaqvs ( ) , ; ,( ) ( )GV Vx r x r  da  

( )

11 1 ( )
1

...(0 ).(34) det , ; ; , ; 0( )|
i

G

nn n N
i

x xV x r x r
  

    

magram i  mudmivebis nebismier 1 ... n    mniSvnelobebze gadasvla SesaZlebelia 

mTeli 1i i   mniSvnelobebis uwyveti cvlilebiT ise, rom SenarCunebul iqnas 

utolobebi maT Soris. vinaidan determinanti aris matricis elementebis uwyveti 
funqcia, xolo, damtkicebuli (27) utolobis ZaliT, is versad ver gautoldeba 

nuls, vaskvniT, rom yvela 11
...0 ... , nnx x        mniSvnelobebisaTvis determinanti  

SeinarCunebs niSans, romelic aqvs (34) utolobas.  

 vinaidan ( )

1 1 ( ), ; ; , ;( )G

n n NV x r x r   matricis nebismieri mTavari minori aris vander-

mondis romelime ganzogadebuli 1( , , )nr r -jeradi matricis determinanti, yvela 

aseTi minori aris dadebiTi.       
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 (27) utolobidan gamomdinareobs 

 Sedegi 1. nebismieri mocemuli erTmaneTisagan gansxvavebuli N mudmivisaTvis,  

,(i i k     roca , , 1, ,)i k i k N   calsaxad moiZebneba iseTi N  1 namdvili mudmivi 

0,ic  1, 1,i N   da funqcia  

( ) ( ): ( ; ), ( ; ) ,N Nx x x C       

romelTaTvisac 

(35)  
1

1 ( )1
( ) ( ),;i N

N

i N Ni
c x x P x x




  

 
  

sadac
1( )NP x

 aris x  cvladis N 1 xarisxis nebismieri mocemuli polinomi, romel-

sac aqvs mxolod dadebiTi fesvebi (SesaZloa, jeradic) da 
( )( ; ) 0,Nx   roca x > 0. 

 marTlac, aRvniSnoT mocemuli 
1( )NP x

 polinomis j-uri fesvi jx  da am fesvis 

jeradoba , 1, .jr j n  pirobis Tanaxmad, yvela 0jx   da  

1
1, 1 1.

n

jj
r N n N


      

wertilebSi , 1, ,jx x j n   (35) formula gvaZlevs 

(36)  
 

1 ( 1) ( 1)

1
( ) ( ) 0 .

1, , 1,

i N
N k k

i j ji

j

c x x

k r j n

   


 

 


 

gantolebaTa sistema (36) Seicavs 
1

1
n

jj
r N


   gantolebas 1N  ucnobisaTvis 

ic  da 

am sistemis matrica aris ( )

1 1 ( ), ; ; , ; .( )G

n n NV x r x r   (27) utolobis ZaliT, (36) sistemas 

aqvs erTaderTi amonaxsni  

  1 1 ( )( , ; ; , ; ) 0, 1, .i i n n Nc c x r x r i N    

ic  koeficientebis napovni mniSvnelobebis (35) formulaSi Setanis Semdeg vipoviT 

   
 

11

( ) 1 1
( ) ( ) ,;

, 1,

i N
N

iN N i

j

c x xx P x

x x j n

 




 
 

 


 

amasTan, vinaidan am Sefardebis mricxvelsa da mniSvnels aqvs erTnairi jeradobis 

nulebi erTsadaimave wertilebSi , 1, ,jx x j n   funqcia
( )( ; )Nx   SegviZlia ganvmar-

toT ise, rom ( )( ; ) ( , ), 0.Nx C x     

 SevniSnoT, rom es winadadeba iZleva vietis Teoremis ganzogadebas, ramdenadac 
gansazRvravs xarisxovani jamis koeficientebs, Tu cnobilia am jamis yvela 
(dadebiTi) fesvi.  

 kerZod, rodesac 0 , 1, ,i i i N     vietis Teoremis Tanaxmad, moiZebneba iseTi koe-

ficientebi ci, romelTaTvisac  
1

1 11
( ) , ,p

nN nri N

i p pi pp
c t t t x r N



 
      

da Sedegad, gveqneba 

(37)  0 0 0
1

( ) 1 11
( ) , .;( ) p

n N nr i N

N p i pi pp
t t x c t t t r N

  

 
     

    

 cxadia, rom Tu aq aviRebT 0 0,  maSin ( )( ; ) 1.Nx   
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$3.3. Semdgomi ganzogadebebi da gamoyenebebi 

  SromaSi [44] ganviTarebuli meTodebis gamoyenebiT vaCvenoT, rom vandermondis 

ganzogadebuli jeradi ( )

( ), ;( )G

NV x r   matricis Seswavlisas zogadobis daurRvevlad 

SegviZlia SemovifargloT SemTxveviT  

(38)  
1 20 ... .n       

 marTlac, vTqvaT, n, N _ mTeli ricxvebia, 1 n N   da 10, 1, , ... .j Nx j n      

gamoviyenoT 1 lema, sadac aviRoT 

   11, ( ) , 1, , 1, , 1, .( ) i

i jj k
x x x k r j n i Nx f 

    
   

maSin (7) da (8) formulebis gamoyenebiT vipoviT: 

(39)    1( ) ( )

( ) 1 ( )1
det , ; det , ;( ) ,( ) ( )j

n rG G

N j Nj
V x V


 x r x r 


  

sadac 

1 ( ) 1 1( ) { | ... , 1, }.N i N i N            

cxadia, ( )

1 ( ), ;( )( )G

NV x r    matricisaTvis (38) pirobebi Sesrulebulia.          

 (20) formuliT SemoRebuli vandermondis ganzogadebuli 
1( , , )nr r -jeradi mat-

rica ganmartebulia naturaluri 
1, , nr r  ricxvebisaTvis. SromaSi [44] naCvenebia, rom 

SesaZlebelia moixsnas am ricxvebis dadebiTobis moTxovna.  

 marTlac, vTqvaT, | | , 1, .i i N   gavitanoT (27) determinantis i-uri striqonidan 

mamravli  

  
( 1)

...( 1) ( 1) 0, , 1, ,
( 1)

i
i i i

i

q q i N
q

 
      

  


  


 

sadac ( ) ( 1)!z z    eileris gama-funqciaa da gaviTvaliswinoT, rom 

(40) ( 1) 1( 1)
( ) ,

( 2)
i ik ki

i

x x
k

  

  

 




(40')  1( 1) ( 1)( 1) ( 1)
( ) ( ) , 1,2, ...

( 1) ( 2)
i i ik qk k qi i

i i

q q
x x x q

k

         
  

    

   

 
. 

rogorc cnobilia, (40), (40') formulebis gamoyeneba dasaSvebia maSinac, roca 
warmoebulis rigi uaryofiTi mTelia (ix., mag., 127], gv. 362-364): 

(41)  ( ) 1

0 0 0

1
...( ) ( ) , 1, 0, 1,2,...

( )

xx x
q q

q

x dx dx x x t t dt x q
q

 



      
  

   

jer

 

da maSinac, roca warmoebulis rigi ar aris mTeli 128], 129]. marTlac, (41) for-

mulis marjvena mxareSi t xu   Casma da -integralisaTvis eileris formulis  

(42)   
1

1 1

0

( ) ( )
( , ) (1 ) , ( , 0)

( )
u u du   

    
 

   
   

 
 

gamoyeneba gvaZlevs (40) formulebs.  
 (27) determinantSi (40) formulebis gamoyenebiT miviRebT 

(43) ( ) ( )

1 1 ( ) 1 1 ( )1

( 1)
det , ; ; , ; det , ; ; , ; ( ) ,

( 1)
( ) ( )

NG Gi
n n N n n Ni

i

V x r x r V x r q x r q q
q

  
   

   
 




 

sadac, (41) gaTvaliswinebiT (im SemTxvevaSi, Tu 1, 1, ),i q i N     
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(44)  

( ) ( ) ( )

1 1 ( ) 1 1

( ) ( 1) ( ) ( )
1
1

( ) ( 1)

1
01 1

1

, ; ; , ; ( ) ( ) ( ) ,

( ) ( ) ( ) ( ) ,

1
( ) ( ) ( )

( )

( ) ¦ ¦

¦i

j

i i

G G G

n n N n n

qG k q G G
i Nj j j
k r

x
q qG k q q k

i Nj
qk i N

k

V x r q x r q q w x w x

w x x x u x

x x x t t dt
q

  
 
 

   

 
   

 

     

       

 
       



 



 





( ) ( 1)
1
1

( ) 1 1

,

( ) ( ) ,

, , , ( ) { | , 1, }, 1,2, , .

i

j

q

qG k
i Nj
k r q

n

i j N i n jj

u x x

x r q q i N q N r

 
 
  





   

          



  

 

aq, im j nomrebisaTvis, 1 ,j n   romelTaTvisac ,jq r  Sesabamisi nomris mqone matrica 
( )G

jw  Seicavs mxolod ( )G

j  nawils: 

(45)  
1( ) ( ) ( 1)

1
1

1 0 1

( ) ( ) ( ) ( ) ( ) , , 1.i i

j
j

x
q qG G k q q k

i Nj j j ii N
k r

k r

w x x x q x t t dt q r q
   

 
 

 
 

              
 

  

 (43) formulidan vpoulobT: 

( ) ( )

1 1 ( ) 1 1 ( )1

( 1)
det , ; ; , ; ( ) det , ; ; , ; ,

( 1)
( ) ( )

NG Gi
n n N n n Ni

i

q
V x r q x r q q V x r x r



  
  

 
 




 

saidanac, aRniSvnebis Secvlis Semdeg, 2 Teoremis gaTvaliswinebiT, vRebulobT 

(46) ( ) ( )

1 1 ( ) 1 1 ( )1

( 1)
det , ; ; , ; det , ; ; , ; ( ) 0,

( 1)
( ) ( )

NG Gi
n n N n n Ni

i

V x r x r V x r q x r q q
q

 
    

  
 




 

      1, 2,... , 0, 1, .j jr r q j n                   

 ganvixiloT kerZo SemTxvevebi. 

 magaliTi 1. vTqvaT [44], 1, , 0.n N r x    am SemTxvevaSi gvaqvs: 

( ) ( 1)

( )
1

, ; ( ) ,( ) i
r

G k

rV x r x    
  

e. i. ( )

( ), ;( )G

rV x r   aris { ( ) | 1, ; 0}i

if x x i r x  
  funqciaTa sistemis vronskis matrica. 

am matricis determinantis gamoTvla gvaZlevs:  

(47)  ( )

( )

1

det , ; ( ),( )G

r j k

k j r

V x r x
  

      

sadac 
1

( 1) 2./
N

ii
r r


     SevniSnoT, rom (47) azogadebs (13) Tanafardobas. 

 (47) gamoyenebiT vpoulobT iseT ci koeficientebs da ( )( ; )rx   funqcias, rom  
1 1

1 ( )1
( ) .;( )i N

N N

i Ni
c x x x x x

 


   

 
  

marTlac, (47) gaTvaliswinebiT, krameris formulebi gvaZlevs 

1 ( 1)
( ), 1, 1,,iN

i i N N
c x L i N




   

    

saidanac, 2 Teoremis Sedegis gaTvaliswinebiT, 

 11

( ) 1 1 1 1 ( 1)1
( )(48) ( ) ( ) ( ) 0, 0.,; / /( ) N N i

NN

i N NN i
x x x x x Lx x x x

 


    

  
    

aq ( 1)
)( , NiL    aRniSnavs lagranJis elementarul interpolaciur polinoms [126]: 

    
1

( 1) 1
( ) ( ) ( ), 1, 1., /

N

p i pi N p
i NL



 
           

 advili SesamCnevia, rom wertilSi 
1 0x x   gvaqvs 

(49)    
11

( )1 ( 1)1

( 1) ( 1)
( ) .; ,

( 1)! ( 2) ( 2)
( )

N
NN i

i N NN i
N i

x
x L

N N N





    
  

       



 

 
    
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 magaliTi 2. vTqvaT, 11 , min{ | , 1, }, , 0.j j N jn N q r r j n q x           (43) formulis 

marjvena mxaris determinantSi integralebis Semcveli svetebi gadavitanoT marjvniv  
da gamoviyenoT 2 Teoremis Sedegi. martivi gardaqmnebis Semdeg gveqneba [44]:  

(50)   

 

1

1

( )

( )

( )

1 1

1

, 1,

( )

1 11

det , ;

, ; ; , ; ( )( 1)
( 1) det

( 1) 0

( 1)
( 1) det , ; ; , ; ( ) det ,

( 1)

( )

( )

( )

*

G

N

G
N n ni N nq

i
i

i j N

N Gi
n n N nqi

i

V

V x r q x r q q

q A

V x r q x r q q A
q



















  
   

    


   

 





x r















 

 

 

sadac aRniSnulia  

1 1
( ),

n

jj
q j r q


     (1) ( )

1 ,
( )( ) ¦ ¦ ( ) ,n

n nq nqA A x A x M     

xolo ( )

,( ) ,j

nq qA x M  ,1,i n  aris Semdegi saxis marTkuTxa matrica:  

 1

( 1)
( )

( )1 1 11 0 11

1 0 0 1

( ) ( ) ( ) ( );

0 , 0, , 1, , 0,( ).

( )
j

i p pN i

q k x nN q r qqj q k

j ip j i p jNp nqp inqi qkqk

n

j j j jj

A x x c x t q t x x t dt

x x x r j n r r N

 

  
  

    
  

 

             

      

 








 

aq  

1,N N nq    

 xolo koeficientebi cip da funqciebi ( )
( ); 0, 0,( )i N

t q t     ,1,i nq  gansazRvrulia 

(35) formulis Sesabamisad.  

 ( )( )j

jA x  matricis k nomris mqone svets gamovakloT ( 1)

1( )j

jA x

  matricis igive k 

nomris mqone sveti, j  n, n 1, …, 2. gveqneba 

1

1

( )

( ) 1 1
1

1
1

1( )
1/
1

( ) ( ) ( ) ( );

( 1) (1 ) ( ) ( ); .( )

( )
j

p

j

j j j p

j j

x
n r qj q k

j j i pN p nqi
x

qk

nr q r k r k r q

pi j j j pN
p j nqx x i

qk

A x x t t q t x dt

u q x duux x ux







  
 

    


  

 

     
  

 
      













 

 Sedegad, martivi gardaqmnebis gamoyenebiT (ix. [44]), (50) gamosaxulebas SeiZleba 
mivceT Semdegi saxe: 

 

2
1

( )

( )

( )

(1) ( )
1 11 1

det , ;
(51)

det , ;( )

( 1)
( 1) det ( ) ¦ ¦ ( ) ,)

( 1)
(

( )

( )

j p

G

N

G

N nq

nN n qr r q q ni
pj j p ni j
p j

i

V

V q q

x x B x B x
q

x






 









  
         

  

x r

x r

 





 
 

sadac  

 1 1 1 1
( ) ( ) ( 1)( )

n n

j jj j
q N nq q j r q N nq q j r q

 
             

da 

1

1
( ) ( ) 1

1 1( )
1

/ 1
1

1 0 0 1

(52) ( ) [ ( )] (1 ) ( );

0 , 0, , 1, , 0,( ).

( )
p

j

j j

r q

nr kj j j pk
nqi pj ik j i j Njqk p jx x j p nqi

qk

n

j j j jj

x
B x b x u q du

x

x x x r j n r r N

u x
uxx

x





  
  

 
 

 

  
          

      





 
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 ( )
( ), ;( )G
NV x r   matricis dayvana (50) safexurebian saxeze SesaZlebelia sxva xerxiTac. 

(43) formulis marjvena mxaris determinantSi gadavitanoT marjvniv , 1j jk r q r    

rigis warmoebulebis Semcveli svetebi. 2 Teoremis Sedegis gamoyenebiT miviRebT:  

(50')  2

( )

( ) 1 1

( )

, 1,

, ; ; , ;
det , ; ( 1) det ,

0

( )
( ) *

G

G n n N nq

N

i j N

V x r q x r q
V

A





  
  
  

x r
 

  

sadac  

(53)   
2 11 1

( 1)( ) 2 ( ),
n n

j jj j
q j r q q r q

 
         

xolo matrica (1) ( )

1 ,( ) ¦ ¦ ( ) ( )n

n nq nqA A x A x M     gamoisaxeba marTkuTxa matricebiT  

 
  

( 1)
( ) ( )

1 1
11
1

( ) ( ) ( ) 1,;( ) ( ).
|

j
p

j

k r q
n r qj j

j ik j i pnqi N p
nqq ik x x
qk

A x a x x x j nx
  



  
   
 

 
      

 
  

 advili SesamCnevia, rom aq, 2 Teoremis Sedegis Sesabamisad, 

(54)    1
1

( ) ( )1 1
( ) ( ); ; .( ) ( )i p pN i

nN q q rqq q

i ip p iN Np p
x x x c x x x x qx 

  

 
     


    

 (54) formulis gaTvaliswinebiT gavamartivoT ( )jA  matricis ( )j

ika  elementi:  

 

( 1)
( )

( )
1( )

( 1)
( )

( )

1( )0

0

( ) ( ) ( ) ( );

( ) ( ) ( );

(

( )

( )

|

|

j

j p

j

j
j j p

j

j

j

j

k
r q

nr q r qj q
pik j i j pN
p j

x x

k
m

r q m nr q r q r qm q
pr q j i pNm
p j

x x

r q m

r qm

a x x q x x x x

C x x x q x x

r
C

x

x




 







   










  
         

  
         





 











 

( 1)
( )

1( )

( 1)
( )1

11 ( )0 0

1

10

)!
( ) ( ) ( );

!

( )!
( ) ( ) ( );

!

( )!

(

( )

( )

|

|

p

j

j p

j

j

k
m

n r qj m q
pj i pN
p j

x x

m k l
l nr q k r qj qm l m

pr q k j i pNm l
p j x x

k jl

kl

q
x x x q x x

m

r q
C C x x x q x x

m

r q
C

x

x










  
  

  
 





   
        

  
     

 






  











( 1)

1( )0

( 1)
1

1 1( ) 0

( ) ( );
)!

( ) ( ) ( )!;

( )

( )

|

|

j p

j

j

p

j

j

m k l
nr q r qm q
pr q ml i pNm
p j x x

k
n kr q l lq
pi p j r q kN l
p j x x

C x q x x
m l

x q x x r q C C

x

x

  
 


 




  
 

 
   

  

 
    
 

 



 







 
(aq 

ml  aRniSnavs kronekeris simbolos). ukanaskneli gamosaxulebis marjvena mxare 

gavamartivoT cnobili formulis (ix., mag., 130], 0.156.1) 

0

p l p l p

n m n ml
C C C


  

gamoyenebiT, romelSidac aviRoT 1, .jp m k n r q      binomialuri koeficientebis 

simetriis gaTvaliswinebiT gveqneba  
( 1)

( ) 1
1 1( )

( 1)

1( )

(55) ( ) ( ) ( ) ( )!;

( ) ( ) ( 1)! ( 1)!.;

( )

( )

|

/|

p

j

j

p

j

k
n r qqj k
pik j i p j r q kN
p j x x

k
n r qq
pi p jN
p j x x

a x x q x x r q C

x q x x r q k k

x

x


 

   
 





 

 
     
 

 
       
 












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 (55) formulidan gamomdinareobs, rom matrica (1) ( )

1( ) ¦ ¦ ( )[ ]n

nA A x A x  akmayofilebs 

3.1 lemis pirobebs, amitom (8) formulidan miviRebT: 

(56) 
22(1) ( )

11 1 1
det ( ) ¦ ¦ ( ) det ( ) ( 1)! ( 1)! ,det /p

n qn r q qn q
pn j j p jj kp j

A A x A x x x x r q k k



 

             
    

sadac 

(57)  
 1 1

( 1)

1( )
1

¦ ¦ ,

( ) , 1, .;( )

nq

n

k
nqij i j N
qk

x q j n

 
 

   

    
 
 

 

Sedegad, (50') formulidan vpoulobT: 

 

2

22
2

( )

( )

( )

1
1 1

det , ;
(58) det( 1)

det , ;

( 1)!
.( 1) ( )det

( 1)!

( )

( )

p

G

N

G

N nq

n qn r q q jq
pj j pj kp j

V
A

V q

r q k
x x x

k






 

 


   
    

 
  

x r

x r








 

 (51) da (58) formulebidan, (53) da (56) formulebis gaTvaliswinebiT, miviRebT: 

(59)   

1 2

2

( )

( )

( ) 1
( )

1 11

det , ; det ( 1)
( 1)

det , ;( ) det ( 1)

( 1)!( 1)det

( 1)!( 1)det

( )

( )

j

G
NN nq i

G i
N nq i

qnN qr qi
ji j k

ji

V q A

V q q A q

kB
x

r q kq

 






 









 
  

  

 
        



 

x r

x r

  










 

 (59) gamosaxulebis macxena mxares mdgari Sefardebis gamosaTvlelad visar-
gebloT (39) formuliT. miviRebT 

(60)  
2

( ) ( )

( ) ( ) 1
det , ; det , ;( )( ) ( ) j

n r q qG G

N nq N nq jj
V q V q q x



  
    x r x r   

da (59) formulaSi Setanis Semdeg, (57) gaTvaliswinebiT, gveqneba: 

 (1) ( )

1 21 1 1 111

1 0 0 1

( )( 1)
(61) ¦ ¦det ( ) ¦ ¦ ( ) det

( )( 1)

0 , 0, , 1, , 0,( ).

n qnq Nnq jin

n ji k
i

n

j j j jj

r q kq
B x B x

k

x x x r j n r r N

  

 





   
      

      

 





  

aq matricebi   da , 1, ,j j n   gansazRvrulia (57) formuliT.  

 mosaxerxebelia (61) formulis marjvena mxareSi Semavali mamravli warmovad-
ginoT sxva eqvivalenturi saxiT. TanamamravlTa gadajgufeba gvaZlevs: 

1

1 1 11 1

1

1

1 1

1

( 1)( ) ( 1)( 1)
( )

( )( )( 1) ( 1)

( 1)( 1)
( )

( ) ( 1)
(62)

( 1)

( )

N

nq qn kN j k qki

j Njk kji
i ii

qN
nq qkk k

j Njk

ii

k

qr q k qq
r q k

kk

qq
r q k

k

q

k

 

   







 



       
         

   
   

   

 





  










 






1

1 1

1 1

11 1

( 1)
( )

( 1)( 1)

)( 1( 1)
.( )

( 1)( 1)( )

qN
nq qkk

j qq Njk

i qii i

nq qN qk k

jj kk
qkk

q
r q k

q q
r q k

k





 

 

 

 


 
   

   

     
       




 

 









 

 (62) formulis marjvena mxare gviCvenebs, rom gansakuTrebiT sainteresoa 

SemTxveva, roca 0 1,k r k    0 0, 1, .r i N   maSin 
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      0 0

1
1 11

( 1) 11
( ) ( ) , 1, ,;( ) p

n N nqr q r i q r i qp N nq

i N nq p ppp
t q t x c t t t t i nq


       

  
        

da, 1 lemis da (57) formulis gaTvaliswinebiT, 

(63)   
2

0

1 2 1 11
¦ ¦ det ( , ..., ; ) ,det

nq n r q q

n jj
V x x q x




     

sadac  1, ..., ;nV x x q  aRniSnavs vandermondis q-jerad matricas (ix. ganmarteba 2). 

Sedegad (61), (62) da (63) formulebidan vpoulobT:  

2
0

(1) ( )

1 0101

11
0

1 01 1

01 0

1
01

det ( ) ¦ ¦ ( ) ( )( )
( )

( )( )det ( ,..., ; ) ( )

( ) ( ) ( )

( )( )
(64)

nq qNn
nqn k

j qn Njr q q k
n jj k

nqN

q
j jjk

N k

k

x x r kr qk
r q k

r kkV x x q x r qk

r k r q k r q k

kr k





 

 



 





       
        

      
 













b b

01

01

1 00

1

001

1 0 0 1

( )

( )

( ) ( )( )

)(( )( )

, 0, , 1, , 0,0( ),

/

/

q n

jk

N

k N q

q nn

q jj jjk

q k

k

n

j j j jj

k

r k

r q kr q k k

N qkkk rr N q

x x x r j n r r N

 

  

 





 






   
 

    

      

 



 






 

sadac aRniSnulia 

(65)  
1

1
( ) 1

0

/ 1
1

.( ) (1 )

p

j

j j

r q

nr k j pi kj i
pjj
p jx x j p nqi

qk

x
ux u du

x

ux
x

x




 



 
 

  
    

    

b  

  (52) da (5') formulebis gaTvaliswinebiT (64) formulis marcxena mxaris 
gamartiveba gvaZlevs Tanafardobas 

  2

(1) ( ) 0
1 111

0

1

0

1
10

1 0 0 1

( )
det ( ) ¦ ¦ ( )(66) det ( , ..., ; )

)(( )

( ) ( )
( )

)(

, 0, , 1, , 0,0( ).

n

nq qn jj
n nk

nn

qq jj

l ik
i l n

n

j j j jj

r q k
x x V x x q

N qkk r

k r q k
x x

N qk r

x x x r j n r r N










  

 

 
   

 

  
 

  

      









b b

 

 meore saintereso SemTxveva gvaqvs, roca 1.q   maSin 1,N N n    (52) da (57) marT-

kuTxa matricebi ( )( )j

jB x  da , 1, ,j j n   Seicavs mxolod TiTo svets da (61) da (62) 

formulebidan vpoulobT Tanafardobas [44]: 

1

1
1

1
1( 1)

/ 1
11

1( 1) 11

1 0 0 1

(1 ) ( 1)det ;
( )!1

(67)
det ( 1);

0 , 0, , 1, , 0,( ).

( )

( )

p

j

j j

r

n
r j p

pi j N n n
p j j px x nj

jn ji

N

njN ni j iini

n

j j j jj

x
u du

x
r

x

x x x r j n r r N

ux
ux

x





 


 
 

    

 

  
         


  

      

















 

 kerZod, Tu aq aviRebT 0 01 , 0, 1, ,i r i r i N     maSin, (37) Tanafardobis Sesabamisad, 

      0 0

1
1 2 21

( 1) 11
( 1) ( ) , 1, ,;( ) p

n N nr r i r ip N n

i N n p ppp
t t x c t t t t i n


     

  
        
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da (67) formulaSi Setanisa da gamartivebebis Sedegad miviRebT: 

(68)   1

1
1

1 01 1
0

01

1 0 0 1

/

( )
det (1 ) det

0 , 0, , , 1, , 0,( ),

p

j

j j

n nr

jnr jj pi i
pj n
p jx x j p

jj

n

j j j jj

rx
du V

x x r

x x x r j i n r r N

ux
x u u





  





 

   
   

     

     








 

sadac V aRniSnavs vandermondis matricas da gaTvaliswinebulia, rom gansaxilvel 
SemTxvevaSi 

 0 10
01 1

0 0

( )
( 1 ) .

( ) ( )

n

jN N j

ii i

r rr N
r i

r r



 

  
    

 


   

 SevniSnoT, rom igive (68) Tanafardoba gamomdinareobs (65)-(66) formulebidan, 
Tu am formulebSi aviRebT 1.kq    

 miRebuli Tanafardobebidan gamomdinareobs Semdegi 

 Sedegi 2. (67) formulaSi aviRoT 1 2.1,n N N r     am SemTxvevaSi (48) da (49) 

gvaZlevs 

  11 11

1 ( ) 1 ( 1)1
( )( 1) ( 1) ,,;( ) NN i

NNN

i NN Ni
Lx u x u uu

   
  


      

  
11

1 ( ) ( 1)1

( ) ( )
( )( 1) ,;

( 1)! ( 1) ( 1)
( )

N
N

NN i
i NN Ni

N i

x
Lx

N N N






  
   

       



 

 
    

da (67) formulaSi Setanisa da integrebis Semdeg vpoulobT [44]: 

(69)    11 1 1

( 1)( 1) 11 1

( ) ( )
( ) ( , ) .( 1) ,

( 1) ( 1)

NN NN N i
ii i N N i N NN ii i

N i

L L
N N

  

  

  
    

      
 

 
 

 
     

 ukanasknel formulaSi wevrebis gadajgufeba da aRniSvnebis Secvla iZleva 
igiveobas lagranJis interpolaciuri polinomebis Semcveli sasruli jamisaTvis:  

(70)  1 1

11 1

( ) ( )
,( )( 1) ( 1)

( ) ( )

NN NN Ni
kk iki k

k i i

x
xx L

N x N

 

 


  
  

    
  





 

anu 

(70')   
1 1

1

1 1

( 1) ( ) ( 1) ( )
,( ) 1

( ) ( )

N N
N i

i NNi
i kki k k

xx
xL

x NN

 



 

    
   
     






  
 

sadac  

              
( ) 1

1( ) (1)

( ) ( ) ( ), 1, , 2,3,...,,

( ) ( ) 1, 1., ,

/
N

p i pi N p

i N

x x i N NL

x x NL L


    

  

   

 
 

 roca N ar aris didi, advilia (70') formulis pirdapiri Semowmeba. magaliTad, 
1N   SemTxvevaSi (70') daiyvaneba martiv igiveobaze 

( )( )
.1

( )( ) 11

xx

x


 

  



  
 

 SevniSnoT, rom Sefardebebi ( ) ( 1) ( )( )/x x x x x NN       analizuria x cvladis 

nebismieri kompleqsuri (sasruli) mniSvnelobisaTvis. amitom, Tanaxmad Teoremisa 

analizuri gagrZelebis Sesaxeb, (70') igiveoba marTebulia x  cvladis da i  para-

metrebis, 1, ,i N  nebismieri kompleqsuri mniSvnelobebisaTvis (da ara mxolod am 

igiveobis gamoyvanisas gamoyenebuli pirobebis , ,ix   1 ,N x     Sesrulebisas). 
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$3.4. vandermondis asociirebuli da inducirebuli matricebi  
da maTi ganzogadebebi  

 

 rogorc cnobilia, nebismieri
, ( )m nA M  matricisaTvis da mTeli r ricxvisaTvis, 

1 min( , ),r m n   ganimarteba (ix., mag., [42], gv. 30) r-asociirebuli matrica Ar ( A)  [a ], 

romlis elementebia A matricis r rigis minorebi, gadanomrili e.w. leqsiko-
grafuli TanmimdevrobiT:  

(71)  
, ,

[ ]det | , .,( ) r m r nA Q Q  a      

aq da SemdgomSi simbolo ,r nQ  aRniSnavs simravles, romelic Sedgeba yvela mkacrad 

zrdadi 
1( )r     r-mimdevrobisgan, {1, , }, 1i n i r     (ix., mag., [56], gv. 9): 

, 1{ | ( ), 1 , 1 }r n r iQ n i r           . 

1( , , )r    da 
1( , , )r    mimdevrobebis, ,, ,r nQ   leqsikografuli Tanmimdev-

robiT dalagebisas iTvleba (ix., mag., [59], gv. 241), rom  

,   Tu  
1 1 1 1, , , , 1 .k k k k k r            

 matrica [ ]|A    Sedgeba A matricis im elementebisgan, romlebic dgas 

1( , , )r    nomrebis mqone striqonebisa da 
1( , , )r    nomrebis mqone svetebis 

gadakveTaze. SemdgomSi 
1( , , )r    da 

1( , , )r    xSirad vuwodebT r-multi-

indeqsebs, an, ubralod, multiindeqsebs. cxadia, simravle ,r nQ  Seicavs r

nC  elements, 

e. i. r-asociirebuli A r( A) matricis zomebia .r r

m nC C  

 silvestr-frankes Teoremis Tanaxmad (ix., mag., [56], 2.7.2, gv. 31), nebismieri kvadra-

tuli ( )nA M  matricisaTvis samarTliania formula 

(72)  
1
1det ( ) det( )

r
nC

r A A

A . 

 nebismieri kvadratuli ( )nA M  matricisaTvis determinantis garda ganimarteba 

skalaruli funqcia per ,A  romelsac ewodeba 1[ ]n

jkA a  matricis permanenti: 

(73)  
( ),1

per .
n

n

i ii
S

A a


  

SedarebisaTvis aqve moviyvanoT A matricis determinantis gamosaTvleli formula: 

(73') ( ),1
det ( 1) .

n

n

i ii
S

A a 


   

 permanentebis ZiriTadi Tvisebebis mimoxilva ix., mag., monografiaSi [57].  

 permanentis cnebis gamoyenebiT nebismieri 
, ( )m nA M  matricisaTvis da mTeli 

r ricxvisaTvis, 1 ,r n   ganimarteba (ix., mag., [56], gv. 35) r-inducirebuli matrica 

P r( A)  [p ], romlis elementebi dakavSirebulia A matricis r rigis permanentebTan 

TanafardobiT: 

(74)  p  , ,per [ | ] ( ) ( ) , , .( )/ r m r nA G G          

aq ,r nG  aRniSnavs simravles, romelic Sedgeba yvela araklebadi 1( )r       

r-mimdevrobisgan, {1, , }, 1i n i r     (ix., mag., [56], gv. 9): 

  
, 1{ | ( ), 1 , 1 }r n r iG n i r            , 

xolo ( )   aRniSnavs
,r nG  mimdevrobaSi Semavali (sxvadasxva) ricxvebis jerado-

bebis faqtorialebis namravls. SevniSnoT, rom am aRniSvnebSi formula (5) Caiwereba  
ufro martivad: 
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1 1

1

det ( , ; ; , ) ( ) ( ) .
i lr r

n n l i

i l n

V x r x r x x
  

  x  

 simravle ,r nG  Seicavs 1

r

n rC    elements, e.i. Tu 
, ( ),m nA M  maSin r-inducirebuli 

P r( A) matricis zomebia 
1 1.

r r

m r n rC C      

 magaliTad, Tu 
22, ( )n A M   da 2,r   maSin 1 3r

n rC     da  

P r( A)

1 1 2 1/

1 2 1 2/ /

1 1 2 1/

[ | ] [ | ] [ | ]per per per1,1 1,1 1,1 1,2 1,1 2,22 2 2

[ | ] [ | ] [ | ]per per per1,2 1,1 1,2 1,2 1,2 2,22 2

[ | ] [ | ] [ | ]per per per2,2 1,1 2,2 1,2 2,2 2,22 2 2

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

A A A

A A A

A A A

  

 

  

 
 
 
 
 

 

 r-inducirebuli Pr( A) matricis zogierTi Tviseba ix., magaliTad, mimoxilvaSi 

[56] (2.12.1-2.12.7, gv. 35). kerZod, Pr( A) matricisaTvis samarTliania silvestr-frankes 

Teoremis analogi: 

(75)  
1

1det det .( ) ( )
r
n rC

r A A

 P  

 SevniSnoT, rom Tu
, ( ) (1 ),r nA M r n    maSin r-asociirebuli matrica A r ( A) warmo-

adgens A matricis veqtor-striqonebis sruliad antisimetriul (grasmanis) namravls: 

(76)     
1( )r A AA … ,rA     1( , , ), 1, (1 ),i i inA a a i r r n     

xolo r-inducirebuli matrica Pr( A) warmoadgens 
1A ,,

rA  veqtor-striqonebis 

sruliad simetriul namravls: 

(77)  Pr( A)   1 2/
,

...[ | ]( ) per ,1,( ) | r nr GA    . 

 naSromSi [67] SemoRebulia A  matricis r'-inducirebuli P'r ( A) matricis cneba.

 vTqvaT, 1, ( )nn A M   da
1 , 11 1 , 1 .( )r r n rn r G r n             r-mimdevrobas 

vuwodoT ,'
1 ,1 ,( )r r n' ' ' n Q         Tu 1, 1 .i i' i i r       movawesrigoT simravle  

, 1r n rG  
, magaliTad, gadavnomroT leqsikografulad yvela r-mimdevroba ( )

, 1,r n rG     

1, .r

nC  maSin simravle  ( )
, 1| r

r n nQ ' C      agreTve iqneba mowesrigebuli. 

 ganmarteba 3. mocemuli ( )nA M matricisa da 
, 1r n rG    r-mimdevrobebis moce-

muli numeraciisaTvis avagoT r

nC rigis matrica ( ), [ ],( )r' A ' P p

  romlis elementebia 

(78)   
 

( ) ( ) ( )

( ) ( )

, 1 ,

( ) per [ ] ( )

, , , 1, .

|( ) /
r

r n r r n n

' A A '

G ' Q C 

    

    

p   


   
 

im SemTxvevaSi, roca r-mimdevrobebi  gadanomrilia leqsikografulad, matricas  
( ), [ ( )]( )r' A ' A P p

  vuwodebT ( )nA M  matricis r'-inducirebul matricas (ix. [67]).  

 zemoT ganxilul magaliTSi, roca 22, ( )n A M F   da 2,r   gveqneba 
( ) ( )

2,1 2,2{1,1} , {1,2}G ' Q         da  1( )

11 12
[ | ]2 per 1,1 1,2, .( )( )r

A' A a a


  P 

aqedan naTelia, rom sazogadod ( )det ,( )r
' A P   da det ,A  rogorc

ika  cvladebis funqci-

ebi, arian funqcionalurad damoukidebelni ( )

11 12det ,( ( )r' A a a P   da ar Seicavs 21 22, ).a a   

 naSromSi [67] naCvenebia, rom vandermondis matricisaTvis samarTliania 

 Teorema 3. Tu 1

1 1
( ,1; ; ,1) ( ),

n
i

n j nA V x x x M      maSin samarTliania toloba 

(79)  
1 1
2 2( )

1

det , det ( ) .( ) ( )
r r
n nC C

r j k

k j n

' V V x x
 
 

  

   P  
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 kerZo SemTxvevaSi 2r  Teorema 3 Camoyalibebuli da damtkicebulia SromaSi [96]. 
zogad SemTxvevaSi Teoremis damtkiceba eyrdnoba or lemas (ix. [67]):  

 lema 3. ( )det ,( )r' A  P  determinantis mniSvneloba ar aris damokidebuli ( ),   

1, ,r

nC  r-mimdevrobebis numeraciis arCevaze. 

 lemis damtkiceba. vTqvaT, r-mimdevrobebis romelime numeracias ( )

, 1,r n rG     

1, ,r

nC  Seesabameba matrica ( ),( ),r' A P   xolo numeracias ( )

, 1r n rG

    _ matrica 
( ),( )r' A  P . maSin (ix., mag., [59], gv. 101) 

( ) 1 ( ), ,( ) ( ) ,r r' A T ' A T    P P  

sadac r r

n nC C  matrica T miiReba erTeulovani ( )nE M  matricis svetebis ( )   

gadanacvlebiT. cxadia, rom 
1det 1 detT T    . 

amitom gvaqvs 

(80)  ( ) ( )det , det , det( ) ( ) ( ).r r r' A ' A ' A    P P P     

 ganvixiloT  -matrica ( ) ( ),nA M   romlis svetebi aRvniSnoT ( ), 1, , 2.jA j n n    

naSromSi [67] naCvenebia, rom samarTliania Semdegi  

 lema 4. Tu 
c   wertilSi ( ) ( )nA M   matricis 2k  sveti wyvil-wyvilad tolia, 

e.i., Tu 

(81)    
1 2 2 1 2
( ) ( ), , ( ) ( ), 1 2 ,/

k kj c j c j c j cA A A A k n


         

maSin 
c  aris det ( )A   mravalwevris fesvi da am fesvis jeradobaa æ k  (aq [] aR-

niSnavs    ricxvis mTel nawils). 

 lemis damtkiceba. n rigis det ( )A   determinantis  m-jer gawarmoeba (1 )m n   

gvaZlevs (ix., mag., [131], gv. 52) n
m Sesakrebis jams, sadac TiToeuli Sesakrebi 

aris imave n rigis determinanti, romlis romelime l svetSi (1 )l m   dgas 

warmoebulebi ( ), 1, 1, 1, ,
q

p

jp

d
A p m l q l

d
   


 xolo danarCen n  l svetSi – det ( )A   

determinantis svetebi ( ),
sj

A q s n   (gawarmoebis gareSe). vinaidan gawarmoebuli 

svetebis maqsimaluri raodenoba tolia warmoebulis rigisa, gamosaxulebaSi 
1

1

1 1
det ( ) det ( )

k
k

n

ik i

d
A B

d
 






 
  

yoveli determinanti 1det ( ), 1, ,k

iB i n   Seicavs det ( )A   determinantis aranakleb 

1 ( 2 ) ( 1)n k n k k       

svets. wertilSi c   am svetebs Soris, Tanaxmad (81) tolobebisa, moiZebneba 

aranakleb ori erTnairisa. maSasadame 
1

1
det ( ) det ( ) ... det ( ) 0,| | |

c c c

k

k

d d
A A A

d d



  
          

 
 

saidanac gamomdinareobs lemis mtkicebuleba.    

 ganvixiloT r r

n nC C  matrica, romlis svetebic agebulia sruliad simetrizebuli 

namravlebiT 1

1

1 1

( )
1

,
r

n
r

r

C
i i

j jx x
  

 
( )

1 , 1( ) ,r r n ri i i G      ( )
,1

( ) ,r r nj j j' Q   
 1 1.r n    advili 

SesamCnevia, rom 1

1

1 1

( ) per [ | ]r

r

i i

j jx x V
 

   , sadac 1

1[ ]i n

jV x   aris vandermondis matrica.  
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 3 da 4 lemebidan gamomdinareobs 

 Sedegi 3. determinants 

 

1

1

1 1

( )
1

1( ) ( )
, 1 , 1

, det

, , , 1, , 1 1, [ ] ,

( )
r

n
r

r

C
i i

n j j

nr i

r n r r n n n j

p V r x x

i G j' Q C r n V x

 



 

      

         

 

rogorc xn cvladis mravalwevrs, aqvs zustad n 1 fesvi wertilebSi ,n jx x  1, 1,j n   

amasTan, j-uri fesvis jeradobaa æ j 
1

2, 1 1.r

nC j n

    

 damtkiceba. naTelia, rom wertili , 1 1,n jx x j n     aris 

(82)   1

1

1 1

( ) 0
1

det
r
n

r

r

C
i i N

j j n Nx x a x a
         

 

mravalwevris fesvi da yvela am fesvs aqvs erTnairi jeradoba 

æ1 æ2     æn 1. 

 
1
, , rj j  indeqsebiT simetrizebul 1

1

1 1

( )
r

r

i i

j jx x
   namravlSi 

nx  cvladis Semcveli Sesak-

rebebis raodenobaa
1

1.
r

nC 

  cxadia, yovel svets r-multiindeqsiT ( )

11
,( )

r
j j n j'


      

1,r n   (82) determinantSi moeZebneba misi Sesabamisi sveti, iseTi, rom es ori 
sveti xdeba erTmaneTis toli, Tu 

, 1 1,
sn jx x s r     

amasTan cxadia, rom, Tu ,k jx x  roca , , 1, 1,k j k j n    maSin 1 1

11

1 1 1

( )
r r

r

i i i

j j nx x x



    svetis toli 

sveti erTaderTia 
11

, ,
r

j j
  indeqsebis nebismieri fiqsirebuli mniSvnelobebisaTvis. 

amrigad, roca , 1 1,n jx x j n     (82) determinantSi moiZebneba toli svetebis 
1

2

r

nC 

  

wyvili. amitom, 4 lemis Tanaxmad, gvaqvs 

(83) 
1

1

n

j



 æ j ( 1)n   æ j
1

2( 1) r

nn C 

  .  

  (82) mravalwevris N xarisxis da 
0a  ufrosi koeficientis gamosaTvlelad 

(ix. [67]) gadavnomroT ( )
, 1r n ri G    (da, maSasadame, ( )

, )r nj' Q  r-mimdevrobebi antileq-

sikografuli TanmimdevrobiT, rac, 3 lemis Tanaxmad, ar cvlis determinantis 

mniSvnelobas. maSin 
nx  cvladis umaRlesi ( )n r  xarisxebis Semcveli 1 1

1 1

r r

n nC C 

   

minori dgas (82) determinantis zeda marcxena kuTxeSi. am minoris damatebiTi 

1 1

r r

n nC C   minori ar Seicavs nx  cvlads da, laplasis Teoremis Tanaxmad, gvaqvs 

(84)   1 1

1 2( ) ( 1)r r

n nN n r C n C 

      
da 

(85)   
1
1 1

11 1 1

1 1 1

1 1 1 1

0 ( ) ( ) 11 1
det det 0.

r r
r kn n

r n kr

r r

C C r Cl l i i

j j j j k
a x x x x k


 
 



   



                
  

aq xarisxis maCveneblebi , 1, 1,sl s r   da , 1, ,ti t r  Seadgenen arazrdad mimdevrobebs 
( )

1 1 1, 1( )r r n rl l l G        da ( )
1 , 1( )r r n ri i i G       Sesabamisad.  

 (84) da (85) formulebidan vpoulobT  

(86) 
1

1

n

j



 æ j
1

2( 1) r

nN n C 

     

da (83) utolobasTan Sedareba gvaZlevs æ j 
1

2, 1 1.r

nC j n

        
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 Teoremis damtkiceba. 3 lemis gaTvaliswinebiT, advili SesamCnevia, rom 

(87)  

 

1

1

, 1

1 1

( )
1

( ) ( )
, 1 ,

( , ) det det ( )

, , , 1, , 1 1 .

( )
r

n
r

r

r n r

C
i i

n j j r n

G

r

r n r r n n

p V r x x ' V

i G j' Q C r n

 

 



 

        

     

P

   

 

 rodesac ,r n  ganmartebis ZaliT, ( )r' AP  matricis rigia 1 da gvaqvs  

 1

1

1, det 1

[ ] ,

( ) ( )n n n n

ni

n j

' V ' V

V x 

 



P P
 

anu Teoremis mtkicebuleba (formula (79)) am SemTxvevaSi WeSmaritia.  
 rodesac 1 1,r n    3 Sedegis Tanaxmad da (85) formulis gaTvaliswinebiT, 

vpoulobT rekurentul Tanafardobas:  

(88)  
1 1
2 1

1

1 1 1 1
( , ) ( , 1) ( , ) ( ) .

r r
n n k

n rC C

n n n n jj k
p V r p V r p V r x x k

 
  



   
     

 gaviTvaliswinoT, rom  
1

1
1

1

,1 det[ ] ( ),

, 1

( )

( ) ( 1)!

ni

n j j k

k j n

n

p V x x x

p V n n



  



  

  


 

aqedan n-iT da r-iT induqciis gamoyenebiT miviRebT: 

(89) 
 

1
1 2

1

1
1

( , ) ! ( ) ,

1 1.

r k r
n k n

n rr C C

n j kk
k j n

p V r k x x

r n

 
  

 


  

 

  

 
 

imis gaTvaliswinebiT, rom 

 

 

1

, 1

1

1
( ) !

1 1 ,

r k
n k

r n r

n rr C

k
G

k

r n


 

 

 




  

  

 
 

(88) da (89) formulebidan vRebulobT (79) Tanafardobas.    

 amrigad, vandermondis 
1

1
[ ]

ni

jV x   matricisaTvis, romlis elementebi , 1, ,jx j n  

ekuTvnis nebismier vels, det 0( )r
' V P  maSin da mxolod maSin, roca 1 1r n    da 

1, , nx x  ricxvTa Soris moiZebneba ori mainc erTnairi. 

 SevniSnoT, rom sazogadod, A V  nebismieri matricisaTvis (79) formula ar 
aris marTebuli (ix. zemoT ganxiluli magaliTi). amasTan, advilia iseTi A V  
matricebis povna, romelTaTvisac es formula sruldeba. yvela aseTi matricis 
simravlis aRweris amocana dasmulia SromaSi [67].  

 amave naSromSi [67] dasmulia amocana Seswavlil iqnas am paragrafSi det A da 
per A  funqciebisaTvis ganxiluli sakiTxebi ( )nA M  matricis sxva skalaruli 

funqciebisaTvis, e.w. Suris funqciebisaTvis. det A da per A  warmoadgens Suris 
funqciebis kerZo SemTxvevebs _ Sesabamisad, sruliad antisimetriul da sruliad 
simetriul funqciebs _ A  matricis svetebis gadasmis mimarT. 

 zogad SemTxvevaSi A matricis Suris funqciebi simetriulia am matricis zo-
gierTi svetis gadasmis mimarT da antisimetriulia danarCeni svetebis gadasmis 
mimarT (ix., mag., [7], VII, §§2-8, gv. 225-283) da grafikulad aiwereba iungis sqemebiT. 
rogorc cnobilia, aseTi funqciebi farTod gamoiyeneba mravalnawilakovani 
kvanturi sistemebis aRsawerad (ix., mag., [8a], §63, gv. 272-281).  
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III Tavis daskvnebi 

1. ganmartebulia da cxadi saxiT gamoTvlilia vandermondis jeradi mat-
ricis determinanti jeradobebis nebismieri (naturaluri) mniSvnelobebi-
saTvis (f-ebi (5) da (5')). 

2. ganmartebulia vandermondis ganzogadebuli jeradi matrica (ganmar-
teba 2, f-ebi (20) da (21)). damtkicebulia, rom vandermondis ganzogadebuli 
jeradi matrica dadebiTad aris gansazRvruli cvladebis dadebiTi 
mniSvnelobebisa da jeradobebis nebismieri, erTmaneTisagan gansxvavebuli 
(naturaluri) mniSvnelobebisaTvis. 

3. vandermondis ganzogadebuli jeradi matricis gamoyenebiT damtkice-
bulia vietis Teoremis analogiuri Tanafardoba namdvili cvladis xarisxTa 
jamisaTvis, roca xarisxis maCveneblebi ar aris mTeli (Sedegi 1, f-la (35)). 
es Sedegi gamoyenebulia lagranJis elementaruli interpolaciuri mraval-
wevrebis Semcveli sasruli jamis gamosaTvlelad (Sedegi 2, f-ebi (70-70')). 

4. nebismieri matrices r-asocirebuli da r-inducirebuli matricebis 
analogiurad, agebulia e.w. r'-inducirebuli matrica (ganmarteba 3, f-la (78)) 
da misi determinanti gamoTvlilia cxadi saxiT (f-la (79)). 

5. vandermondis jeradi matricis determinantis cxadi saxis gamoyenebiT 
damtkicebulia, rom II TavSi SemoRebuli unitaruli invariantebis simravle 
Sedgeba funqcionalurad damoukidebeli (da, maSasadame, polinomurad 
damoukidebeli) wevrebisagan.  

6. vandermondis r'-inducirebuli matricis determinantis cxadi saxis 
gamoyenebiT damtkicebulia, rom martivi speqtris mqone ori arakomutirebadi 
matricis unitaruli (namdvili velis SemTxvevaSi _ orTogonaluri) inva-
riantebis sistema, romelic agebulia II TavSi (f-la (89)), Sedgeba funqcio-
nalurad (da, maSasadame, polinomurad) damoukidebeli wevrebisagan. 

kerZod, (2.58) simravleSi Semavali wevrebis iakobiani (gamoTvlili 
jeradi sakuTari mniSvnelobebis mqone tenzoris damoukidebeli komponentebis 
invariantuli funqciebis sistemisaTvis) daiyvaneba vandermondis orjeradi 
matricis determinantze. (5), (5') ZaliT, es iakobiani gansxvavdeba nulisagan. 

7. vandermondis r'-inducirebuli matricis determinantis cxadi saxis 
gamoyenebiT damtkicebulia, rom martivi speqtris mqone ori arakomutire-
badi matricis unitaruli (namdvili velis SemTxvevaSi _ orTogonaluri) 
invariantebis sistema, romelic agebulia II TavSi (f-la (2.58)), Sedgeba funqci-
onalurad damoukidebeli (da, maSasadame, polinomiurad damoukidebeli) 
wevrebisagan. 
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Tavi IV 

eileris B-funqciis ganzogadeba 

 
disertaciis III TavSi gamoyvanili formula (3.68) gviCvenebs vandermondis je-

radi matricis kavSirs eileris cnobil beta-funqciasTan, romelzec daiyvaneba 

(3.68) formulis marcxena mxare n 1 SemTxvevaSi. am kavSiris gaTvaliswinebiT 
naSromebSi [44a,b] SemoRebulia funqcia  

(1)  n(r 0 ,r 1 , … , rn) n(r)   

 

1

1
1

11 1 11
0

1

1

0 1 2

/

1, 0,

det det (1 ) ,

(0 ... )

k

j

j j

n
r

n
r j ki i ni

j kj
k jx x j k

n

n

x u x
x u u dux

x x

x x x x





  





   

              

    




Tu

  Tu 1n  

da dasmulia amocana:  

rj parametrebis nebismieri kompleqsuri mniSvnelobebisaTvis damtkicdes formula 

(2)   n(r) 
n

j=0 (rj) / (
n

j=0  rj) , 

sadac 1

0

( ) u tt e u du


     aris eileris gama-funqcia.  

formula (2) n 0 SemTxvevaSi samarTliania (1) ganmartebis ZaliT, xolo n 1 
SemTxvevaSi daiyvaneba eileris cnobil formulaze 

(3)  1(r) (r 0 ,r 1)  0 1

1

1 1

0

(1 )
r r

u u du
 

   (r0)(r 1) /(r0 r1), 

sadac (r0, r1) aris eileris beta-funqcia, romelic ganmartebulia nebismieri 

kompleqsuri r0 da  r1 ( Re r0 > 0,  Re r1 > 0) cvladebisaTvis. 

SromebSi [44] damtkicebulia (2) Tanafardobis WeSmariteba im SemTxvevisaTvis, 

roca r0 > 0, rjℕ, 1,j n  (ix. f-la (3.68)). amrigad, saqme gvaqvs amocanasTan, anali-

zurad gavagrZeloT Tanafardoba, romelic samarTliania dagrovebis wertilis 
armqone simravleze. aseTi tipis amocanebi gvxvdeba maRali energiebis fizikaSi, 
kerZod, rejes TeoriaSi saWiro xdeba gabnevis parcialuri amplitudebis anali-
zuri gagrZeleba momentis kompleqsuri mniSvnelobebisaTvis.    

winamdebare TavSi es amocana gadawyvetilia n 2  SemTxvevisaTvis da naCvenebia 
[45] is sirTuleebi, romlebic Cndeba 3n   SemTxvevaSi. damtkicebuli formulis 
gamoyenebiT napovnia mTeli rigi axali Tanafardobebisa gausis hipergeometriuli 
funqciisaTvis, ganzogadoebuli hipergeometriuli funqciisaTvis, agreTve napovnia 
analizuri gamosaxulebebi zogierTi gansazRvruli integralisaTvis specialuri 
da elementaruli funqciebidan. amasTan, garda cnobili Sedegebisa, miiReba axali 
Tanafardobebic da zogierTi cnobili formulis analogebic. 

Seswavlilia mravali cvladis hipergeometriuli funqciis Tvisebebi, kerZod, 
damtkicebulia ramdenime axali Teorema am klasis funqciebisaTvis, romlebic 
azogadebs apelis da lauriCelas funqciebisaTvis cnobil Sedegebs. 

bolos, mocemulia amocanis sruli damtkiceba zogad SemTxvevaSi.  
am TavSi moyvanili originaluri Sedegebi gamoqveynebulia SromebSi [43]-[47]. 
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$ 4.1. ori cvladis SemTxveva 
 

integralebi 

(4)    
1

1
1

11

0

/

(1 ) , , 1, ,

k

j

j j

r

r j ki n

i j k
k j j kx x

x u x
u u du i j n

x x
b










 
     

   

romlebic figurirebs ganmartebaSi (1), SeiZleba daviyvanoT mravali cvladis 

hipergeometriul (hg) funqciaze (ix. qvemoT). kerZod, n2 SemTxvevaSi visargebloT 
eileris cnobili formuliT (ix., mag., [60], 2.1(10)) gausis hg funqciisaTvis  

1

1 1

2 1 2 1 2 1

0

, ;( )
(5) (1 ) (1 ) ( , ; ; ) ( , ; ; ) .

( ) ( )

(Re Re 0)

b c b a
a b zc

u u zu du F a b c z F b a c z F
cb c b

c b

     
      

    

 

  

iq, sadac es ar gamoiwvevs gaugebrobas, davwerT ).;;,();;,(12 zcbaFzcbaF   

(4) formulidan miviRebT: 

(61) 
2

0 1

11

2 1 1 2
1

1 20

(1 ) ,

r

r i r

i

x u x
u u du

x x
b



    
  

 
   

(62) 

1

0 2

1 2

11

2 1 2 1
2

2 1/

(1 ) ,

( 1,2).

r

r i r

i

x x

x u x
u u du

x x

i

b



    
  

 



   

SemoviRoT aRniSvna zxx 21 /  da integralSi (62) movaxdinoT Casma 

.1 (1 )u u z    
miviRebT: 

02 1 2

1

21 1 1

1 1

0

(7 ) (1 ) (1 ) (1 ) ,
r ir r r

i z u u zu dub    
     

    1202

1

2 1 1

2 2

0

(7 ) (1 ) 1 (1 ) 1 .
rr i rr

i z u z u u d ub
   

      

integralebi (71,2) aris z cvladis calsaxa analizuri funqciebi, Tu 

|arg(1z)|<, Re rj > 0, .2,0j  am SemTxvevaSi, (5) integraluri warmodgenis gaTvalis-
winebiT, gamartivebis Semdeg (1) ganmartebidan miviRebT:  

 

 

00 1 2 2 1

00 1 2 2 1

1 1

2 2 0 1 2 2 1 , 1,2

1 1
11 1 1 1 1

0 0

1 1

1 1 1 1

0 0

(Re 0,

( ) ( , , ) ( ) det

(1 ) (1 ) 1 (1 ) (1 )

det

(1 ) (1 ) 1 (1 ) (1 )

(8) B B i

j i j i j

rr r r r r

rr r r r r

jr j

r r r x x x b

u u zu du z u u u du

z u u zu du z u u u du

 



    

   

 

     

 
     

  
 
     
  

 

 

r

2 10 1
2 0 0 1 1 22 0

10 1 2

0 1 2 1
12 0 0 1 22 0

0 1 12

0, 2)

( ) ( )( ) ( )
(1 , ) 1; ; ( , ; ;1 )

( )( )
det

( 1) ( ) ( ) ( )
(1 , )11; ; ( , ; ;1 )

( ) ( )1

r rr r
F r r r zr F r r r r z

r rr r

r r r r
z rF r r r z F r r r r z

r r r r

   
       

  
     

     
    
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0 1 2

0 1 2

( ) ( ) ( )
( ; ),

( )

r r r
D z

r r r

  


  
r

 

sadac SemoviReT axali aRniSvna: 

12 0 0 1 22 0
0 1 2 1

0
12 0 01 2 0 1 1 22 0

0 1

(1 , ); ; 1( , ; ; 1 )
( )( )

(9) ( ; ) det .
(1 , )1( ) ( ) 1; ; ( , ; ; 1 )

rF r r r z F r r r r z
r r r r

D z r
z F r r r zrr r r r F r r r r z

r r

    
     

         
  

r  

 (8) formulidan gamomdinareobs, rom n 2 SemTxvevaSi (2) tolobis dasamtki-
ceblad sakmarisia vaCvenoT, rom  

(10) D(r ; z)1,   z[0, ∞). 

 SevniSnoT, rom z 0 da z 1 wertilebi gansakuTrebulia (9) formuliT 
ganmartebuli D(r ; z) funqciisaTvis, vinaidan es wertilebi gansakuTrebulia 
gausis hg funqciisaTvis. cnobilia, rom  

(111)      F(a,b; c; 0) 1, 

xolo z 1 wertilSi gvaqvs (ix., mag., [61], 14. 11 ) 

(112)  ,
)()(

)()(
)1;;,(

bcac

bacc
cbaF




    Re(c_a_b) > 0,   c 0, 1, 2, …. 

(111,2) formulebis gaTvaliswinebiT, advili Sesamowmebelia, rom 

(121)      D(r;0)1,   roca   Re( r 1 r 0) > 0,    

(122)      D(r;1)1,   roca   Re( r 1 r 2 _1) > 0. 

amrigad, (10) Tanafardoba samarTliania orive gansakuTrebul wertilSi, Tu  

Rerj >0,  2,0j    da  Re( r 1r 2 _1) > 0.  

 gausis hg funqcia F(a, b; c; z) ganmartebulia a,b,c parametrebis nebismieri komp-

leqsuri (c0, , ) mniSvnelobebisaTvis. amitom (8) da (9) formulebi iZleva B2(r) 

funqciis analizur gagrZelebas r0, r1, r2 parametrebis cvlilebis kompleqsur areze. 

 Teorema 1. a) r j parametrebis nebismieri kompleqsuri mniSvnelobebisaTvis, 

Rerj > 0, ,2,0j  (9) formuliT ganmartebuli D(r; z) funqcia analizuria z cvladis 
mTel kompleqsur sibrtyeze da mudmivia. 
 b) z cvladis mTel kompleqsur sibrtyeze adgili aqvs igiveobas: 

.1);2;1,1();1;1,(
)1(

)(
);1;,1();;,()13( 




 zcbaFzcbaF

cc

acb
zzcbaFzcbaF  

 damtkiceba (ix. [44a, b]) eyrdnoba cnobil Tanafardobas, romelic akavSirebs z 

da 1– z argumentebze damokidebul hg funqciebs (ix., mag., [61], 14.53): 

( ) ( )
(14) ( , ; ; 1 ) ( , ; 1; )

( ) ( )

( ) ( )
( , ; 1; ), arg(1 ) ,

( ) ( )
( | | )c a b

c c a b
F a b c z F a b a b c z

c a c b

c a b c
z F c a c b c a b z z

a b

 

   
     

   

   
       

 


 

da romelic cxadi saxiT gviCvenebs z1 wertilSi gausis F(a,b; c; z) hg funqciis 
gansakuTrebulobis xasiaTs (am wertilidan iwyeba Wrili namdvili RerZis 
dadebiTi mimarTulebiT). (14)-is gamoyenebiT gardavqmnaT (9) ganmartebis meore 
sveti. miviRebT 

(15)   D(r; z)D1(z)    1 0 1 0 1 2 0 1

2 0 0 1

( ) ( ) ( )

( ) ( ) ( )

r r r r r r r r
z

r r r r

       

    
 D2(z), 
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sadac orive funqcia D1(z)  da D2(z)  regularulia z0  wertilSi:      

1022 0 0 1 0

0 1

1 1

0
02 0 1 0 0 12

0 1

;,(1 , ; ; ) (1 ; 2 )
1

(16 ) ( ) det ,

; ;(1 , 1 1 ) ( , ; 1 ; )

r
r r r rF r r r r z F z

r r
D z

zr
rF r r r z F r r r r z

r r

 
    

  
 
 

        

 

10 2 0 1 0 1

2 2

0 2 0 1 0 11

,( 1 ; ; ) ( ; ;, 1 )
(16 ) ( ) det .

, ,( 1 ; ; ) ( ; ; )1 1 1

F r r r r z F r r zrr
D z

r r r r r r rrF z F z

   
       

 

aq SemoklebisaTvis aRniSnulia r  r0  r1  r2 .  

 wertili z1 gansakuTrebulia orive D1(z) da D2(z)  funqciisaTvis, vinaidan 
(16) formulebis pirvel da meore svetebSi mdgari hg funqciebisaTvis piroba 
Re(c _ a_b)>0  ar sruldeba erTdroulad:  

 D1(z):    
























2,0|

0)1(Re

0)1(Re

0)12(Re

0)1(Re

21

21

2001

2010
jr

rr

rr

rrr r

rrr r
j

, 

 D2(z):    
























2,0|

0)1(Re

0)1(Re

0)1(Re

0)1(Re

21

21

0

21
jr

rr

rr

rr

rr
j

. 

amitom SromaSi [44] SeviswavleT es funqciebi | z |<1 wreSi, sadac hg mwkrivebi 
absoluturad ikribeba da (16)  funqciebi analizuria. 
 gausis hipergeometriuli funqciebis cnobili Tvisebis (ix., mag., [132], 15.3.3): 

(17)  F(ca, cb; c; z)  (1 z )
a +bc

F(a, b; c; z), |arg(z)| <, 

gaTvaliswinebiT advili SesamCnevia, rom (162) formulaSi meore svetis hg 

funqciebi proporciulia pirveli svetis hg funqciebisa. amitom |z |<1 wreSi 

yvelgan, garda z(0,1) monakveTis wertilebisa, gvaqvs 

(18)    D2(z) 0,   ( |z |<1 ,  z(0,1)), 

e. i. singularuli Sesakrebi (15) formulaSi ispoba da vRebulobT:   

(19) D(r; z)D1(z )det





















);1;,1();1;1,(

);2;1,1(
)1(

)(
);;,(

zcbaFzcbaF

zcbaF
cc

cab
zzcbaF

,     

         ( |z |<1,     z(0,1)) 

(aq  aRniSnulia  a 1 r2,   b  r0,   c r0 r1). 

 Tanaxmad (19) formulisa, D(r; z) funqcia regularulia z0 wertilSi. amitom 

am wertilSi arsebobs misi m rigis warmoebuli nebismieri mℕ ricxvisaTvis. 
gaviTvaliswinoT, rom 

(20)  
( ) ( ) ( )

( , ; ; ) ( , ; ; )
( ) ( ) ( )

m

m

d a m b m c
F a b c z F a m b m c m z

dz a b c m

    
   

   
,   m1,2, …, 

da, maSasadame, z0 wertilSi gausis hg funqciis m rigis warmoebuli aris   
a, b, c parametrebis racionaluri funqcia. amitom am wertilSi racionaluria  

D(r; z)  funqciis m   rigis warmoebulic:  

(21)    0 1 2
0

( ; ) ( ; , , )|
m

m z

d
D z R m r r r

dz 
r  

(racionaluri 
0 1 2( ; , , )R m r r r  funqciis cxadi saxe ix. damatebaSi).  



 97 

 naSromSi [44] damtkicebulia, rom nebismieri r0 >0, r1,2ℕ parametrebisaTvis 
sruldeba Tanafardoba (2), romlis marjvena mxare ar aris damokidebuli z 

cvladze. maSasadame, (21) formulaSi Semavali 
0 1 2( ; , , )R m r r r  racionaluri funqcia 

nulis tolia yvela r00, r1, 2ℕ mniSvnelobebisaTvis, e. i. es funqcia nulis tolia 

igivurad: 

0 1 2( ; , , ) 0.R m r r r   

 amrigad, yvela rj parametrisaTvis, Rerj >0,  2,0j ,  gvaqvs 

(22)   
0

( ; ) 0, (| | 1), 1,2, ...|
m

m
z

d
D z z m

dz 
  r ,  

e. i., roca  Re rj >0, 2,0j ,  funqcia D(r ; z)  ar aris damokidebuli z cvladze |z|<1 

wreSi da, analizuri gagrZelebis Sesaxeb Teoremis ZaliT, analizuria da mudmivi 
z cvladis mTel kompleqsur sibrtyeze. aqedan, (121) gaTvaliswinebiT, vRebulobT 
(10) igiveobas. (19) formulaSi (10) igiveobis gaTvaliswinebiT vRebulobT 
dasamtkicebel (13) formulas.    

damtkicebuli Teoremidan gamomdinareobs, rom samarTliania Semdegi 

 Sedegi 1. n 2 SemTxvevaSi formula (2) samarTliania nebismieri rj , Re rj >0, 0,2j   

mniSvnelobebisaTvis. 
 damtkicebisaTvis sakmarisia (8) formulaSi SevitanoT (10).    

 

$ 4. 2. 4.1 Teoremidan gamomdinare Sedegebi 

 Sedegi 2. (13) formulaSi Semavali hg funqciebis gardaqmna mosazRvre hg 

funqciebisaTvis gausis formulebis gamoyenebiT (F(a, b; c; z) funqciis mosazRvre 

ewodeba eqvs funqcias ,);;,1( zcbaF  ,);;1,( zcbaF  );1;,( zcbaF  ) mogvcems kidev mTel 

rig Tanafardobebs hg funqciebs Soris. 

 magaliTi 1. SevcvaloT (13) formulaSi c parametris aRniSvna: c c1 1, da 
gamoviyenoT gausis formulebi  

(*)    1 1 1

2 2 2

( , ; ; ) ( , 1; ; ) ( , ; 1; ) 0,

( , ; ; ) ( , 1; ; ) ( , ; 1; ) 0,

F a b c z F a b c z F a b c z

F a b c z F a b c z F a b c z

    

    

  

  
 

sadac (ix., mag., [60], 2.8(42), (43)) 

1 1 1

2 2 2

1, , 1 ,

(1 ), , ( ) .

b c b c

c z c c a z

      

     

  

  
 

gamartivebis Semdeg miviRebT: 

(23)  det
( , ; ; ) ( 1) (1 , 1 ; 2 ; )

1,
( , 1; ; ) ( 1) (1 , ; 2 ; )

F a b c z b z F a b c z
c

F a b c z c b F a b c z

    
  

      
    

saidanac, ab aRniSvnebis SecvliT da gausis hg funqciis (5) simetriis 

gaTvaliswinebiT, vRebulobT:  

(24)  det
( , ; ; ) ( 1) (1 , 1 ; 2 ; )

1.
( 1, ; ; ) ( 1) ( ,1 ; 2 ; )

F a b c z a z F a b c z
c

F a b c z c a F a b c z

    
  

      
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 analogiurad, bb1 b  1 aRniSvnis Secvlis da (*) formulebis gamoyenebiT, 
vRebulobT 

(25) det

( )( )
( , ; ; ) (1 , 1 ; 2 ; )

(1 )

( , ; 1; ) (1 ) (1 , 1 ; 1 ; )

c a c b
F a b c z z F a b c z

c c

F a b c z z F a b c z

  
   

 
      

1.     

 magaliTi 2. aRvniSnoT  a1, b1, c1 (23)-(24) formulebSi determinantis meore 
striqonSi Semavali hg funqciebis parametrebi da gadavsvaT pirveli da meore 
striqonebi. miviRebT formulebs: 

(23') 
( , ; ; ) ( ) (1 , 1 ; 2 ; )

det 1,
( , 1; ; ) (1 )( 1) (1 , 2 ; 2 ; )

F a b c z b c F a b c z
c

F a b c z z b F a b c z

    
  

      
 

(24') 
( , ; ; ) ( ) (1 , 1 ; 2 ; )

det 1.
( 1, ; ; ) (1 )( 1) ( 2 ,1 ; 2 ; )

F a b c z a c F a b c z
c

F a b c z z a F a b c z

    
  

      
 

(25') 

( , ; ; ) (1 ) (1 , 1 ; 2 ; )

det ( 1)( 1)
( , ; 1; ) (1 ,1 ; 3 ; )

( 1)( 2)

F a b c z z F a b c z

c a c b
F a b c z z F a b c z

c c

    
 

   
    

   

1. 

 SeniSvna: rogorc gamomdinareobs damtkicebuli Teoremidan, (19) da (23)-(25') 

formulebSi Semavali hg funqciebis gansakuTrebuloba (Wrili z[1,) sxivis 

gaswvriv) ikveceba. amitom z1 wertili aris am formulebSi Semavali determi-
nantebis regularuli wertili da es formulebi SeiZleba gamoviyenoT am 
wertilSi maSinac, roca ar sruldeba (112) formulis gamoyenebis pirobebi.  
 sailustraciod damatebaSi  B ganxilulia determinanti (19). 

 Sedegi 3. visargebloT TanafardobebiT (ix., mag., [60], 2.8(21) da 2.8(23)) 

              
 

 

1

1

1

5

( 1, ; ; ) / ( ) ,

( 1) ( ,1 ; 2 ; ) (1 ) / ( ) ,

a a

c a a b c a

aF a b c z z d dz z u z

a c F a b c z z z d dz z u z



   

 

      


sadac (ix., mag., [60], 2.9(1), (2) da 2.9(17), (18))  

(**)  1

1 1

5

( ) ( , ; ; ) (1 ) ( , ; ; ),

( ) (1 ) (1 ,1 ; 2 ; ) (1 ,1 ; 2 ; )

c a b

c c a b c

u z F a b c z z F c a c b c z

u z z z F a b c z z F a c b c c z

 

   

    

          
 

aris gausis hg gantolebis kumeris amonaxsnebi. (24) formulaSi Setanis da gamar-

tivebebis Semdeg miviRebT formulas u1(z), u5(z) amonaxsnebis vronskianisaTvis [133]: 

(26)   
1 5 1

15 1 5

1 5

( ) ( )
( ) { ( ), ( )} det (1 ) (1 ) .

/ ( ) / ( )

c c a b
u z u z

w z w u z u z c z z
d dz u z d dz u z

    
     

 
   

 aRvniSnoT, rom (9) da  (10) formulebidan gamomdinare Sedegi 

(27)              
( , ; ; ) (1 , 1 ; 1;1 ) ( ) ( 1)

det
( 1) ( )( , 1; 1; ) (1 , ; 1;1 )/

F a b c z F a b c a b z c c a b

c a c bzb c F a b c z F a b c a b z

           
 
             

 

daiyvaneba formulaze 
16 1 6( ) { ( ), ( )}w z w u z u z  vronskianisaTvis, Tu gaviTvaliswinebT 

determinantis meore svetSi Semavali hg funqciebis kavSirs hipergeomtriuli 
gantolebis kumeris u6(z) amonaxsnTan (ix., mag., [60], 2.9(25) da 2.8(23) ):  

1

6(1 ,1 ; 1;1 ) (1 ) ( )c a b cF a b c a b z z z u z          , 

1 1

6(1 , ; 1;1 ) ( ) (1 ) / (1 ) ( )c a c bF a b c a b z a c z z d dz z u z                

da formulas (ix., mag., [60], 2.8(25) ) 
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   1 1

1( , 1; 1; ) ( ) (1 ) / (1 ) ( ) .b bbF a b c z c a c z d dz z u z        

(27) TanafardobaSi am formulebis Setanis da gamartivebebis Semdeg miviRebT  

   
1 1 1

16 61( ) ( ) ( ) ( 1) ( ) ( ) (1 ) .(28)
c c a bw z w z c c a b c a c b z z

                     

 gaviTvaliswinoT kumeris Tanafardobebi, romlebic akavSirebs gausis hg gan-
tolebis u1(z), ..., u6(z) amonaxsnebidan nebismier sams (ix., mag., [60], 2.9(35)_(43) ):  

(29) 6,1,)()()( 51  qzuzuzu qqq  ,  

sadac q da q  ar aris damokidebuli z cvladze. (26) da (29) formulebidan miviRebT 

(30) 
1( ) { ( ), ( )} (1 ) ,c c a b

pq p q pqw z w u z u z K z z       

sadac 

(31) (1 )( ) (1 )det , , 1,6.
p p

pq qp p q q p

q q

K K c c p q
 

        
 

 
   

 
 

 Kpq koeficientebi 6,1, qp  indeqsebis yvela aratrivialuri mniSvnelobebisaTvis 

gamoTvlilia damatebaSi BB(ix. formulebi (B.14) - (B.28)).  

 Sedegi 4. gardavqmnaT (30) formulis marcxena mxare: 
2 ( ) ( )( ) ( ) / ( ) ( ) / ( ) ( ) / ./q ppq p q q p p

u z u zw z u z d dz u z u z d dz u z u z d dz    
 

 

(29) formulis gaTvaliswinebiT aqedan vpoulobT: 

(32)    

0

0 5 5 02

0 1 1 00 0

( ) ( ) ( ) ( )1
det det ,( ) ( )

( ) ( ) ( ) ( )( ) ( ) ( ) ( )

z

q q p q q p

p pq
p pp p p pz

u z u z u z u z
u z w z dz

u z u z u z u zu z u z u z u z


   

    
  


   

 

saidanac, (30) da (31) formulebis gaTvaliswinebiT vRebulobT Tanafardobas 

(33)   

0

1
1 0 5 0

2

1 50

( ) ( )1 1( )
det . ( 1,6)

(1 ) ( ) ( )( ) ( ) ( )

z c a b

c

p p pz

u z u zt
ptd

c u z u zt u t u z u z

    
    

  

 aviRoT aq p1, z00, z1 da gaviTvaliswinoT (29)-(31), (**) da (14). miviRebT: 

(34)    
1

2 1

0

(1 ) ( ) ( )
( , ; ; ) 1 .( )

( ) (1 ) (1 )

c c a b c c a c b
F a b c t t t td

c a b

          
 

       

   (Re (ab)< Re c < 1) 
 msgavsadve, (33) formulaSi p1, z01, z∞ mniSvnelobebis Setana da gamartiveba 
hg funqciis asimptoturi mniSvnelobis (ix., mag., [60], 2.10(2) da 2.10(5)) da (B.2) da (14) 

formulebis gaTvaliswinebiT gvaZlevsformulas (damtkiceba ix. SromaSi [45a]): 

  
 

0
2

21

1

( )
(35) sin ( ) ( ) ( ) ( ).

( )1 ( , ; ; )

Re( ) 0, Re( ) 0

i

i b

c a b c

c
t e b a b c a c bd

t t F a b c t

a b c a b





  


      



      


 

  

 formulebi (34) da (35) SeiZleba warmovadginoT Semdegi saxiT:   

(34')  
 

1
2

1

2

0

sin ( )
( )1 ,

( ) ( ) (1 ) (1 )( , ; ; )

c c a bc c
t t td

c a c b a bF a b c t

   
 

       
 

 

(35')  
0

2
2 1

1

( )
( )( , ; ; ) 1 ,

( ) ( ) ( ) (1 )

i
i b

c c a bc e
F a b c t t t td

a c a c b b




    
 

      


 

romelic, analizuri gagrZelebis Sesaxeb Teoremis ZaliT, marTebulia cba ,,  
argumentebis yvela kompleqsuri (sasruli) mniSvnelobebisaTvis. 
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 Sedegi 5. gausis hg funqciebis parametrebis kerZo mniSvnelobebis SerCeviT (13), 
(23)-(28) da (30)-(35) formulebidan vRebulobT mTel rig Tanafardobebs sxvadasxva 
specialuri da elementaruli funqciebisaTvis. SevniSnoT, rom (33) integrali 
aiReba elementarul funqciebSi maSin da mxolod maSin, rodesac am formulis 
marjvena mxareSi Semavali hg funqciebi erTdroulad gamoisaxeba elementaruli 

funqciebiT. amasTan, Tu es xerxdeba parametrebis romelime cba ,,  mniSvne-

lobebisaTvis, maSin es moxerxdeba , ,a cbl m n    mniSvnelobebisaTvisac 

( ...,2,1,0...,,2,1,,  ncnml ).  

 magaliTi 3. (33) formulaSi CavsvaT ba, t ( )/2. maSin (ix., mag., [132], 15.4.16) 

  (1 ) / 2 1,1 ; ;(1 ) /2 ( )[( 1) ( 1)] ( ),/ c c

aF a a c c P 

        

   
),)1arg(,)1arg(),1,1((

),21()]1/())[(2();2;1,();2;,1( 12/)1(

 

 



 zPzzczcaaFzcaaF c

a

c

 

sadac )(
P  leJandris funqciaa. SevcvaloT aRniSvnebi: µ 1c,    a,   12z, 

0 1 2z0 .   gamartivebis Semdeg miviRebT   

0

0

22
0

( ) ( )
.

2sin ( ) ( )( 1) ( )

P Pd

P PP


 

 

 


 


 
  

     


   

   
 

 magaliTi 4. (26) formulaSi aviRoT /z z b . gveqneba 

1 5
1

1 5

( / ) ( / )

det (1 )( / ) (1 / ) .
( / ) ( / )

c c a b

u z b u z b

c z b z bd d
b u z b b u z b

dz dz

   

 
    
 
 

 

am gamosaxulebaSi gaviTvaliswinoT, rom  
1

5( / ) ( / ) (1 / ) (1 ,1 ; 2 ; / )c c a bu z b z b z b F a b c z b       . 

miviRebT 
1

1

1

( , ; ; / ) (1 / ) (1 ,1 ; 2 ; / )

det (1 ) (1 / ) .
( , ; ; / ) (1 / ) (1 ,1 ; 2 ; / )

c c a b

c c a b

c c a b

F a b c z b z z b F a b c z b

c z z bd d
F a b c z b z z b F a b c z b

dz dz

  

   

  

    
    
        

 

gadavideT zRvarze b. maSin (1 / ) exp( )b

b
z b z


   da (ix., mag., [60], §6.1) 

2 1 1 1

2 1 1 1

, ; ; ( , ; ),

1 , 1 ;2 ; (1 ,2 ; ),

b

b

z
F a b c F a c z

b

z
F a b c F a c z

b





 
 

 

 
       

 

 

sadac 1 1( , ; )F a c z  aris gadagvarebuli hipergeometriuli funqcia (kumeris funqcia). 

Sedegad vRebulobT cnobil formulas gadagvarebuli hipergeometriuli gantole-

bis amonaxsnebis 1 1 1( ) ( ; ; )y z F a c z  da 1

4 1 1( ) exp( ) (1 ; 2 ; )cy z z z F a c z     vronskianisaTvis 

(ix. [60], 6.3(2)-(5) da 6.3(9) ):   
1

1 1 1 1

1 4 1

1 1 1 1

( , ; ) (1 , 2 ; )exp( )

{ ( ), ( )} det (1 ) exp( ).
( , ; ) exp( ) (1 , 2 ; )

c

c

c

F a c z z F a c zz

w y z y z c z zd d
F a c z z z F a c z

d z dz







   
   
       

 

 amave xerxiT (30) da (B.14)-(B.28) formulebidan SeiZleba vipovoT vronskianebi 
gadagvarebuli hg gantolebis danarCeni amonaxsnebisaTvis.   



 101 

 magaliTi 5. (33) formulaSi CavsvaT ba    c1/2,  t sin
,  z sin

 ,  z0. maSin 

(ix., mag., [60], 2.8(11) )  aaaF 2cos)sin;2/1;,( 2   da vRebulobT: 

2

2

0

2 1 2sin (1/ 2 ,1/ 2 ;3/ 2;sin )
tg(2 ) ,

cos 2 cos(2 )

F a a
d a

a a a



 
 

 
 

 
 

saidanac miiReba cnobili (ix., mag., [60], 2.8(12) ) formula: 
2(1/2 , 1/2 ; 3/2; sin ) ( sin2 ) /(2 sin ).F a a a a      

 magaliTi 6. gamoviyenoT (33) formula, roca с1. aRvniSnoT  c1 ,  > 0, 

gaviTvaliswinoT Tanafardoba (17) da gadavideT zRvarze 0 ((33) integralis 

Tanabari krebadoba advilad mowmdeba). miviRebT 

 
0

01 0

2
0

0

0 0

0

(1 ,1 ;1 ; ) (1 ,1 ;1 ; )
lim

( , ; ; ) ( , ; ; )1 1 11 1 1( ) ( )1 , ;1;

(1 ,1 ; ; ) (1 ,1 ;1 ; )1
lim

( , ; ; ) ( ,1 1 1 1

z

a b
z

zz bF a z F a b ztd

F a b z F a b zt t F a b t

z aF a b z F b zz

F a b z F a




 

 



       
   

               

      
 

        



0

.
; ; )1 1b z

 
 

    

 

am formulaSi (5) warmodgenis gamoyenebiT da gama-funqciis uwyvetobis gaTvalis-
winebiT miviRebT  

   
 

0

0 02
0

0

ln lim ( , ) ( , ) ,
1 ( , ;1; )( )

z

a b

z

ztd
z f z z f z

zt t F a b t

 

 

  
     

    

sadac 
1

11
1 1 1 11 1 1 1

00

( , ) (1 ) (1 ) .(1 ) (1 )
b b ab b af z u u zu duu u zu du



      
   

       
   

  

integralqveSa gamosaxulebis diferencireba (5) da (B.2) formulebis gaTvalis-

winebiT da  0 zRvarze gadasvla mogvcems 

(36) 
 

0

1

0

2
0 0

1 sin ( , ; ) ( , ; )( )
ln ,

(1 ,1 ;1; ) (1 ,1 ;1; )( , ;1; )

z
a b

z

t t z b I a b z I a b ztd

z F a b z F a b zF a b t

    
   

    





 

sadac  I (a, b; z) aRniSnavs Semdeg integrals: 

1

1 1

0

(1 )
( , ; ) (1 ) (1 ) ln .

1

b b a u u
I a b z u u zu du

zu

   
  

  

 roca a 1, formula (36) martivdeba da daiyvaneba cnobil Tanafardobaze  
(ix., mag., [132], 6.6.8) 

 (***)  .])1(1[)1()1,1();2;2,1( 1111   b

z zbzbzzbF  

marTlac, (36) Tanafardobis marcxena mxareSi gamoviyenoT formula bttbF  )1();1;,1(  

(ix., mag., [132], 15.2.12), xolo marjvena mxareSi – igiveoba (0, ; ; ) 1.F b c z  Sedegad miviRebT 

0

1

1 1 1 0

0 0

sin 1
(1 ) ln (1 ) ln .

1

(0 Re 1)

z

b b b

z

z b z u
t t u u dutd

z zu

b

     
   



 




  

aqedan, z cvladiT gawarmoebisa da (5) integraluri warmodgenis gamoyenebiT, 
gamartivebebis Semdeg vRebulobT (***) formulas. 
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 magaliTi 7. CavsvaT (36) formulaSi ab1/2 da gaviTvaliswinoT, rom 

(ix., mag., [132], 17.3.9) (1/2, 1/2;1; ) (2/ ) ( ),F z z  K  sadac )|2/()( zFz K  aris I gvaris 
sruli elifsuri integrali. gveqneba 

 
0

1
2 2

0 0 0( /4) (1 ) ( ) ln( ) 1/2 (1/2,1/2, ) / ( ) (1/2,1/2, )/ ( ) ./

z

z

t t t dt z z I z z I z z


      K K K  

aqedan, (B.33) formulis gaTvaliswinebiT (ix. [45]), miviRebT 

(37)           
0

1
2

0 0 0(1 ) ( ) (4/ ) (1 )/ ( ) (1 )/ ( ) . 0, 0
z

z

t t t dt z z z z z z


         K K K K K  

kerZod, gveqneba 

(37' )  
1 1

2

1/2

(1 ) ( ) 4 / .t t t dt


    K        

 analogiurad, (37) formulaSi SevitanoT ab1/2 da gaviTvaliswinoT 

formula (ix., mag., [132], 17.3.10) ( 1/2, 1/2;1; ) (2/ ) ( ),F z z   E  sadac |( ) ( /2 )z E z E  aris 

II gvaris sruli elifsuri integrali, gveqneba  

   
0

1 12 1 2

0 0 0( /4) ( ) ln( / ) (3/2,1/2;1; ) (3/2,1/2, ) (3/2,1/2;1; ) (3/2,1/2, ).
z

z

t t dt z z F z I z F z I z
       E  

am formulaSi ),2/1,2/3( zI  da );1;2/1,2/3( zF  mniSvnelobebis SetaniT vRebulobT 

(38)    
0

21 1

0 0 0( ) 4 (1 ) (1 ) / ( ) (1 ) (1 )/ ( ) .
z

z

t t dt z z z z z z
        E D E D E   

aq  )(zD   III  gvaris sruli elifsuri integralia (ix. [130], 8.111(5)). 

 Sedegi 6. (22) formulidan, (19), (20) da (111) gaTvaliswinebiT, vRebulobT 
zaalSutcis formulis (ix., mag., [60], 2.1(30)) analogs: 

 1 1

0
1

( 1) ( 1) !
(39) ( 1) ( 2 ) ( )( ) 0

( ) !( )!

( 1, 2, ..., , , )

m k m m

k
m

a k b k m
abc ab m k k m k c a b

c k k m k

m a b c

 




   
       

 

 



C

    

(igive Sedegi, a, b, c parametrebis aRniSvnebis sizustiT, miiReba (23)-(25) formule-
bidanac). aqedan, Tavis mxriv, martivad miiReba Tanafardoba ganzogadebul hiper-

geometriul (sasrul) 4 3
1

( ; ; )|r t
z

F z


   mwkrivebs Soris: 

4 3 4 3

4 3

1, 1, 1, ; , , , 1;
(40) 1 2 ( 1)( 1) 1

, , ; 1, 1, 1;

, , , 2;
( 1)( 2 1) 1 . ( 1,2, ...)

1, 1, 1;

a m b m c m m a m b m c m m
abc F m a m b m F

a b c a b c

a m b m c m m
m m c a b m F m

a b c

              
        

     

     
       

   

 

 SevniSnoT, rom am formulis marjvena mxareSi mdgari ganzogadebuli hiper-
geometriuli funqcia aris zaalSutcis saxisa: 

( ) ( ) ( ) ( 2) ( 1) ( 1) ( 1) 1,a m b m c m m a b c                

xolo marcxena mxareSi Semavali funqciiebi zaalSutcis saxisa ar aris. 

 SevniSnod agreTve, rom Tanafardoba (40) SeiZleba CavweroT ramdenime tolfasi 
saxiT, Tu gamoviyenebT, magaliTad, formulas (ix., mag., [134c], 7.5.3.(21))  

(40')
4 3 4 3

, , ; ; 1, 1, 1; 2;( 1)( 1)( 1)
1 .

1, 1, 1 2, 2, 1,( 1) ( 1) ( 1) ( )

a b c m a b c mm m m c a m c b
F F

a m b m c m a m b m c ma m b m c m c m

              
  

                   
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$4.3. mravali cvladis hg funqciebis zogierTi Tviseba 
 

 (5) integraluri warmodgenis msgavsad, SemoviRoT aRniSvna: 

   
1

1 1

1 1 1,1

0

( )
...(41) (1 ) 1 , ; ; , , ,; ;

( ) ( )

( Re Re 0 )

k
n ba c a

k n n nk

c a au u z u du F b z b z F
c ca c a

c a

  



   
      

      

 

 b z
 

sadac 

     1 11,
..., , | 1, , ; ; , , 1,2,...n nk kn

b z k n b z b z n   b z  . 

apelisa da kampe de feries monografiaSi [62] naCvenebia, rom (41) tolobiT 

ganmartebuli funqcia  
1,

,;
n

aF
c

 
 
 

b z  aris n cvladis hipergeometriuli funqcia, 

romelic miekuTvneba m. lauriCelas mier Seswavlili funqciebis tips (ix. [135]). 

naSromSi [62] es funqcia aRniSnulia :DF   

   1 11,
... ..., ; , , ; ; , , .; n nDn

aF F a b b c z z
c

 
 

 
b z  

am funqciisaTvis samarTliania warmodgena mwkriviT (ix. [62], Tavi VII) 

  1

1 2
1

...

1, 1
, , ..., 0

...

( )( )
(42) , ,;

( ) !

j

jn

n
n

k

n j k jk k

n j
k k k

k k j

b zaaF
c c k


 




 

 
 

 
 b z  

romelic absoluturad krebadia, rodesac 1, 1, .jz j n   aq (a)k aRniSnavs poxhameris 

simbolos: 

0

( ) ( 1) 1
(43) ( ) 1, ( ) ( 1)...( 1) ( 1) ( 1) ,

( ) ( 1 ) (1 )

k k

k

k

a k a
a a a a a k k

a a k a 

    
          

     
. 

 kerZod, n 2 SemTxvevaSi (41) da (42) formulebi gvaZlevs apelis hg funqcias 
(ix. [62], Tavi II, agreTve [60], 5.7-5.11 da [130]): 

   1 1 2 2 1 1 2 1 21,2
, , ; , , , ; ; ,; ; ;

a aF F b z b z F a b b c z z
c c

   
    

   
b z  

xolo n  SemTxvevaSi – gausis hg funqcias 2 1( , ; ; )F a b c z  (ix., mag., [60], 2.1(2), 2.1(10)).  

 naSromSi [45a] damtkicebulia Semdegi 

 lema 1. rodesac zj < 1,  1, ,j  n  (41) tolobiT ganmartebuli hipergeometriuli 
funqciisaTvis samarTliania Semdegi rekurentuli Tanafardoba:  

   
1, 1, 10

( ) ( )
(44) , , , ( 2).; ;

( ) !

n

n n

n

n

k

k n k n
n

n nk
nk n

a b z kaaF F n
kcc c k





   
       
b z b z     

 damtkiceba: vTqvaT, n2. zn <1 pirobis gaTvaliswinebiT, visargebloT (41) 
formulaSi binomialuri gaSliT. miviRebT:  

   

 

1
11 1

1, 1

0

1
11 1

0 1

0

( )
, (1 ) 1 (1 );

( ) ( )

( 1)( )
( ) (1 ) 1 .

( ) ( ) ! ( 1 )

k n

kn n

n

n b ba c a

k nn k

n bk a k c an
n kk k

n n n

caF u u z u z u du
c a c a

bc
z u u z u du

a c a k b k

    



     

 

  
    
   

  
   
      



 





b z

 

aqedan, (43) Tanafardobis gaTvaliswinebiT, vRebulobT dasamtkicebel (44) 
formulas.  
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 SeniSvna: (41) formula inarCunebs azrs n 0 mniSvnelobisaTvisac, Tu gaviT-

valiswinebT standartul SeTanxmebebs: 1, 0,
n n

k mk m 
   roca n m. kerZod, (3) 

formulis gaTvaliswinebiT (41)-dan vpoulobT 

 
1

1 1

0

0

( )
(41 ) , (1 ) 1,;

( ) ( )

a c acaF u u du
c a c a

    
    

   
b z  

xolo (44) formulis marjvena mxareSi am Sedegis Setana gvaZlevs  

   
1 00 0

( ) ( )( ) ( ) ( )
, , ,; ; ;

( ) ( ) ! ( ) ( ) !

k
k k k

k k
k

a bc a k b k zka a aF F b z z F
kc c ca c k k b c k

 

 

                         
 b z b z  

 mwkrivs gausis hipergeometriuli funqciisaTvis. roca n 2, (44) formula 
gvaZlevs kavSirs apelis da gausis hipergeometriul funqciebs Soris ([62], II, (15)). 

 Teorema 2. n cvladis  hg funqciisaTvis (41) adgili aqvs melin-bernsis tipis 
integralur warmodgenas n-jeradi ganmeorebiTi integralis saxiT:  

    1
11, 1

1

( ) ...( ) ( )
( )45 , 2 ... ( ) ( ) .;

...( ) ( ) ( )

j
i i nn sj j n

n j jn ji i
j n

b s a s s caF i ds ds s z
c b c s s a

 

   

       
      

      
 b z   

 damtkiceba. (ix. [44a]). n 1 SemTxvevaSi (45) emTxveva bernsis konturul integrals 
gausis hg funqciisaTvis (ix., mag., [61], 14.5)  

 
1 ( ) ( ) ( )

, 2 ( ) ( ) ,;
( ) ( ) ( )

i
s

i

b s a s ca zF b z i ds s
c b a c s




 

      
     

    
  

e. i. am SemTxvevaSi Teorema marTebulia. SevniSnoT, rom n 2 SemTxvevaSi (45) 
iZleva apelis F1 funqciisaTvis cnobil formulas ([62], Tavi II, (25)) da, maSasadame, 
Teorema marTebulia am SemTxvevaSic.  
 gavakeToT induqciuri daSveba 

   
1( 1) 1 1

1 11, 1 1
1 1

( ) ( ... ) ( )
, 2 ... ( ) ( );

( ) ( ... ) ( )

j

i i nn sj j n
n j jn jii

j n

b s a s s caF i ds ds s z
c b c s s a

    
   



       
      

      
 b z   

da gardavqmnaT (45) formulis marjvena mxare: 

 

   

1
1 1 1

1

1

1, 1

( ) ( ... ) ( )
(46) 2 ... ( ) ( )

( ) ( ... ) ( )

( ) ( )( )
2 ( ) ( ) ; ,

( ) ( ) ( )

j

n

i i i nn sj j n
n n j jji i i

j n

i
ns nn n

n n n n
i n nn

b s a s s c
i ds ds ds s z

b c s s a

sb s a sac
i ds s z F

c sa b c s

  

      





 

      
     

     

     
      

    

  

 b z



 .

 

roca parametrebi , ,na b c  ar aris mTeli aradadebiTi ricxvebi, maSin integral-

qveSa funqcias (46) gamosaxulebis marjvena mxareSi aqvs martivi polusebi 

wertilebSi , 0, 1, ...ns k k  . Tu amave dros  Re 0,na b c    maSin integrali am 

funqciidan marjvena (kompleqsur) naxevarsibrtyeSi ganlagebul usasrulo radi-
usis wrewirze miiswrafis nulisken da (46) integrali gamoisaxeba am wertilebSi 
aRebuli naSTebis jamis saxiT. (44) formulis gaTvaliswinebiT miviRebT:  

 

   

1
1 1

1

1, 1 1,0

( ) ( ... ) ( )
2 ... ( ) ( )

( ) ( ... ) ( )

( ) ( )
, , .; ;

( ) !

j
i i nn sj j n

n j jji i
j n

k
nk k n

n nk
k

b s a s s c
i ds ds s z

b c s s a

a b z a akF F
kc cc k

 

   





      
     

     

          

 

 b z b z



 

analizuri gagrZelebis Sesaxeb Teoremis ZaliT, es Sedegi samarTliania , ,na b c  

parametrebis nebismieri (kompleqsuri) mniSvnelobebisaTvis.  
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 (41) da (42) ganmartebebidan gamomdinareobs, rom n cvladis hg funqcias aqvs 

singularoba 1nz   wertilSi. am singularobis buneba 1n  SemTxvevaSi aiwereba 

(14) formuliT, xolo 2n   SemTxvevaSi gvaqvs 

 Teorema 3. n cvladis hipergeometriul funqcias (41) nebismieri 1n  mniSvne-
lobisaTvis aqvs Wrili 

nz  cvladis kompleqsur sibrtyeSi 1nz    wertilidan 

usasrulobamde dadebiTi RerZis gaswvriv, kerZod, adgili aqvs Tanafardobas 

   
1, 1, 1

0

0

( ) ( )( ) ( ) (1 )
(47) , ,; ;

( ) ( ) (1 ) !

( ) ( )( ) ( ) (1 )
(1 )

( ) ( ) (1 ) !

n

n n

n
n

n

n nn

n
n

k
k n kn n n

n n
k nn n k n

k
k n kc a b n n n n

n
k

n n k n

a bc c a b z aa kF F
bcc c a c b c a b k

c a c bc a b c z c b kz F
ca b c a b k







 



                     

        
    





b z b z

 
1, 1

, .;
n

nb 

 
  

b z

 

 damtkiceba. n 1 SemTxvevaSi (47) daiyvaneba (14) formulaze. 2n  SemTxvevaSi 
(45) formulaSi gamoviyenoT bernsis cnobili lema (ix., mag., [61], 14.52): 

 
1( ) ( ) ( ) ( )

2 ( ) ( ) ( ) ( ) ,
( )

i

i

i t t t t dt




 

       
        

    
       

    
   

 

romlis Tanaxmadac gveqneba 

1 1 1

1 1 1

( ... ) ( ) 1 ( ... ) ( ) ( ) ( )
.

( ... ) 2 ( ) ( ... )

i
n nn n n nn

i
n n n

a s s b s a s s t b t s t c a b t
dt

c s s i c a c b s s

 


 


                  


          



 

aq   nebismieri namdvili ricxvia, iseTi, rom ( ) ( )nns t c a b t       gamosaxulebis 

polusebi kompleqsur t sibrtyeSi ganlagebulia saintegro gzis marjvniv, xolo 

1 1( ... ) ( )nna s s t b t        gamosaxulebis polusebi  saintegro gzis marcxniv. 

vRebulobT 

 
 

1

1, 1

1 1

1 1

( )( ) 1
, ( ) ( ) ( ) ( );

( ) ( )2

( ) ( ... )1
( ) ( ) .

2 ( ) ( ) ( ... )

jn

ii
n sj js

jn n j jnn j
ii j

i

n n
nn n

i n n n

b scaF z s s z ds
c a bi

c a b t a s s t
b t s t dt ds

i b c a c b s s





  

 



  

     
        
   

        
     

        





b z









 

Tu  parametrs avirCevT ise, rom t da  sj, 1, ,j n  konturebs Soris manZilis qveda 

zRvari iyos dadebiTi (nulisgan gansxvavebuli), maSin am formulaSi dasaSvebi 
iqneba (ix., mag., [61], 14.53) integrebis Tanmimdevrobis Secvla. gveqneba 

 
1,

1
1 1

1

1 1

( ) ( )( ) 1 1
, ( ) ( ) ( );

2( ) ( ) ( ) 2

( ... )( )1
( ) ( )

2 ( ) ( ... )

n

j

ii
sn n

n n n nn
i in

i
n

s nj j

j j jj
i nj n

b t c a b tcaF z s s t ds
c ia b c a i

a s s tb s
ds s z

i b c b s s

 

   







  

         
               

       
    

      


 



b z


 


.


 

 kvadratul frCxilebSi mdgari integrali tolia integralqveSa funqciis 

naSTebis jamisa ( ) ( )n ns s t     gamosaxulebis polusebSi:  

0 0

0 0

( 1) ( )1 ( 1) 1
( )( ) ( ) ( ) ( )

!2 sin ( ) ! (1 )

(1 )( )sin ( ) (1 )
( ) ( 1) ( ) ( ) ( )(1 )

sin ( ) ! (1 ) ! (1 )

n

i l ll
s l n

n n n n nl l
i

l
l l tn

n nl l

z
s z s t ds z l t

li l t l l t

t zt t
t z t t z

l t l l t l l t


 

 
 

 

 

 
          

   

    
           

      

 

 

  

 

 
.

 

amitom miviRebT 
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 
1,

1
1 1

1
1 1

( ) ( )( ) 1
, (1 ) ( );

( ) ( ) ( )2

1 ( ) ( ... )
( ) .( )

2 ( ... )( )

j

i
tn n

nn
i n

i
n

s j j n
jjjj

n ni j

b t c a b tcaF z t
a b c ac i

b s a s s t
s d tz ds

i c b s sb

 

 







 

       
          

        
   

      






b z






 

aqedan, ( ) ( )nc a b t t       gamosaxulebis polusebSi integralqveSa funqciis 

naSTebis jamis gamoTvliT vipoviT (vgulisxmobT, rom  < 0): 

(48) 

 
1, 0

1
1 1

1
1 1

0

( )( ) ( 1)
, (1 ) ( );

( ) ( ) ( )!

1 ( ) ( ... )
( ) ( )

2 ( ... )( )

( )
(1 ) (1 )

( )

j

n

k
k n

nnn k
n

i
n

s j j n
jj jj

n ni j

c a b k

n n
k

b kcaF z c a b k
a c a bc k

b s a s s k
z s ds

i c b s sb

c
z z

a











 

 



    
           

        
   

      


  




 

b z



1
1 1

1
1 1

( )( 1) ( )

)( ) (!

1 ( ) ( ... )
.( ) ( )

2 ( ... )( )

j

k

n

n

i
n

s j j n n
jj jj

n ni j

a b c k c a k

ab ck

b s c b s s k
z s ds

i c b s sb









 

      


 

         
   

      



 

 

gardavqmnaT (48) gamosaxuleba (43) formulisa da 4.2 Teoremis gaTvaliswinebiT. 
gveqneba 

   

 

1, 1, 10

1, 1

(1 ) ( 1) ( )
; , ( ) ( ) ( ) ,;

( ) ( )!

( 1) ( )
(1 ) ( ) ( ) ,;

( ) ( )
n

k k

nn
nk kn nk

nn

k
c a b n n

nn k k n
nn

z c a b k aa kF c a b F
c bc c a c bk

a b c k bc kz c a c b F
bca b





 



                     

            
     

b z b z

b z

 

 

 

10

10

( ) ( ) (1 ) ( ) ( )
,;

( ) ( ) ! (1 )

( ) ( ) (1 ) ( ) ( )
.(1 ) ,;

( ) ( ) ! (1 )
n

k

n nn k k

nk
nn n k

k
c a b n nn k k n

n nk
nn n k

c c a b z a b a kF
c bc a c b k a b c

c a b c z c a c b bc kz F
bca b k a b c





 



                

           
      





b z

b z

   

 

amrigad, formalurad (47) damtkicebulia. damtkicebis dasasruleblad sakma-
risia vaCvenoT, rom aq Semaval orive mwkrivs gaaCnia saerTo krebadobis are. 

roca 1 2, 1, 1, 1 1 2,/ /j nz j n z      es advilia dalamberis niSnis gamoyenebiT, Tu 

gaviTvaliswinebT (42) da (43) formulebs. cvladTa aRniSnul areSi am mwkrivebiT 
gansazRvruli funqciebi analizuria da (47) formula iZleva n cvladis 
hipergeometriuli funqciis analizuri gagrZelebis magaliTs.    

 gadavweroT (47) formula Semdegi saxiT: 

(49)  

   

 

1, 1 1, 10
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( ) ( ) ( ) ( )
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n
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n nn nk

nn n k

k
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n nk
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c c a b z a b aa kF b z F
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 

 



                     

          
      





b z b z

b z

 

SeviswavloT marjvena mxareSi Semavali mwkrivebi.  
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 winadadeba 1. 
1, ..., nz z  cvladis xarisxovani mwkrivi  

(50)  

 

1 1

1 1
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1
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k
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c c kk
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










   
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 

  


 

   
 


 





  



b z

 

1

1, 1

, 0

,,
;; .

n n

n nn

k n

b z
aF

cc






 
  

 
 


b z

 

gansazRvravs am cvladebis hg funqcias SualedSi 1, 1, 1, 1, 2.j n jz z z j n n        

 marTlac, (50) mwkrivis koeficientebi akmayofileben hornis pirobebs mravali 

cvladis hipergeometriuli funqciis mwkrivisaTvis (ix., mag., [60], 5.7(2)):  

mravali cvladis xarisxovani mwkrivi 1

1
0 ...

1,

... n

j n

kk
k k k

j n

A z z






  am mwkrivis krebadobis 

areSi gansazRvravs 
1, . . . , nz z  cvladebis hipergeometriul funqcias, Tu funqciebi 

1 1 1 1 1 11 1( ,..., ) ( ) ( )/
j j j n j j j nj n k k k k k k k k k kf k k A A
     racionaluria jk  cvladebis mimarT,  1, .j n  

poxhameris simbolos (43) ganmartebis Tanaxmad, (50) mwkrivis koeficientebisaTvis 
hornis pirobebi Sesrulebulia: 

(51) 

1 2 1 1

1 2 1 1

1 2 1

1 2 1

1 1
1

11

1 1
1

...
( ,..., ) , 1, 1,

... 1

...
( ,..., ) ,

1

j j j n

j j j n

n n
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k k k k k k j jn

j n
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n n
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f k k j n

A c k k k

A a k k b k
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 

 











  
   

   

   
 

 

 

 mwkrivis krebadobis are davadginoT hornis funqciebis (ix. [60], 5.7(40)) 

1 1 1 1( ,..., ) lim ( , ..., ), 1, 1, ( ,..., ) lim ( , ..., )j n j n n n n n
t t

k k f tk tk j n k k f tk tk
 

       

gamoyenebiT. hg mwkrivis krebadobis asociirebuli radiusebi gamoisaxeba am 

funqciebiT:
1 1

1 1( ,..., ) , 1, 1, ( ,..., ) .n nj j n nR k k j n R k k
 

       (51) formulebis Tanaxmad,  

(50) mwkrivisaTvis vpoulobT: 

(52)  
1 111

1 1

1 1

...
( ,..., ) , 1, 1, ( ,..., ) .

... ...

nn

j j n n n n

n n

k k k
R k k j n R k k

k k k k

  
       

   
 

aqedan 1,j nR R   rac Seesabameba winadadebaSi miTiTebul krebadobis ares.  

 SeniSvna. rodesac n 2, funqcia (50) gamoisaxeba mwkriviT, romelic ikribeba 

apelis
2F  funqciisaken (ix. [62], II(12), agreTve [60], 5.7(7)): F  

(50'  ) 
1 2

1 2 1 2

1 2

1 2

1 21 2 1 2 1 2
2 1 2 2 1 2 2 2 1 2 2 10,

21 2 1 2

( ) ( ) ( ), ,
; ( ; , ; , ; , ) ( ; , ; , ; , ).;

( ) ( ) ! !

k k
k k k k

k k
k k

b z zb a b b z z
F a F a b b c c z z F a b b c c z z

c c cc k k

 



 
   

 
  

am mwkrivis (absoluturi) krebadobis are, rogorc cnobilia ([60], 5.7(42)), aris 

organzomilebiani simpleqsi 1 2 1,z z   xolo (49) Tanafardoba am SemTxvevaSi 

Caiwereba apelis funqciebiT: 

(49')   
2

2
1 1 2 1 2 2 1 2 2 2 1 2

2

2
2 2 2 1 2 2 1 2

2

( ) ( )
( ; , ; ; ,1 ) ( ; , ; ,1 ; , )

( ) ( )

( ) ( )
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z F c b b c a c b a b c z z

a b
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   
      

   

   
      

 
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 Teorema 4. (50) mwkriviT ganmartebuli n cvladis hipergeometriuli funqcia 

 
1, 1

1

, ,
... ;;( , , )

n nn
n

n

zb
au z z F

cc


 

  
 
 

b z
 akmayofilebs Semdegi saxis meore rigis kerZo 

warmoebulebiani diferencialuri gantolebebis sistemas: 

(53)   

1 1

11 1

1

11

1 ( ,..., ) 0, 1, 1,

1 ( ,..., ) 0.

n n

i j j i j j ni i
i j i j

n

n n n n i n n ni
n n i n

c z z z a z b z u z z j n
z z z z

c z z z a z b z u z z
z z z z

 

 





          
                            

         
           

         

 



 

 damtkiceba. iseve, rogorc naSromSi [60], SemoviRoT  operatorebi 

, 1, ,j j

j

z j n
z


 


  

da (51) formulis marjvena mxaris mricxvelsa da mniSvnelSi mdgari polinomebi 

aRvniSnoT,  Sesabamisad, Gj (k) da ( ):jG k   

(54) 

    

    

    

1 1

1 1 1

1

... ... ,..., ,..., ( ), 1, ,

... ... 1 ,..., ,..., ( ), 1, 1,

1 ,..., ,..., ( ).

j n j j j j n j

j n j j j n j

n n n n j n n

a k k k b k G k k k G j n

c k k k k G k k k G j n

c k k G k k k G



        

         

   

k

k

k

  

naTelia, rom yvela am polinomis xarisxia  pj 2. 
 SevadginoT kerZo warmoebulebiani diferencialuri gantolebebis sistema 

     1

1 1 1,..., ,..., ,..., ,..., ,..., ,..., 0(55) , 1, .j j n j j j n j n
uG z G z z z j n

    
     

 n 1 SemTxvevaSi (53) formula Rebulobs Semdeg saxes:  
1[( )(1 ) ( )( )] ( ) 0c z a b u z           

da, maSasadame, emTxveva gausis gantolebas hg mwkrivisaTvis. amrigad, am SemTxve-

vaSi Teorema marTebulia. SevniSnoT, rom Tu n2, (53) (da (55)) formulebi 
emTxveva kerZo warmoebulebian gantolebaTa sistemas apelis F2 funqciisaTvis 
(ix., mag., [60], 5.9(10)) 

   
      

      

1
1 1 21 1 2 11 1
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      

        

    

   
 

romlis amonaxnsac aqvs (50' ) mwkrivis saxe (simpleqsze 1 2 1z z  ). maSasadame, 

Teorema marTebulia am SemTxvevaSic.  
 (50) ganmartebis gaTvaliswinebiT, gardavqmnaT (55) formulis marcxena mxare. 
pirvel 1n   gamosaxulebaSi gveqneba 

       
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 

                   
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b z

 

 gaviTvaliswinoT, rom (ix. [62], Tavi VII, $39) 
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     
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n n nk z   

e.i. (53) sistemis pirveli 1n   gantoleba kmayofildeba.  

 am sistemis bolo gantolebis marcxena mxareSi gvaqvs 
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aq figurul frCxilebSi mdgari gamosaxuleba 0, vinaidan, (42) formulis 
Tanaxmad, gvaqvs 
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e. i. kmayofildeba (53) sistemis bolo gantolebac.     
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 mravali cvladis hipergeometriuli funqciis zemoT moyvanili warmodgenebidan 
gamomdinareobs ramdenime sasargeblo Tanafardoba [46]: 

 1. integraluri warmodgena (41) SeiZleba gamoviyenoT  
1,

,;
n

aF
c

 
 
 

b z  funqciis 

gardaqmnis Tvisebebis dasadgenad. kerZod, (41) integralSi Semdegi CasmebiT 

 

 

1 ,

1
1, ,

1

1, ,
(1 )

j

j j

u u

u
u j n

z u

u
u j n

z z u

 


 



 
 

 

am funqciisaTvis miviRebT 2n 1 Tanafardobas (ix. [62], 38(10)): 

  1
1

1, 1 1

1 11
1 1 1

1 11 1

(56) , (1 ) , ... ,; ;; ;
11

(1 ) (1 ) , ... , , , ... ,; ; ; ; ;; ;
1 1 1 1

(1 )

k

k

n b n
nk

n k n

n jbc a j j jj j n
j k j j j n

k j j n

a

j

za zca
F z F b b

zc c z

c a z zz z z z z z
z z F b b c b b bz

c z z z z

a
z F

c





  
 

 



   
        

    
     

    
 

 





b z

 1 11
1 1 1, ... , , , ... , 1, ,; ; ; ; ; ;;

11 1 1 1

j jjj jj j n
j j n

j j j j j

z z zz z z z z z
b b c b b b j n

z z z z z
 

 

   
  

    
 

 

sadac simartivisaTvis aRvniSneT 

1
... .nb b b    

es Tanafardobebi miiRebs ufro moxerxebul saxes, Tu SemoviRebT aRniSvnas   

1 , 1 , 1, .j j j jz z z z j n      

 gveqneba: 

  1
1, 11

1 1 1
11 11

1
1

1 1 1(57) , ,1 ... ,1 ... ,1; ; ;; ; ;

,1 ... ,1 ,1 ,1 ... ,1; ; ; ; ;; ;

,1 ...; ;;

k

k

n b

k j n
n j nk

n bc a j j j j
jj k j j n

j j nk

a

j
j

c aaF z F b b b
z z zc c

z z z zc a zz z F b b c b b b
z z z zc

za
z F b

zc







 




   
           

        
 
 







b 1 z

 

1 1
1 1

1

1,1 ,1 ,1 ... ,1;; ; ;

... ; 1, .

j j n
j j n

j j jj

n

z z z
b c b b b

z z zz

b b b j n

 

 

 
   

 
 

   

 

kerZod, n2 SemTxvevaSi (57) gvaZlevs 5 Tanafardobas apelis funqciisaTvis 

  1 2

1 2 1 2

1 1 2 1 2 1 2 1 1 2
1 2

1 2
21 2 1 1 2 2 1 1 2 1 1 1 2

2 1

1 1 1 2 2
1

1 1(57 ) , , ;1 ; 1 ; , , ;1 ; 1;

; , , ;1 ;1 ; , , ;1 ;1

1; , , ;1 ;1

b b

c a b b b c a b

a

F a b b c z z F c a b b cz z
z z

z z
z z F c a c b b b c z z F c a b c b b c zz

z z

z F a c b b b c z

 

     



 
       

 

   
               

   

     2 1
2 1 1 1 2

2 21

1; , , ;1 ;1 .a zz
z F a b c b b cz z z
   

       
   

 

 advili SesamCnevia, rom (56)-(57') formulebi azogadebs gausis hg funqciisaTvis 
cnobil kumeris Tanafardobebs (ix., mag., [60], 2.9(1-4)), kerZod, (17) formulas.  
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 2. (41) integraluri warmodgenidan gamomdinareobs, rom 

   
1

1 1
11 1

0

1 1

1 11

( )( )
1(58) , ; ...; , (1 ) 1;

( ) ( )

( ) ( )
, ; ...; , ; ...; , ,;

( )

(59) , ;...; ,;

j k

j

j

l
b l n bj l a l c a

kjn n kl
k j

j

l j l

j j n n

l

l
n

n nlj

j

c ba z uF b z b z u u z u du
cz a c a

a b laF b z b l z b z
c lc

aF b z b z
cz

     





 
    

    

   
 

 


  







 

1 1 1 1

1

( )( ) ( )
, ;...; ,;

( ) ( ) ( )

... , 0,1, 2, ..., 1, .

n j j

n n n j
j

n j

b la l claF b l z b l z
c l a c l b

l l l l j n



         
     

    



 

kerZod, n 2 SemTxvevaSi (59) gvaZlevs (ix. [62], $IV, (19)) 

21
1 2

1 21 2

1 2

1 2
1 1 2 2 1 2 1 1 1 2 2 2

1 21 2

( )
(59 ) , ; , ( ) ( ) , ; , ,; ;

( )

l l
l l

l ll l

l l

a l laaF b z b z b b F b l z b l z
c c l lz z c






         
      

 

xolo n  SemTxvevaSi vRebulobT (20) formulas gausis hg funqciisaTvis. 

 3. (42) mwkrivis gamoyenebiT advilad mtkicdeba, rom samarTliania Semdegi 

Tanafardobebi (qvemoT aRniSnulia 
1 ... nb b b   ) 

 

 

 

 

1 11

1 11

1 11

1 1

1

1(60) , ; ...; , ;;

(61) 1 ( 1) , ; ...; , ;;
1

1(62) (1 ) ( ) , ; ...; , ;;

(63) ( 1) ( )( )

n

j n nj

n

j n nj

n

j j j j n nj

n

j jj

aa F aF b z b z
c

ac F c F b z b z
c

ac a b z z F c a F b z b z
c

c a b z F c c a c b F







 



    
 

 
      

          
 

      

















 

1 1

1 1

1

1 11

, ; ...; , ;;
1

(64) , ; ...; 1, ; ...; , , 1, ;;

(65) ( 1) ( ) , ; ...; 1, ; ...; , , 1, .;

n n

l l l l l n n

n

l l j j l j n nj

a b z b z
c

ab F b F b z b z b z l n
c

ac b az z z F c b F b z b z b z l n
c





 
 
 

 
    

 

             






 

 imis gaTvaliswinebiT, rom nebismieri analizuri ( )f z  funqciisaTvis  

 1 1( )( 1)...( 1) ( ) ( ) , 1,2, ...,/ l lll f z z d dz z f z l                

(es Tanafardoba advilad mowmdeba induqciiT), (64) formulidan vpoulobT 

 1 1

1 1 1 1
...(66) , ; ...; , ; ...; , , ; ...; , ; ; , .; ;

j j

l
b l b

j j j n n j j j j n nl l
j

a az F b z b z b z b z F b z b l z b z
c cz

      
     

     
 

 formula (66) azogadebs 1n   SemTxvevaSi gausis hg funqciisaTvis cnobil 
(ix., mag., [60], 2.8(21)) Tanafardobebs  

       1 1 1 1, ; ( ) , ; , , ; ( ) , ; ,; ; ; ;/ /l b l b l a l al l
l ld dz z F a b c z b z F a b l c z d dz z F a b c z a z F a l b c z                

xolo 2n   SemTxvevaSi gvaZlevs Sesabamis Tanafardobebs apelis hg funqciisaTvis: 

(66 )   
     

     

1 1

2 2

1 1

1 1 1 2 1 2 1 1 1 2 1 2

1 1

2 2 1 2 1 2 2 2 1 2 1 2

/ , , , ; , , , , ; , ,

/ , , , ; , , , , ; , .

b l bll
l

b l bll
l

z z F a b b c z z b z F a b l b c z z

z z F a b b c z z b z F a b b l c z z

  

  

     

     
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 ganmarteba. gausis da apelis hg funqciebis analogiurad, n cvladis or hiper-
geometriul funqcias, romelTa parametrebia, Sesabamisad, 

1 1, , , , ..., , , , ,n na a b b b b c c     

vuwodoT erTmaneTis asociirebuli, Tu  

(67)  1 1 1, , ..., , ,n n na a l b b k b b k c c m            

sadac , , ( 1, )jl k j n  da m  aris nebismieri mTeli (dadebiTi an uaryofiTi) ricxvebi. 

am hipergeometriul funqciebs vuwodoT erTmaneTis mosazRvre, Tu , , ( 1, )jl k j n  

da m  ricxvebidan mxolod romelime erTi 1,   danarCenebi ki nulis tolia.  

 4. (60)-(65) formulebi SeiZleba ganvixiloT, rogorc 2 4n   wrfivi gantolebis 

sistema, sadac  ucnobebia n cvladis hg funqciis warmoebulebi , 1, .j F j n  am sis-

temidan hg funqciis warmoebulebis Semcveli Sesakrebebis gamoricxviT vpoulobT 
wrfiv Tanafardobebs hg F funqciasa da mis mosazRvre funqciebs Soris: 

1 1 1 1 11

2 1 1

1 11

3

1(68 ) , ; ...; , 0( ) , ; ...; 1, ; ...; , ;; ;

1(68 ) ( ) ( ) , ; ...; ,;

0(1 ) , ; ...; 1, ; ...; , ;;

(68 )

n

n n j j j n nj

n n

n

j j j j n nj

a aaF b z b za b F b F b z b z b z
c c

a
c a b F c a F b z b z

c

a
z b F b z b z b z

c

c c a z





         
   

       
 

 
   

 

 





 1

1 11

1

1 11

4 1 1 1 11

( )( ) , ; ...; ,;
1

( 1) , ; ...; 1, ; ...; , 0;;

(68 ) ( 1) ( 1) , ; ...; , , ; ...; 1, ; ...; , 0; ;
1

n

j j n nj

n

j j j j n nj

n

n n j j j n nj

ab F c a c b F b z b z
c

ac z b F b z b z b z
c

a ac b F c F b z b z b F b z b z b z
c c











 
    

 

 
    

 

   
            







 1

5 1 11

1

1 11

;

(68 ) ( ) , ; ...; 1, ; ...; ,;

( 1) , ; ...; 1, ; ...; , 0, 1, .;

n

l j j l l n nj

n

l j j j j n nj

az b a z b c b F c b F b z b z b z
c

az z b F b z b z b z l n
c









              

 
     

 



   

 am formulebidan 1n   SemTxvevaSi miiReba gausis 15 cnobili Tanafardoba 
(ix., mag., [60], 2.8(31)-2.8(45)), xolo 2n  SemTxvevaSi (68) gvaZlevs Tanafardobebs apelis 
funqciisaTvis, romelTagan zogierTi mocemulia monografiaSi [62] (ix. [62], $IV, gv. 20). 
 (68) formulebidan gamomdinareobs, rom samarTliania Semdegi Teorema: 

 Teorema 5. n
 sivrcis yovel 1( , ..., )nz zz  wertilSi lauriCelas hg funqcia F 

da misi mosazRvre 2( 2)n  funqciidan 

1 1 1 1 1 1 1 1

1
; ; ; ;, ; ...; , , , ; ...; , , 1, ; ...; , , ..., , ; ...; 1,

1n n n n n n n n

a a a a
F b z b z F b z b z F b z b z F b z b z

c c c c

       
               

 

1n  dakavSirebulia wrfivi TanafardobebiT, romelTa Sesakrebebs Soris aranakleb 

2n  Seicavs funqciebs 
1 1 1 1

; ;1, ; ...; , , ..., , ; ...; 1, .n n n n

a a
F b z b z F b z b z

c c

   
    

   
 am Tanafardobebis 

koeficientebi racionaluria 1, , ..., ,na b b c parametrebisa da 1( , ..., )nz zz  wertilis 

koordinatebis mimarT da maT Soris zogierTi SeiZleba nulis tolic iyos.   
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 aseTi Tanafardobis magaliTia formula 

(69)  

 

1 1 1 11

1

1
, ; ...; 1, ; ...; , ( ) , ; ...; 1, ; ...; ,; ;

... ,

n

l l n n j j j n nj

n

a aaF b z b z b z b a F b F b z b z b z
c c

b b b



   
       

   

  


 

romlis kerZo SemTxvevebia gausis formula (ix., mag., [60], 2.8(32)):  

1 1 1 1 1

1
, ( ) , 1,; ; ;

a a aaF b z a b F b z b F b z
c c c

     
        

     
 

da formula, moyvanili  monografiaSi [62] (ix. $IV, gv. 20) apelis funqciisaTvis: 

1 1 2 2 1 2 1 1 1 2 2 2 1 1 2 2

1
, ; , ( ) 1, ; , , ; 1, .; ; ;

a a aaF b z b z a b b F b F b z b z b F b z b z
c c c

     
           

     
 

 damtkiceba da mosazRvre hg funqciebis damakavSirebeli Tanafardobebis sruli 
CamonaTvali mocemulia damatebaSi A 6.   

 SeniSvna.  lauriCelas n cvladis hipergeometriuli  funqciisaTvis arsebobs  

 ( ) ( 2) ( 1)( 1/ 2) 2 , 1,2, ...N n n n n n       

aseTi Tanafardoba (ix. damateba A 6). advilad vpoulobT TanafardobaTa raodenobas 
(1) 15N   gausis hg funqciisaTvis da (2) 38N   apelis hg funqciisaTvis.  

 Sedegi 7. mravali cvladis hg funqciebi, asociirebuli lauriCelas (41) funqci-
asTan, gamoisaxeba am funqciisa da misi mosazRvre funqciebis wrfivi kombinaciebiT, 
romelTa koeficientebia 

1, , ..., ,na b b c parametrebis da 1, ..., nz z  cvladebis raciona-

luri funqciebi. 

 damtkiceba. roca (67) formulebSi yvela , , ( 1, )jl k j n  da m  mTeli ricxvis 

moduli 1, winadadeba samarTliania 4.5 Teoremis ZaliT. davuSvaT, winadadeba 
samarTliania, roca  

 max | |, | |, | | 1, , 2.|jl k m j n N N    

maSin 

1 1 0 1 1 1 1

1 1 1 1

1 1

1 1(70) , ; ...; , , ; ...; , , ; ...; ,; ; ;

, ; ...; , , ; ...; ,; ;
1 1

, ; ...; 1, ; ...; ,;

n n a n n a n n

c n n c n n

j j j n n

a a aF b z b z R F R F b z b z R F b z b z
c c c

a aR F b z b z R F b z b z
c c

aR F b z b z b z
c

 

 



                 
     

   
         


 


1 11 1
, ; ...; 1, ; ...; , ,;

n n

j j j n nj j

aR F b z b z b z
c



 

  
    
  

 

 

sadac 0, , , , ( 1, ),a c jR R R R j n    koeficientebi
1, , , ,na b b c  parametrebis da 1, ..., nz z  cvladebis 

racionaluri funqciebia. SevcvaloT (70) formulaSi 1a a  . gveqneba: 

(71)   

1 1 0 1 1 1 1

1 1 1 1 1 1

1 1

1 1 2, ; ; , , ; ; , , ; ; ,; ; ;

1 1, ; ; , , ; ; , , ; ; ,; ; ;
1 1

1 , ;;

n n n n a n n

a n n c n n c n n

j

la a aF b z b z R F b z b z R F b z b z
c c c

a a aR F b z b z R F b z b z R F b z b z
c c c

aR F b z
c



  



                 
     

               
     

 1 11 1

1; 1, ; ; , , ; ; 1, ; ; , .;
n n

j j n n j j j n nj j

ab z b z R F b z b z b z
c



 

        
   

 
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aq , ,a c jR R R   aris , , ,j ja b c z  cvladebis racionaluri funqciebi, romlebSic gadaisaxeba 

, , , 1,( )a c jR R R j n     funqciebi 1a a   Secvlis Sedegad.  

 induqciuri daSvebis ZaliT, yvela hg funqcia (71) formulis marjvena mxareSi 
gamoisaxeba F hg funqciisa da misi mosazRvre hg funqciebis wrfivi kombinaciebiT, 

romelTa koeficientebi aris , , , , 1,( )j ja b c z j n cvladebis racionaluri funqciebi. 

Sedegad, (71) formulis marjvena mxares eqneba iseTi saxe, rogorc winadadebaSia 
Camoyalibebuli. msgavsadve mtkicdeba winadadebis samarTlianoba, rodesac vaxdenT 
Secvlas 1, | | | | 1, | | | | 1.a a b b c c         

 Sedegi 8. nebismieri mTeli m da naturaluri l ricxvebisaTvis warmoebulebi 

1 1
... ..., ; ; , ; ; , , ( 1, ),;

l
m

j j j n nl

j

az F b z b z b z j n
cz

  
  

   
 gamoisaxeba 

1,
{ , };

n

a
F

c

 
 
 

b z  funqciisa da misi 

mosazRvre funqciebis iseTi wrfivi kombinaciebiT, romelTa koeficientebia 

1, , ..., ,na b b c  parametrebis da 1, ..., nz z  cvladebis racionaluri funqciebi. 

 damtkiceba emyareba laibnicis formulas da (58) Tanafardobas:  

   
1 1 1 1

0

1 1

0

!
, ; ...; , ; ...; , , ; ...; , ; ...; ,; ;

!( )!

( ) ( )! ( 1)
, ;...;;

!( )! ( ) ( )

ll l k k
m m

j j j n n j j j n nl l k k
kj j j

l
k j km l k

j j

k k

la az F b z b z b z z F b z b z b z
c cz k l k z z

a bl m kaz F b z b
c kk l k m l k c






 



       
                

   
   



 , ; ...; , .j n nk z b z
 
 
 

 

aqedan winadadebaSi Camoyalibebuli debulebis samarTlianoba gamomdinareobs 
jamis TiToeul SesakrebSi 4.7 Sedegis gaTvaliswinebiT.     

 5. integraluri (41) warmodgenidan advilad vpoulobT Tanafardobebs  

 

1 1 2 2 1 1 1 1 2 2 1 1

( ) ( )
; ;(72) , ; , ; ...; , ; ,1 , ; , ; ...; , ,

( ) ( )

Re( ) 0

n
n n n n n

nn

n

cc a b aa
F b z b z b z b F b z b z b z

cc bcc a b

c a b

   

      
         

  


 

(73) 
1 1 2 2 1 1 1 1 1 2 2 1 1

; ;, ; , ; ...; , ; , , ; , ; ...; , .n n n n n n n

a a
F b z b z b z b z F b z b z b b z

c c    

   
   

   
   

(74)  
1 1 2 2 1 1 1 1 2 2 1 1

; ;, ; , ; ...; , ; ,0 , ; , ; ...; , ,n
n n n n n

a a b
F b z b z b z b F b z b z b z

c c   

   
   
   

  

kerZod, 2n   SemTxvevaSi gvaqvs (ix., mag., [60], 5.10(10)): 

(72')   2
1 1 2 1 1 2

22

( ) ( )
; ;, ; ,1 , , Re( ) 0

( ) ( )

c c a b aa
F b z b F b z c a b

c c bc a c b

      
            

  

(73')  
1 1 2 1 1 2 1

; ;, ; , , .
a a

F b z b z F b b z
c c

   
   

   
  

SevniSnoT, rom (74) formulidan, Tanaxmad (111,2) formulebisa, gvaqvs 

(75) 1

1 2 1 2

1

( ) ( ... )
; ;,1; ,1; ...; ,1 ... ,1 ,

( ) ( ... )

n
n n

n

c c a b ba a
F b b b F b b b

c c c a c b b

         
      

        
  

1 1
; ;,0; ...; ,0 ... ,0 1.n n

a a
F b b F b b

c c

   
     

   
  

 cxadia, es Sedegebic azogadebs Sesabamis Tanafardobebs, romlebic gvqonda 
gausis da apelis hg funqciebisaTvis.  
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   $4.4. n3 cvladis SemTxveva 

  

Tanaxmad zemoT Tqmulisa, rodesac n 3, integralebi (4) daiyvaneba n 1 
cvladis hg funqciebze, romelTa argumentebs Soris aris arawrfivi Tanafar-
dobebi. marTlac, (4) formulebSi movaxdinoT Casma 

 1, 1; 1 1 , 2, ./j ju u j u u x x j n       

miviRebT 
1 11

, 1,
( ) det ,7 det6

ii

n j i jj
i j n

x bx
 


        

 

sadac 

0 1

0

1 11

2 11 1

11 2 2

0

21 1

11 1 1

1

0

( )1 1 177 ,

...77 1 1 1 1 , 2,3,

(

( )

( )

k k

j k

j

rr
n n

r i r

i k k
k k

rr i r

nrj j j j

j i j k
j j j kk j

x x
u u u du

x x

x x x x
u u u u jd

x x x x

b

b



  

 

  

  




  
     

  

      
           
            

 







0 0; 1, )x i n 

 

 (77) integralebi krebadia, Tu Sesrulebulia pirobebi  

r0> 0, r j > 0, 0 1 21, , 0 ... .nj n x x x x       

maSin, (41) integraluri warmodgenis gaTvaliswinebiT, gvaqvs 
1

00 1 1 1
1 1

2
0 10 1 2,

1 1 1

0

11

1( 1) ( ) ;78 1 , 1 ,
1( 1)

( ) ( ) 1, ,;78 2 , 1 ; 1 ,
( ) , 1

( )

( )

kr
n

i k
k

k k
n

jj j j j j

j i j k
j j kj jj j

r ir i r x x
F r

x xr r ir r i

rr r x x x k n
F r i r

x x xr rr r k j j

b

b





  



         
                 

     
          



1
1 .

jr

j

j

x

x


   
     

  

 

(76) formulaSi Setanis da rigi gamartivebis Semdeg 2n   SemTxvevaSi vRebulobT 

 

1

0 1 11

12 11
0

( )
( )(79) ( ) ( ) 1 ( ). 1; 2

j
n r

njj j j j

n j k n nn j j jk j n j
j

r z z z
nz z D z

z z zr



  


  



    
               


 


z z  

sadac aRvniSneT 

  1

0 1

1 1

11

( )
(80) ( ) ( ),

( )

nn

j jj j

n nn

j jj

r r
D

r r



 

 



 




 


z zF  

010 1 1
1

0 1 1 0 1 2,

1

1 11

0
1,

1
2,

1( )
; 1 ,

( ) 1

( )(81) ( ) det , 1; 2
1,

; 2 ,1 ; 1 ,1
, 1

ii
k

i k
n

n n

j j k ji

j k
i nj k jj j
j n

r ir x
z F r

r r xr r i

nz
r k nz z z

z F r i r
z z zr r k j j







 






     
          
   

    
       

        

zF  

, 1, 1.k
k

n

x
z k n

x
    
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SevniSnoT, rom (79)-(81) formulebi 2n  SemTxvevaSi gvaZlevs (8) da (9) formu-

lebs, xolo 1n   SemTxvevaSi gvaqvs 
0( ) 1D z  da (79) daiyvaneba (3) Tanafardobaze.  

  (81) determinantis gasamartiveblad gamoviTvaloT 
1

1 0
( )|n z 
zF :  

1

211 2 1 0 2
2

21 1 2 0 3,1 2 0

1 0

1 11

0 1

1

( ) ( 2)
; 1 ,

( ) ( 2) 2
( ) det|

2,
; 3 ,1 ; 1 ,1

, 1

i

k
k n

n z

j j k ji

j k
j k jj j

rr r r r i z
z F r

z zr r r r i r r r i

r z z z k n
z F r r i r

z z zr r k j j



 

 



        
   

             

    

        
       

zF

 

2,

3,

220 1 2 2
2

20 1 2 2 3,1 2 0
1 2 0 1

2
1 0 1 2

1 12

0 1

1

( )
; 1 ,

( ) 2( ) ( )
det

( ) ( ) 2,
; 3 ,1 ; 1 ,1

, 1

i n

j n

ii
k

ki nn

jj

j j k ji

j k
j k jj j

rr r z
z F r

z zr r r r r r ir r r r
z

r r r r r z z z k n
z F r r i r

z z zr r k j j











 





 




  
  
             


     

     
  



 

2,

3,

0 1 2

.

Re ( ) 0, Re 0; 1

i n

j n

nr r r z





 
 
 
 
   

   
      

   

 

 miRebul formulebSi SevcvaloT aRniSvnebi: 1 0 0 1 1; , , 2, .j j j jr r r r r z z j n       

rigi gardaqmnebisa da gamartivebebis Semdeg miviRebT: 

 
1

1
1

11 1 20 2
1

( 1)( ) ( ),|

kr

n
k

nn k nz k
k

z
zD z z D

z z




  

 
    

z z  

sadac, (80), (81) formulebis analogiurad, 

  21

0 1

2 21

11

( )
(80') ( ) ( ),

( )

nn

j jj j

n nn

j jj

r r
D

r r



 

 



 




 


z zF  

01 10 1
1

1 0 2, 10 1 1

2

1 11

0

1

1( )
; 1 ,

1( )
(81') ( ) det

1, 1
; 2 ,1 ; 1 ,1

, 1

ii
k

k ni

n

j j k ji

j k
j k jj j

r ir z
z F r

zr r ir r

r k nz z z
z F r i r

z z zr r k j j







 



     
   

      

     

       
        

zF

1, 1

2 1,

1

.

( 3)1;

i n

j n

n
nz

 

 











 

am axal aRniSvnebSi gveqneba: 

 (82)  
 

 
 1

1

1 00 11 1

2 10 2
1 2 1

0 0

( )( )
( ) ( ) ( ) ( )|

j
nn r

jnnj jj j j

n j j k n nn nz j
j k j nj jj j

rrr z z
z z z D

z zr r



   

  
   

 

   
     

   


 

 
z z z  

 amrigad, (2) formulis induqciiT damtkicebisaTvis sakmarisia vaCvenoT, rom 

1 0
( ) ( ) ,|n n z 

  z z  anu, rom samarTliania  

 Teorema 6. funqcia ( )n z  ar aris damokidebuli 1z  cvladze, Tu Re 0, 0, :jr j n   

1

(83) ( ) 0. (Re 0, 0, , 3,4,...)n jr j n n
z


    


z  
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cxadia, es Teorema aris 4.1 Teoremis mravalganzomilebiani ganzogadeba.  

iseve, rogorc $4.1-Si, SesaZlebelia gamovyoT (81) determinantis regularuli 
nawili. amisaTvis meore striqonSi gamoviyenoT formula (49): 

(84)    

0 1

12 1
0

21 2

1 2 20 1 2

2

0 1 0 1 2

2

1 11 2
0 1 2

2
0 1

3,; 2 ,1 ; 1 ,1

1 , ( ) ( ) 3,2 ,
; ;

3 2

1 ,,
2; ;

1

//

/

k j

k
k j

k k

i

r r i

k

i

z zr z
k nF r i r

z z zr r

r z z z z k nr i z z
A F r

r r i r r r i

rr z zz
B F r r r i

z
r r i



  

   
        

     

    
  
        

 
     
    

 1 2 2

0 1 2
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naSromSi [46] naCvenebia, rom samarTliania Semdegi 
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am gamosaxulebis Sedareba (9) formulasTan da 4.1 Teoremis gamoyeneba gvaZlevs 
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da gaviTvaliswinoT formula (562) (ix. agr. [60], 5.11(4)). Cvens SemTxvevaSi gveqneba: 
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da, maSasadame,  

(98)   
1

.... ( 2,3, )( ) 0sing

n
n


 F  

 3 winadadebidan da (92) da (98) formulebidan gamomdinareobs 

 Teorema 7. funqciebi 
1,nD 

 
1nF  da, maSasadame, am funqciebTan (79)-(81) formule-

biT dakavSirebuli funqcia ..., 2,3, ,n n   aris z1 kompleqsuri cvladis analizuri 

funqcia wreSi 
1| | 1.z       

 arsebiTia, rom rogorc (49) da (49'), ise (84), (97) da (97') formulebi 
akavSirebs erTmaneTTan sxvadasxva tipis hipergeometriul funqciebs, romelTa 
dayvana erTi romelime tipis funqciaze ar xerxdeba (ix., mag., [60], $5.11). amasTan, 
swored es, sxvadasxva tipis hg funqciebi Sedis 

1( )n z  funqciis regularul 

nawilSi (am funqciis singularuli nawili, (98) formulis Tanaxmad, 0). 
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 amrigad, (79), (85), (86) da (98) formulebidan gamomdinareobs Semdegi Sedegi: 
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romelic 3n   SemTxvevaSi daiyvaneba Tanafardobaze: 
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rogorc vxedavT, parametrebis raodenobis gazrdiT gamowveuli garTulebis 
garda, 3n   SemTxvevaSi (2) formulis dasamtkiceblad Sesaswavlia mravali 
kompleqsuri cvladis sxvadasxva tipis hipergeometriuli funqciebis singularo-

bebi. amasTan, integralur warmodgenas apelis 2F  funqciisaTvis da misi mraval-

ganzomilebiani analogebisaTvis (ix. f-la (50)) aqvs mniSvnelovnad ufro  rTuli 

saxe, vidre apelis 
1F  funqciisa da lauriCelas 

DF  funqcisaTvis (ix. f-la (41)). 

SevniSnoT agreTve, rom 3n   SemTxvevaSi (99) formulaSi gaCnda x j, 1,j n  

cvladebze damokidebuli mamravli, romelic ar gvqonda 2n   SemTxvevaSi. 

bolos, aRvniSnoT, rom hg funqcia, romelic dgas (99) formulis meore 
striqonSi, gansxvavebiT danarCen stiqonebSi mdgari lauriCelas funqciebisagan, 
akmayofilebs kerZo warmoebulian (53) gantolebaTa sistemas; 2n   SemTxvevaSi 
(10)-(28) determinantebSi Semavali yvela funqcia akmayofilebs gausis hg gantolebas. 



 122 

$4.5. karlsonis Teorema da misi Sedegebi 

 
am TavSi dasmuli amocana Tavisi maTematikuri bunebiT analogiuria maRali 

energiebis fizikaSi cnobili problemisa [63], [64]: moiZebnos gabnevis parcialuri 
amplitudebis analizuri gagrZeleba impulsis momentis kompleqsur sibrtyeze, 
Tu cnobilia am amplitudebis yofaqceva momentis fizikuri mniSvnelobebisaTvis 
(romlebic, impulsis momentis kvanturi Tvisebebis gaTvaliswinebiT, zogadobis 
daurRvevlad SegviZlia CavTvaloT naturalur ricxvebad). aseTi analizuri 
gagrZeleba calsaxaa, Tu gasagrZelebeli funqciebi akmayofileben kompleqsuri 
cvladis funqciaTa TeoriaSi cnobili karlsonis Teoremis pirobebs: 

 karlsonis Teorema. Tu funqcia f (z) regularulia areSi Re ,z A  amasTan 

 
| |
lim ( ) exp | | ,
z

f z k z


  sadac 0 ,k   da ( ) 0,f z   roca ...1, 2, ,z N N    maSin ( ) 0f z   

kompleqsuri z cvladis mTel sibrtyeze (damtkicebisaTvis ix., mag., [62]). 

 naSromSi [44] naCvenebia, rom samarTliania 

 Teorema 7. funqcia 

(100)  0 1 0 1 00
... ...( , , , ) ( , , , ) ( ) /

n n

jn n n j jj
rf r r r r r r r


     

areSi Re 0jr   TiToeuli jr  cvladis 0,( )j n  kompleqsur sibrtyeze akmayofilebs 

karlsonis Teoremis pirobebs, roca danarCeni cvladebi fiqsirebulia. 

 am Teoremis dasamtkiceblad winaswar davamtkicoT Semdegi  

 lema 4. funqcia ( )n z  (ix. f-la (76)) SemosazRvrulia TiToeuli jr  cvladis 

kompleqsur sibrtyeze, roca | | ,jr   danarCeni cvladebi
0 1 1 1, , , , , ,j j nr r r r r 

 fiqsi-

rebulia da Re 0, 0, :jr j n   

(101) ,( )
n M   z  

amasTan, M  ar aris damokidebuli  
0 1, , , nr r r   cvladebze. 

 lemis damtkiceba. CavweroT (77) formulebi Semdegi saxiT: 
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sadac 0 1 1
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 gamoviyenoT am integralebisaTvis Teorema saSualo mniSvnelobis Sesaxeb. 
rogorc cnobilia, Tu funqcia ( )f x  monotonuria yvelgan [a, b] segmentze da 

( ) 0, [ , ],f x x a b   xolo ( )g x  integrebadia, maSin adgili aqvs e. w. bones formulebs 

(ix., mag., [97], II, n306, gv. 119): 
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  ( ) ( ) ( ) ( ) ,

b
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f u g u du f a g u du 
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 ,a b   Tu ( )f x  klebadia,  
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b b

a

f u g u du f b g u du a b
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      Tu ( )f x  zrdadia.  

[ , ]( )a bx  

 cxadia, rom roca Re 1, 0, ,jr j n   maSin segmentze [0,1]u  mamravli 
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formulebis Tanaxmad gvaqvs: 
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cxadia, ricxvebi 1 ,l j l   sazogadod, damokidebulia rk maCveneblebis mniSvnelobaze.  

am gamosaxulebebis (76) formulaSi Setanis Semdeg vRebulobT: 
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1M  sididis gasamartiveblad gadavsvaT j da k indeqsebiT gadamravlebis 

Tanmimdebroba. martivi gardaqmnebis Sedegad miviRebT: 
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SevitanoT es Sedegi (102) formulaSi da visargebloT cxadi utolobebiT 
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advili dasanaxia, rom integrebebis sazRvrebis aseTi arCevisas pirobebi 

Re 1 0,( )jr j n   uzrunvelhyofs yvela integralis krebadobas 
, 1,ji i j n

b


    matricaSi. 

miRebuli
, 1,ji i j n

b


    matricis elementebisa da misi permanentis Sesafaseblad 

kidev erTxel visargebloT bones formulebiT. cxadia, rom 

0

1
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1
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1
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2 111

1
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1 1.( )1 11
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z z z
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   
           

  


 

 




 

amitom miviRebT (101) Sefasebas, sadac mamravli 

(103)    
1

1 1
12, 1, , 1,

1 / ,per det
ni i

k kj j ki j n i j n
z zM z z


 

 
         

cxadia, ar aris damokidebuli 0 1
..., , , nr r r  sidideebze.  

 Tanaxmad Teoremisa analizuri gagrZelebis Sesaxeb, es Sedegi, romelic 

davamtkiceT, roca Re 1, 0, ,jr j n   marTebuli rCeba areSi, sadac analizuria 

funqcia 0
...( , , ; ),n nr r z  e. i., roca Re 0,jr   kerZod, roca | | , Re 0, 0, .j jr r j n       
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 4.7 Teoremis damtkiceba. rogorc cnobilia, funqcia ( )z  analizuria yvelgan, 

garda wertilebisa ...0, 1,z   . amitom (100) formuliT ganmartebuli funqcia 
0

...( , , )nf r r  

analizuria areSi Re 0 0,( )jr j n  . III TavSi damtkicebuli debulebis Tanaxmad 

(ix. formula (3.68)), gvaqvs 
0 0 0

...( ) ( , , ) 0,nf r f r r   roca 0 0, , 1, .jr r j n    analizuri 

gagrZelebis Sesaxeb Teoremis ZaliT, 
0 0( ) 0f r   

0r  cvladis kompleqsur 

naxevarsibrtyezedac, roca 0Re 0, , 1, .jr r j n     

 davafiqsiroT ricxvebi 
0 2

..., , , nr r r  ise, rom 0Re 0, , 2, ,jr r j n    da vcvaloT 
1r  

areSi
1Re 0.r   aRvniSnoT 

1 1 0 1
...( ) ( , , , ).nf r f r r r  cxadia, am areSi funqcia 

1 1( )f r  

analizuria da
1 1 0 1

...( ) ( , , , ) 0,nf r f r r r   roca 
1

...1,2,r  .  

 vaCvenoT, rom roca 0 1Re 0, Re 0, , 2,jr r r j n    , Sesrulebulia pirobac  

   
1

11 1lim ( ) exp const,
r

f r k r


   0 .k   

marTlac, roca | |z  da Re 0,z   -funqciis asimptoturi yofaqcevis gaTva-

liswinebiT (ix., mag., [60], 1.18(5)), nebismieri fiqsirebuli   ricxvisaTvis gvaqvs 

(104)  
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r
r k r




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saidanac gamomdinareobs, rom 1

1

1 1
lim ( ) e 0

k r

r
f r




  nebismieri 0k  da 

1 0 2
...

nr r r      

fiqsirebuli ricxvebisaTvis. kerZod, SegviZlia avirCioT 00 , Re 0, , 2, .jk r r j n      

 amrigad, roca 0 1Re 0, Re 0, , 2, ,jr r r j n     funqcia 0 1
...( , , , )nf r r r  akmayofilebs 

karlsonis Teoremis yvela pirobas.  

 gavakeToT induqciuri daSveba: vTqvaT, Teorema samarTliania jr  cvlade-

bisaTvis, romelTa nomrebi ar aRemateba m ricxvs, 1 1,m n    e. i., vTqvaT, 

funqcia (100) 0 1
... ...( , , , , , ) ( )m m n m mf r r r r f r   akmayofilebs karlsonis Teoremis pirobebs:  

 0 1
... ...( ) ( , , , , , ) 0,m m m m nf r f r r r r   roca ...Re 0, 0, 1, 1,2, , , 1, ,j m m kr j m r r k n m        

 lim ( ) exp const,
m

mm m
r

f r k r


  0 ,k   roca Re 0, 0, 1, Re 0, , 1, .j m m kr j m r r k n m        

maSin, karlsonis Teoremis Tanaxmad, roca Re 0, 0, 1, Re 0, , 1, ,j m m kr j m r r k n m        

miviRebT 1 1( ) 0, ( ) 0m m m mf r f r    da, (101) da (104) formulebis gaTvaliswinebiT,  

   
1 1

1
11 1 1 0

1 11
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lim ( ) exp lim exp ( ) 0,

( )m m
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 
      

  
  

sadac 0 k   da 1 0 2
......

m m m nr r r r          fiqsirebuli ricxvebia.    
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 damtkicebuli Teoremidan gamomdinare Sedegebidan  aRvniSnoT zogierTi [44]. 

 Sedegi 9. nebismieri , Re 0, 0, ,j jr r j n    ricxvebisaTvis samarTliania formula 

n(r) 
n

j=0 (rj) / (
n

j=0  rj),  

romelic warmoadgens eileris formulis mravalganzomilebian ganzogadebas. 

 Sedegi 10.
1

..., , , ,na b b c  parametrebis nebismieri mniSvnelobebisaTvis samarTliania 

igiveobebi (ix. f-ebi (79)-(84), (91)-(93), (108) da (109)): 
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 kerZod, 3n  SemTxvevaSi (105) formulidan vpoulobT: 
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rac x1 0 mniSvnelobisaTvis daiyvaneba (103) formulaze.  
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 SeniSvna. 2n   SemTxvevaSi (105) formulidan vRebulobT: 

(105" ) 

 

 

 
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       

, 

rac, gausis hg funqciis (5) simetriis gaTvaliswinebiT, daiyvaneba (19) formulaze. 
SevniSnoT, rom (105") formulis marcxena mxareSi ar SeiZleba (112) Tanafardobis 
Setana uSualod, radgan am Tanafardobis gamoyenebis pirobebi determinantis 
pirvel da meore striqonSi Semavali hg funqciebisaTvis ar sruldeba erTdro-

ulad (ix. SeniSvna (25') f-lis Semdeg). magram, rogorc advili Sesamowmebelia n 2 
SemTxvevaSi, hg funqciebis yvela gansakuTrebuloba (105" ) igiveobaSi baTildeba da 

igiveoba rCeba ZalaSi z yvela kompleqsuri mniSvnelobisaTvisac (ix. [45] da 
damateba A).  

 zogad SemTxvevaSi 4.7 Teoremidan gamomdinareobs  

 Sedegi 11.
0 1

..., , , nr r r  parametrebis nebismieri mniSvnelobebisaTvis (88) determi-

nantSi hg funqciebis gansakuTrebulobebi ikveceba da samarTliania igiveoba [44] 
(ix. f-ebi (88), (91) da (92)) 

  
  1

0 1

1 1 1

11

( )
( ) ( ),

( )

nn

j jj j reg

n nn

j jj

r r
D z

r r



 

 



 




 


z F    

1
...( ; 2,3, )z n C  

e. i., kerZod, z1  0 aris (88) determinantis wesieri wertili. 

 Sedegi 12.
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..., , , ,na b b c parametrebis nebismieri mniSvnelobebisaTvis gvaqvs: 
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sadac marcxena mxare gamoiTvleba (92), (94), (95), (97), (101) da (105) formulebis 
gamoyenebiT. kerZod, roca 3n   da 0,l   (102) da (107) iZleva formulas 
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romelic warmoadgens (19)-(28) tipis kidev erT Tanafardobas da marTebulia 
, ,a b c  parametrebis nebismieri kompleqsuri mniSvnelobebisaTvis. 

  



 128 

IV Tavis daskvnebi 

 
1. SemoRebulia ganzogadebuli, (n1) parametrze damokidebuli beta-

funqciis ganmarteba (f-la (1)), romlis kerZo SemTxvevaa eileris cnobili 

beta-integrali (n 1 SemTxvevaSi). 

2. Seswavlilia ganzogadebuli beta-funqciis Tvisebebi, kerZod, naCvenebia 
am funqciis Tanabari SemosazRvruloba (f-la (101)) misi yoveli argumentis 
kompleqsur sibrtyeze. 

3. napovnia cxadi saxe ganzogadebuli beta-funqciis zeda zRvarisaTvis 
(f-la (103)). 

4. damtkicebulia eileris tipis formulis samarTlianoba ganzogadebuli 
beta-funqciisaTvis (f-la (2), (10)). Sedegad, SemoTavazebulia integraluri 
warmodgena multinomialuri koeficientebisaTvis da naCvenebia am koefici-
entebis Tanabari SemosazRvruloba maTi yoveli argumentis kompleqsur 
sibrtyeze. 

5. damtkicebulia Teorema ganzogadebul beta-funqciaSi Semavali erTi da 
mravali cvladis hipergeometriuli funqciebis singularobebis Sekvecis 
Sesaxeb.  

6. napovnia axali Tanafardobebi n cvladis hipergeometriul funqciebs 
Soris. dazustebulia mosazRvre hipergeometriul funqciaTa damakavSirebel 
TanafardobaTa raodenoba da mocemulia am TanafardobaTa sruli sistema 
cxadi saxiT. erTi cvladis SemTxvevaSi es Tanafardobebi emTxveva gausis 

cnobil formulebs, xolo n  2 SemTxvevaSi iZleva 38 formulas apelis hg 
funqciisaTvis. es Sedegi gansxvavdeba apelisa da kampe de feries fundamen-
tur monografiaSi deklarirebuli ricxvisgan am TanafardobaTa raodeno-
bisaTvis (56). gaanalizebulia am gansxvavebis mizezebi.   

7. n2 SemTxvevaSi naCvenebia ganzogadebuli beta-funqciis kavSiri gausis 
hipergeometriuli gantolebis amonaxsnebis vronskianTan. am kavSiris 
gamoyenebiT cxadi saxiT gamoTvlilia hg gantolebis kumeris amonaxsnebis 
yvela aratrivialuri wyvilis vronskianebi. 

8. napovni Tanafardobebi gamoyenebulia specialuri da elementaruli 
funqciebis zogierTi gansazRvruli integralis analizurad gamoTvli-
saTvis. miRebuli Sedegebis nawili ar figurirebs cnobarebSi, maT Soris 
eleqtronulSic. 

9. sasruli saxiT gamoTvlilia specialuri funqciebis Semcveli zogi-
erTi mwkrivi miRebulia zaalSutcis formulis tipis ramdenime axali 
Tanafardoba (f-ebi (39), (40)). 

10. gamoyvanilia ramdenime axali Tanafardoba ganzogadebuli hiper-
geometriuli funqciebisaTvis (f-la (40')).  
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  Tavi V 

operatorebis orTogonaluri invariantebis  
fizikaSi gamoyenebis magaliTebi 

 

 operatorebis invariantebis minimaluri polinomuri bazisis agebis meTodebi, 
romlebic aRwerilia warmodgenili disertaciis $2.3-2.5-Si, SeiZleba warmatebiT 
gamoviyenoT Teoriuli fizikis sxvadasxva amocanis Sesaswavlad. gansakuTrebiT 
naTeli fizikuri Sinaarsi aqvs samganzomilebian evklidur sivrceSi moqmedi ope-
ratorebis orTogonalur invariantebs. fizikuri procesebis aRsawerad aseTi 
invariantebis gamoyenebas mdidari tradicia aqvs myari sxeulis klasikur meqanikaSi 
(ix., mag., [89], [138]-[140]), hamiltonuri sistemebis integrebisas [90], hidro- da aero-
dinamikaSi (ix., mag., [27]-[30], [88], [141]), eleqtrodinamikaSi ([3], [26], [91]-[94], [100], [101]), 
gravitaciaSi [3], [25], uwyveti garemos fizikasa da drekadobis TeoriaSi [142]-[144], 
relativistur TeoriaSi [94], [95a, b], [145]-[147], kristalTa struqturis aRwerisas 
[31]-[33] da a.S. am TavSi moyvanili originaluri Sedegebi gamoqveynebulia SromebSi 
[40], [41], [66a, b], [94], [95a, b]. 

  

$5.1. asimetriuli myari sxeulis brunva 

 

 ganvixiloT myari sxeulis analizuri meqanikis erT-erTi klasikuri amocana 
asimetriuli bzrialas moZraobis aRweris Sesaxeb. am amocanis amoxsnis tradi-
ciuli gza emyareba eileris dinamiuri gantolebebis gamoyenebas myari sxeulis 
moZraobisaTvis (ix., mag., [139], gv. 149-158). kargad aris cnobili is sirTuleebi, 
romlebic Cndeba aseTi aRwerisas (ix. agreTve [1], gv. 119-141, [140], gv. 177-208). fizikuri 
sidideebi, romlebic figurirebs am gantolebebSi, aiwereba (ix., mag., [138], gv. 233-244) 
Semdegi invariantebiT:  

1) inerciis
klI  (namdvili simetriuli samganzomilebiani) tenzoris invariantebi, 

romlebic urTierTcalsaxad gamoisaxeba inerciis 
1 2 3, ,I I I  mTavari momentebiT, 

amasTan, asimetriuli bzrialasaTvis  1 2 3 1 0, 1,3 ;k k    I I I I I   

2) asimetriuli bzrialas RerZuli brunvis kuTxuri siCqaris veqtoris kvadrati 
2 2 2 2

1 2 3 ,     sadac , 1,3,k k   aris kuTxuri siCqaris  veqtoris proeqciebi 

bzrialas inerciis mTavar RerZebze; 

3) bzrialas RerZuli brunvis kinetikuri energia 
3 2

1
2 2;/ /rot k kk

     IIE  

4) bzrialas impulsis momentis veqtoris kvadrati 
32 2 2 2

1
.k kk

L


     II  

 CamoTvlili 6 invarianti, rogorc aRniSnulia monografiaSi [19], (gv. 226-238)     
da disertaciis $2.5-Si, ar aris sakmarisi asimetriuli bzrialas moZraobis sruli 
aRwerisaTvis, ramdenadac ar aris damokidebuli brunvis mimarTulebaze _  veq-
toris niSanze (ix., agreTve, [21a, b]). moZraobis sruli aRwera xerxdeba [40] SromaSi 

agebuli invariantebis bazisis gamoyenebiT ij jiI I  da i j ijk k jie      tenzorebis 

 ,i j i jI  wyvilisaTvis ( i j  aris kuTxuri siCqaris  veqtoris dualuri antisimet-

riuli samganzomilebiani tenzori (ix., mag., [104], gv. 48), xolo ijke  aRniSnavs sruliad 

antisimetriul mesame rangis erTeulovan tenzors – levi-Civitas simbolos).  
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 (2.115) formulis Tanaxmad, gansaxilvel SemTxvevaSi orTogonaluri invariante-
bis minimaluri (polinomuri) bazisi Seicavs Semdeg invariantebs: 

(1) 

2 2 2 2 3 3 3 3 2 2 2 2 2

1 2 3 1 2 3 1 2 3 1 2 3

32 2 2 2 2 2 2 2 2 2

1 2 3 2 1 3 3 1 2 1

32 2 2

, , , , , 1

tr , tr , tr , tr 2( ) 2 ,

tr tr 2 tr ,

tr

( ) ( ) ( ) ( )

( )

k k rotk

i ijk k j jml l miq qi j k l m q
e e e





                  

                  

   

 



I I I

I I I

I I

I I I I I I I I I

I I I I

I I





 

E

3 2

, , , , , 1

1 2 3
3 2

1 1 2 2 3 3 1 2 3 2 3 1 2 1, , 1
2 2 2

1 1 2 2 3 3

( )

det ( )( )( ).

i j k q l ijk li jq lq jii j k l m q

l j k j l ljkj k l

e

e

   




     

   
 

              
 
    





I I

I I I I I I I I I I I

I I I

 

 cnobilia (ix., mag., [138], gv. 233-235), rom ukanaskneli gamosaxuleba gansazRvravs 
bzrialas kuTxuri siCqaris ( )t   veqtoris evolucias droSi (danarCeni invari-
antebi – kinetikuri energia da impulsis momentis kvadrati – Tavisufali bzrialas 
moZraobis integralebia). 
 SemdgomSi, rogorc Cveulebriv [103-104], gamoviyenebT SeTanxmebas ganmeorebuli 
– munji – indeqsebiT ajamvis Sesaxeb da aRar davwerT jamis simbolos. 

 2.13 Sedegis Tanaxmad, tenzorebis  ,i j i jI  wyvilis nebismier 7 invariants Soris 

arsebobs polinomuri Tanafardoba. im Tanafardobis mosaZebnad, romelic akavSirebs  

(1) formulebiT gansazRvrul 6 invariants impulsis momentis kvadratTan, gamovi-
yenoT bine-koSis Teorema. bzrialas inerciis mTavar RerZebze agebul (orTonor-
mirebul) koordinatTa sistemaSi vpoulobT: 

(2) 

2 2 2

1 2 3
2

2 3 2 2 2

1 1 2 2 3 3

2 2 2 2 3 2 4 2

1 1 2 2 3 3

2

det det 2 tr ;( )
rot

rot k k

k k k k

L

L

L

       
                

            

I II I I I

I I I I I

 

E

E  

  2 2 2 2 2 2 2,tr tr( )k k L   I II    

(3)  3 2 2 3 2 3,tr tr( )k k
  I II   

  4 2 2 4 2 4,tr tr( )k k
  I II   

xolo invariantebi 2 3tr( )I  da 2 4tr( )I  gamoiTvleba hamilton-kelis gantolebis 

  3 2

2 3tr ( ) det 0E      I I I I I I  

da (1) da (3) formulebis gamoyenebiT (E3 3 ( )M R  aris erTeulovani 3×3 matrica). 
vpoulobT igiveobas 

(4)   2 3 2 2 2 2

2tr tr tr tr ( ) tr det( ) ( ) ( ) ( )      I I I I I I     

    2 2 2

2 2tr 2 ( ) tr tr ( ) 2det ,trrotL         I I I I I IIE  

saidanac 

  23 2 2 3 2

2 2tr tr ( ) 2det 2 ( ) trtr tr rotk k
L            I I I I I II II E  

da, hamilton-kelis gantolebis gaTvaliswinebiT, gamartivebebis Semdeg vRebulobT 

(5)   23 2 2

2det 2 ( ) tr .rotk k
L       I I II E   

 analogiurad, hamilton-kelis gantolebidan vpoulobT 

(6)   4 3 2

2tr ( ) det .     I I I I I I I  

aqedan, (3) da (4) gaTvaliswinebiT, 

 2 4 24 2 2 4 2

2 2

2 22 4 2 2

2 2

tr tr ( ) 2 tr dettr

tr tr ( ) 3 det ,tr tr tr tr

( ) ( ) ( )

( ) ( ) ( )

rotk k L              

             

I I I I I II

I I I I II I I I

 EI
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saidanac, (6) tolobis gaTvaliswinebiT, vRebulobT 

(7)    24 2 2 2

2 2det 2 det ( ) tr tr ( ) .tr ( )rotk k L             I I I I I II EI  

(5) da (7) mniSvnelobebis Setana (2) formulaSi da gamartiveba hamilton-kelis da 
2 2

2 1 2 2 3 3 1( ) tr tr 2( ) /     I I II I I I I I  formulebis gamoyenebiT gvaZlevs: 

(8)  

2 2

2
2 2 2 2

2 2 2

2

tr det 2 det ,

det det tr

( )
rot

rot

L

L A

L A B

 
 

     
     

 I I I

I I I

E

E  

sadac  
2 22

2 2 2 3 3

(tr ) tr ,tr

tr tr 2 2 3.tr tr( ) ( )/ /

rot

rot

A L

B L

    

       

I II

I I I I

E

E
 

  (8) formulis marjvena mxareSi gvaqvs 22 1
( ) tr ( )

2
t t    cvladis kuburi polinomi 

(9)  
2

2 2 3 2 22 2 2

1 2 3tr ( ) det ( )( ) c c c           I I I . 

am polinomis koeficientebi ganisazRvreba invariantebiT tr , 1,3,  I  da 2,
ro t

L E , 

romlebic Tavisufali bzrialasaTvis moZraobis integralebicaa: 

  

     

3 2 3

2 2 2

1

22 2 2 2 3 2 3 4 2 2

2

det tr /3 tr tr / 2 tr / 6,

det 2 tr tr tr ,

1
tr tr 4tr det 2 tr 2tr tr tr tr tr ,

2

rot

rot rot

c L

c L L

   

   
 

         

I I I I I

I I I I

I I I I I I I I I I

E

E E

 

     3 3 2 2 2 4 63 2

3 (8/3) 2 3 4 .tr tr tr tr trrot rot rot
c L L L     I I I I IE E E  

cxadia, (9) polinomis 1 2 3, ,    fesvebic ganisazRvreba amave 2 3 2tr , tr , tr , ,
rot

L EI I I  

invariantebiT. advili Sesamowmebelia, rom 

(10)   
2 22 tr 2

1,3
det

k krot rot

k

L
k

     
E EI

I

I I
 

da 

(11)  
2

2 2 22 2 2

1 2 3tr ( ) ( ) ( ) det( )               I I I . 

 (1) invariantebisaTvis moZraobis gantolebis misaRebad visargebloT eileris 
dinamiuri gantolebebiT (ix., mag., [138], gv. 230) 

(12)  1 1 3 2 2 3 1 2 2 1 3 1 3 2 3 3 2 1 1 2 3( ) , ( ) , ( )N N N                 I I I I I I I I I  

(aq N1, N2, N3 aRniSnavs gareSe Zalis momentis N  veqtoris proeqciebs bzrialas 

inerciis mTavar RerZebze; / , 1,3k kd dt k    ).  

 (12) sistemis k-uri gantoleba gavamravloT 1

k k

 I -ze, 1,3,k   

da avjamoT. miviRebT 

(13)  
32 1

31 2 3 1 2 1
1 1 1

1 2 3

1 1 1
1

det ,
2

k k k k kk

d
N

dt

 


  

 
 

      
 
  

I I I I I

I I I

 

rac, (3) da (1) formulebis gaTvaliswinebiT, SeiZleba CavweroT Semdegi saxiT: 

(14)  2 2 1 2 11 1
tr tr tr tr .

2 2
( () )

d
N

dt

    
    

 
   I I I I I  
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 orTogonaluri invariantebiT Cawerili gantoleba (14) marTebulia koordi-
natTa nebismier orTonormirebul sistemaSi da ara mxolod bzrialas inerciis 
mTavar RerZebze agebul koordinatTa sistemaSi. kerZo SemTxvevebSi, roca 1,2,  
gamosaxulebebi (13)-(14) daiyvaneba Semdeg Tanafardobebze: 

(15)  2, 2 2 ,
rot

d d
N L N NL

dt dt
    IE   

romlebic Tavisufali bzrialasaTvis gvaZlevs moZraobis integralebs _ energias 
da impulsis momentis kvadrats.  
 0   SemTxvevaSi (13)-(14) formulebidan gvaqvs: 

3 32 1

31 2 3 1 21 1
1 1 1

1 2 3

1 1 1
1

det .
2

k k k kk k

d
N

dt



 
  

 
 

      
 
  

 I I I I

I I I

 

gaviTvaliswinoT, rom, (11) formulis Tanaxmad, 

 

31 2

2 2 2 11 2 3
3 31 2 3 1 2 3 1 2 1 2 3 1 2

1 2 31 1 1 2 2 2

1 2 3 1 2 3

1/2
1 2 2 2 2 2

1 2 3

1 1 1 1 1 1

det det det det

1 1 1

det tr ( ) ( ) ( ) .( )



  



     
       

        
     
          

             

I I I

I I I I I I I I I
I I I

I I I I I I

I

I I I 

 

Sedegad, miviRebT gantolebas: 

(16)  
2

1/2
12 2 2

1 2 3

1
( ) ( ) ( )

2

d
N

dt


               I  

(tenzori 1 3 3: I E E  arsebobs, radgan, amocanis pirobis Tanaxmad,
1 2 3det( ) 0). I I I I  

 Tavisufali bzrialasaTvis (16) daiyvaneba gantolebaze vaierStrasis elifsuri 
( )tP  funqciisaTvis (ix., mag., [132], 18.1.7):  

   2

1 2 3 1 2 3( ) 4 ( ) ( ) ( ) . 0( )( )( )t t e t e t e e e e       P P P P  

amisaTvis sakmarisia (16) gantolebaSi SevasruloT kardanos Casma (ix., mag., [151]) 

(17)   
 2 2 2

2

1 2 3

2 tr tr tr1
( ) ( ) ( ) ( ) ,

3 3det

rot
L

t t t
 

           P P
I I I

I

E
 

ris Sedegadac (11) polinomSi ganuldeba 2( )tP  wevris koeficienti.  

 amonaxsni (17) da invariantebi 2 2 3, , tr , tr , tr
rot

L I I IE  racionalurad gansazRvravs 

([138], gv. 234) kuTxuri siCqaris proeqciebs bzrialas inerciis mTavar RerZebze: 

(18)  

  

  

  

2 2 2 1 23 2
1 23 1 11/ 2

2 2 2 1 23 1
2 31 2 21/ 2

2 2 2 1 22 1
3 12 3 31/ 2

det 2 tr ,

det 2 tr ,

det 2 tr .

rot

rot

rot

L
D

L
D

L
D








       


       


       

I I

I I

I I

E

E

E

I I
I I

I I
I I

I I
I I

 

aq D aRniSnavs I  tenzoris maxasiaTebeli polinomis diskriminants ([59], gv. 190): 

(19)     
2 2

3 2 3 1 2 1
, 1,3

( )( )( ) det tr ,i k

i k
D  



     
 

I I I I I I I  

amasTan, II.11 Teoremis Tanaxmad, SegviZlia CavTvaloT, rom 1 2 3, I I I  12 0,   13 0,   

xolo 23 1   proeqciis niSani ganisazRvreba 2 2tr( )I I   invariantis niSniT.  
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$5.2. relativisturi brunva 

 
relativisturi brunvis ganxilvas eZRvneba naSromebi [94], [95a, b], [145]-[147]. am 

gamokvlevebis erT-erTi mizania energiisa da impulsis momentis kvadratis koreq-
tuli relativisturi gamoTvla. es fizikuri sidideebi, rogorc gviCvena wina 
paragrafSi Catarebulma ganxilvam, aris samganzomilebiani orTogonaluri inva-
riantebis bazisis elementebi da, amave dros, warmoadgens moZraobis integralebs 
fizikuri amocanebis farTo klasisaTvis.  

rogorc cnobilia, relativisturi midgoma ar aris Tavsebadi absoluturad 
myari sxeulis cnebasTan [100], [142]. amdenad, citirebul SromebSi faqtobrivad 

ganixileba damoukidebeli nawilakebiT Sedgenili sistema, romlis nawilebi brunavs 

uZravi RerZis garSemo erTnairi kuTxuri siCqareebiT. aseTi sistemebis mdgrado-
basTan dakavSirebuli sakiTxebi am gamokvlevebSi ar ganixileba. 

Sesrulebulma gamoTvlebma aCvena [94], rom, rogorc es mosalodnelic iyo, 
relativisturi sistemis energia da impulsis momenti arawrfivad aris damoki-
debuli kuTxur siCqareze. napovnia miRebuli gamosaxulebebis ararelativisturi 
zRvari Sesabamisi SesworebebiT da inerciis momentebis dazustebuli mniSvnelo-
bebi sxvadasxva geometriisa da masaTa ganawilebis mqone sistemebisaTvis. 

naSromSi [145] Seswavlilia wertilovani obieqtis iZulebiTi brunva mudmivi 
kuTxuri siCqariT uZravi centris garSemo. cxadia, amocanis aseTi dasmisas 
impulsis momenti ar aris moZraobis integrali. SromebSi [146], [147] ganixileba 
relativisturi brunvis gavlena obieqtis geometriaze da misi kavSiri gravi-
taciasTan. Cvens mier Sesrulebuli gamoTvlebi [95a, b] aCvenebs, rom impulsis 
momentis mudmivobis piroba arRvevs [145] SromaSi napovni radialuri moZraobis 
periodulobas.    

ganvixiloT brunvis elifsoidi  V  naxevarRerZebiT 

1 2 3,a a a a a    da masaTa simkvriviT ( ),r r V   aTvlis  

im sistemaSi, romlis mimarTac is uZravia – elifsoidis 
sakuTar aTvlis sistemaSi. Tu aseTi elifsoidi brunavs  

simetriis OZ RerZis garSemo   kuTxuri siCqariT (nax. 1),  

misi energia E  da impulsis momentis veqtori L  gamo-  

iTvleba formulebiT (ix., mag., [100]): 

(20)  2 ,
V

c dm E  

(21)  2( ) ( ) ,z y x y x

V V V

L L xdp ydp x y dm r dm             

sadac dm dV  aris elifsoidis dV r dr dzd   moculobis elementis masa sakuTar 

aTvlis sistemaSi;  
1 / 2

2 2 1 / 2 2 ( ) 2 2(1 ) 1 ( )/ /
Lc z r c




       relativisturi faqtoria;   

r  da   aRniSnavs dm  elementis daSorebas brunvis OZ RerZidan da azimutalur 

kuTxes elifsoidis sakuTar sistemaSi. laboratoriul sistemaSi Sesabamis 
sidideebs mivuwerT (L) indeqss. 

cxadia, rom nebismieri siCqariT brunvisas ( ) ( ), .L Lr r z z   amasTan, lorencis 

gardaqmnebis mimarT masis invariantobis gaTvaliswinebiT gvaqvs: 
( ) ( )L Ldm dV dV r dr dzd       . 

maSasadame, integralebi (20) da (21) SeiZleba gamoviTvaloT elifsoidis sakuTar 
sistemaSi. 

nax. 1. 

a 

2 2

2 2
1

r z

a a





   

ω 
a 

a 
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ganvixiloT ramdenime magaliTi. 

 magaliTi 1. davuSvaT,  

(22)  2

0 0( ) (4 / 3)./ /r m V m a a        

maSin (ix. [94]) 

(23)    
1/ 2

2 2 2 2 2 2

0 11 (3 / 2) 2 ,/
V

c r c r dr dzd m c I




         E     

(24)    
1/ 2

2 2 2 3 3 2 2

0 1 21 ( / 2) 4 ( 2) ,/
V

L r c r dr dzd m ca I I




                

sadac 2 2 2
/a c     da (ix., mag., [130], (2.272.2), (2.271.3), gv. 100]) 

 

1 2
2 2 2

1

1

1 2 2 2
2 2 2 2

2 2 3

1

1 1
1 1 ln ,

2 1

1 (1 ) 1
1 ln .

4 8 1

I d

I d





  
       

 

   
         

  





   

am gamosaxulebebis Setana (23) da (24) integralebSi mogvcems: 

(25) 
2

2 22 2

0 0

1 1 2
(3 / 2) 1 ln (3 / 2) 1 ,

2 1 sh2
m c m c

       
        

    
E   

(26) 
2 2

3 32 2 2

0 0

(1 )(3 ) 1 2
(3 8) 3 ln (3 8) 3 (3 ) ,/ /

2 1 sh2
L m a c m a c

 

 

      
           

    
  

sadac, rogorc Cveulebriv, aRvniSneT th .   cxadia, [0, ),   rodesac [0, 1).   

amrigad, mivdivarT mniSvnelovan daskvnamde [94]: arc energia E  da arc momenti 

L ar aris damokidebuli elifsoidis a  naxevarRerZis sidideze, romlis garSemo 

xdeba brunva (Tu brunvis RerZi emTxveva elifsoidis simetriis RerZs), e.i. E  da 
L ar aris damokidebuli elifsoidis eqscentrisitetze. kerZod, (25) da (26) formu-
lebi samarTliani rCeba diametris garSemo mbrunavi erTgvarovani birTvisaTvis 

(am SemTxvevaSi ,a a R   sadac R  birTvis radiusia) da brtyeli diskosaTvisac, 

romelic brunavs misi sibrtyis marTobuli simetriis RerZis garSemo (am 

SemTxvevaSi 0, ,a a R   sadac R  diskos radiusia). 

  advili Sesamowmebelia, rom (25) da (26) gamosaxulebebs aqvs swori ararela-
tivisturi zRvari. kerZod [94]: 

(27) 
2

2 2 42 2

0 01
0

3 3
1 ( ) ,|

(2 1)(2 3) 2 7

k

k

m c m c O
k k






    
          

    
E

I
  

(28) 
2

2 2 40

1
0

2 15( 1) 2
1 ( ) ,|

5 (2 1)(2 3)(2 5) 7

k

k

m a k
L O

k k k







   
           

     
 I   

sadac 2

0(2 /5)m aI  aris elifsoidis inerciis momenti (brunvis OZ RerZis mimarT). 

bevrad ufro sainteresoa ultrarelativisturi zRvari. logariTmuli ganSla-

doba 1   wertilSi ar aris arsebiTi 2(1 )  mamravlis gamo da vpoulobT [94]: 

(29)         2

01

1
3 ln ,|

2 2 2
m c

  

  
   

 
E  

(30)               01

1
3 ln . ( 1)|

4 2 2
L m ca  

  
    

 
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SeniSvna 1. formulebi (26), (28) da (30) advilad gadaiwereba nebismierad orien-
tirebul koordinatTa sistemaSi (Tu kuTxuri siCqare kolinealuri rCeba simetriis 

RerZisa, [ ]a   ).  

marTlac, pirdapiri Semowmeba gviCvenebs, rom koordinatTa im sistemaSi, rom-
lis OZ RerZi kolinearulia elifsoidis simetriis RerZisa, samganzomilebiani 
veqtori (figurul frCxilebSi Casmuli gamosaxuleba, cxadia, invariantia) 

(26') 

2 2 2 2 2
0 0

2

1 3 (1 ) 3 ( )
[ ]

4 4

/a m c m c
L a

c c

 




               
   

E E E E
 

daiyvaneba (26) formuliT gansazRvrul sidideze. (26') formulis orTogonaluri 
kovariantobis gamo, is samarTliani rCeba nebismierad orientirebul koordi-
natTa sistemaSi. msgavsadve mowmdeba formulebi 

(28') 2 2 4

1 2

2 3
1 ( ) ,|

5 35
L a O

c


 
      

 

E
 

(30') 2

1 2 2

1 3 2
1 . ( 1)|

4 (1 ) 1 (ln2 ln )
L a

c
  

 
      

     

E
   

damokidebulebebi ( )E  (ix. f-la (25)) da ( )L   (ix. f-la (26)) parametruli formiT 

gansazRvravs sistemis hamiltonians ( ).LH=E  aRvniSnoT, rom damokidebuleba ( )LE  

– “rejes traeqtoria” – mcire siCqareebis SemTxvevaSi kvadratulia relativsturi 
Sesworebis sizustiT):  

(31) 
2 42 2

0 ( 2 ){1 / 7 ( )},/m c L O    E I   

xolo ultrarelativistur zRvarSi xdeba asimptoturad wrfivi: 

(32) 2

01 1
(3/4) ( ) . ( 1)/| |m c c a L    

   E   

Sesabamisi grafikebi naCvenebia qvemoT. nax. 3-ze aRniSnulia ararelativisturi 

da ultrarelativisturi asimptoturi ( )LE  damokidebulebebic. 

 

 nax. 2. mbrunavi elifsoidis 
energiis (a) da impulsis momentis (b) 

damokidebuleba ekvatorul siCqareze  
. 

nax. 3. mbrunavi elifsoidis energiis 
damokidebuleba impulsis momentze – 
rejes traeqtoria (hamiltoniani) 

 

0 0.2 0.4 0.6

1

1.1

1.2

1.3

1.4

1.5

0 0.2 0.4 0.6 0.8 1
0  

0.25

0.5

0.75  

1

1.25

1.5
2

0/m cE  L/m0c a
 

2

0/m cE  

L /m0c a
 

  

 

a 

b 



 136 

SevniSnoT, rom vinaidan masaTa centri uZravia aTvlis laboratoriuli sistemis 

mimarT (sistemis impulsi ( ) 0),Lp   energiis gamoTvlili mniSvneloba Sors myofma 

damkvirvebelma unda daukavSiros sistemis eqsperimentulad damzeril masas, xolo 
impulsis momentis mniSvneloba – eqsperimentulad damzeril sakuTar moments.  

SromaSi [94] aRniSnulia, rom ultrarelativistur zRvarSi gvaqvs:  
2

2 0
01

3
, 3 2,/|

2

m c
mc m m

 
   E    

2

0 0
max1

3 3
.|

4 4

m a m a c
L  

 
    

Tu am formulebSi SevitanT elementaruli fermionis sakuTari impulsis momentis 
– spinis – mniSvnelobas / 2L  , miviRebT [94]: 

(33) .a
mc

  

rogorc aRniSnulia naSromSi [94], “mbrunavi fermionis radiusis” aseTi 
Tanxvedra komptonis talRis sigrZesTan da aranakleb STambeWdavi Tanafardoba 

(34) 2

max mc   

SesaZloa, ar aris SemTxveviTi, aramed asaxavs bunebis Rrma kanonzomierebebs. 

magaliTi 2. SromaSi [94] gaanalizebulia sistemis energiisa da impulsis 
momentis sasrulobis mizezi 1  zRvarSi: Cveni azriT, “sxeulis ekvatorze”, 
romelic wertilTa geometriuli adgilia, ganlagebulia ugulebelsayofad mcire 
masa, xolo “sxeulis” danarCen wertilebs siCqare aqvT sinaTlis siCqareze 
naklebi. am mosazrebis Sesamowmeblad SromaSi [94] gamoTvlilia sas- 
ruli sisqis mbrunavi garsis energia da impulsis momenti.  

vTqvaT, 

 
1 1

2 1 2

, ,
( )

, , ,

r V
r

r V V V V

 
  

  
 

sadac V1 da V aris koaqsialuri elifsoidebi da (1) (1), , 1.a a a ka k      

cxadia, sazogadod es elifsoidebi ar aris Tanafokusuri (nax. 4). wina  
magaliTSi ganxilulis safuZvelze, gvaqvs [94]: 

(35) 
(1)2 2 2

220 1 1

2 (1)

3 1 1 1 1
1 ln 1 1 ln ,

2 1 2 1 2 1/

am m k k
c

k a a a k k


          

        
          

E  

(36) 

2 2
3 20 1

2 (1)

(1) 2 2 2 2
2 21

3 (1 )(3 ) 1
3 ln

8 1 2 1/

(1 )(3 ) 1
1 3 ln .

2 1

m m
L ca

k a a

a k k k
k

a k k





     
    

  

         
       

      

 

aq  2 2 (1) (1) 2 2

0 1 1 1/ , (4 /3) 1 / , (4 / 3) .a c m a a k a a m m a k a            am formulebidan Cans, 

rom aseTi “fenovani” elifsoidis energia da impulsis momenti rCeba sasruli 

maSinac, roca 1. es sidideebi xdeba usasrulo mxolod maSin, roca Sesrule-
bulia tolobebi  

  
2

(1) 2 (1)/ ./a a k a a

    ( 0 1 0.)m m  A 

Tanaxmad utolobebisa 2

1 , 1,a a k    es pirobebi dakmayofilebulia mxolod maSin, 

roca (1) (1), ,a a a a    e. i. roca brunavs masiuri usasrulod Txeli fena. aseTi 

garsis brunva saWiroebs calke Seswavlas, radgan simkvriveebi  da 1 zemoT gani- 

xileboda, rogorc sasruli sidideebi. 

  

 nax. 4. 
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magaliTi 3. ganvixiloT Sebrtyelebuli elifsoidis zedapiri da davuSvaT 

0( / ) ,dm m S dS  sadac S  aRniSnavs elifsoidis zedapiris farTobs (aTvlis sakuTar  

sistemaSi), xolo dS  – farTobis elements:   

(37) 

2
2 2 2 2

2

22

22

2 1 cos sin 2 1 sin sin , ,
1

4 , 0,1 1 1 2
2 ln 2 ch 1

2 1 sh 2 2 , 1.1

dS a a d a d a a

a
S a a a a

a

  



 




             

 

           
                     

   

aq  
2 20 1 / th 1a a        

aRniSnavs eqscentristets (SevniSnoT, rom 2 1/ 2(1 ) ch ).a a a

      

elifsoidis zedapiris gantolebis 
2 2

2 2
sin , 1,

r z
r a

a a


 



     

gaTvaliswinebiT (nax. 5), miviRebT 

(38) 

/ 2 12 22 2
1/ 2 2 1/ 2 2 1/ 22 2

0 02 2
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2

2 22
0

12 2

1/ 2 2 1/ 2 2 1/ 2
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4 41 sin 1
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21 sin

14
; 1/2, ; 1/2, ,
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14 8
(1 ) (1 ) (1 ) ; 1/2

5 / 23

a a
m c d m c u u u du

S S

a
m c F

S

a a
L m a c u u u du m a c F

S S


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

 

 

   
       

 

  
    

 

 
       

 



E

2 2, ; 1/2, ,
 

  
 

  

sadac    1 1 2 2 1 1 2 1 22
, ; , , , , ; ;; ; ;

a aF b z b z F F a b b c z z
c c

   
    

   
b z  aris apelis ori cvladis hiper-

geometriuli funqcia (ix. disertaciis IV Tavi, formula (42), gv. 104 da, mag., [62]). 

SevniSnoT, rom funqciebi 
1 2

1/ 2
; 1/2, ; 1/2,

3/ 2
F z z
 

 
 

 da 
1 2

1/ 2
; 1/2, ; 1/2,

5/ 2
F z z
 

 
 

 ukavSirdeba 

I da II gvaris arasrul elifsur integralebs (ix. [60]).  
apeli funqciebis Tvisebebis Tanaxmad (ix. IV Tavi, f-la (102')), 1 zRvarSi  

orive es funqcia ganSladia eqscentrisitetis nebismieri 0 1   mniSvnelobi-
saTvis, xolo 1   SemTxvevaSi, anu “orfena diskosaTvis” (ix. nax. 5), amave (IV.72') 
formulis ZaliT da (37) gaTvaliswinebiT, gvaqvs: 

(39)  
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          

    



E

2 3 / 2 2

3

(1 ) 1 3 / 2
.c

    



  

am formulebis marjvena mxareSi mdgar gamosaxulebebs aqvs sasruli zRvari, 

roca 1 da vRebulobT: 

(40) 2
1 10 01
1 11

24
2 , .

3 3

a
m c L m a c

c


 
 

  E E   

nax. 5. 

ω 

a 

a 

a 
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eqscentrisitetis nebismieri sxva mniSvnelobisaTvis garsis energia da impulsis 

momenti 1 zRvarSi xdeba usasrulo. magaliTad, roca 0,  anu a a R   radiusis 

sferuli garsisaTvis gvaqvs [94]: 

(41) 

2
0

2 2
2

0 02 3 2

1
ln ,

2 1

1 1 1 1 1 1 1 1 1 1
ln ln ln ,

2 1 1 2 12 2

m c

L m R m Rc

 


 

           
        

         

E

 

da 1 zRvarSi orive es sidide logariTmulad ganSladia. miuxedavad amisa, 
maT Soris arsebuli martivi Tanafardoba  

  

121 1
ln

2 1

R
L

c

      
   

    

E
 

samarTliani rCeba  1 zRvarSic. kerZod, sferuli garsisaTvis (41) formule-
bidan vRebulobT (Sead. f-la (32)):  

(42) 
2

0

1 1
.| |

2

m c c
L

R
 

 E  

SeniSvna 2. advili Sesamowmebelia, rom gaWimuli elifsoidis Txeli masiuri 
zedapiris energia da impulsis momenti gamoisaxeba formulebiT  

(43)  

2 2
2 2 2

2 22 2
0

2 2
2 2 2

2 22
0

4 41 1/ 2
1 ; 1/2, ; 1/2, ; 1/2, ; 1/2, ,

3 / 2 3/ 21 11

8 82 1/ 2
1 ; 1/2, ; 1/ 2, ; 1/2, ; 1/2, ,

5 / 2 5 / 23 1 13 1

A A

a a a a
F F

Sm c S

a a a aL
F F

m a c S S

 

 



     
         

     

     
         

      

E

 

da 1 zRvarSi ganSladia, Tanac miT ufro swrafad, rac ufro didia eqscen-
trisiteti ,  0 1.    es adasturebs zemoT gamoTqmul mosazrebas: gaWimuli 

elifsoidis eqscentrisitetis zrdasTan erTad, cxadia, matulobs ekvatoris im 
midamos masa, romlis siCqarec axlosaa sinaTlis siCqaresTan.  

axla ganvixiloT iseTi sxeulis brunva, romelsac simetriis RerZi ar aqvs. 

magaliTi 4. vTqvaT, m0 masis da l2b  sigrZis (sakuTar aTvlis sistemaSi) 

erTgvarovani wvrili Rero brunavs XOY sibrtyeSi  kuTxuri siCqariT, masaTa 
centrze gamavali OZ RerZis garSemo. aseTi sistemis E  energiisa da L impulsis 
momentis gamoTvla (20) da (21) formulebiT gvaZlevs [94]: 

(44)   2 1 2 2

0 0arcsin , ( /2) arcsin 1 .m c L m cb        E  

ultrarelativistur zRvarSi 1   aqedan vpoulobT: 

 2 2 2 2 1/ 2

0 0 0 011 1 1

arcsin( ) ( /2) , ( /2 ) ( /4) .arcsin (1 )/ Lm c m c m cb m cb
  

           E  

am formulebidan cxadia, rom ultrarelativistur zRvarSi mbrunavi Reros 
“rejes traeqtoria” ( )LE = xdeba wrfivi: 

  
1 1

( .2 / )cL b
 

E  

SeniSvna 3. formulebi (44) aseve SeiZleba CavweroT nebismierad orientirebul 

koordinatTa sistemaSi (Tu ).b   amasTan, energia, rogorc samganzomilebiani 
orTogonaluri invarianti, ar icvleba, xolo impulsis momentisaTvis gvaqvs:  

(45)  
2 22

0 0

2 2

1 1[ ] / /
.

2 2

c m c c m cb b
L

    
 

 

E E
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naSromSi [145] g. maCabelma da a. rogavam ganixiles mudmivi kuTxuri siCqariT 
relativisturad mbrunavi wvreli umaso mili, romelSic winaaRmdegobis gareSe 
SeuZlia moZraoba mcire “namcecs” (nax. 6). am SromaSi naCvenebia, rom “namcecis” 

radialuri  r siCqare garkveuli pirobebis Sesrulebisas icvlis niSans, e. i. milis 
brunvisas “namceci” asrules radialur oscilaciebs (nax. 7).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

naSromSi [95] Cven SeviswavleT erTgvarovani relativisturad mbrunavi viwro 
da Txeli rgolis dinamika. am simetriuli relativisturi sistemis lagranJians 
da hamiltonians aqvs, Sesabamisad, Semdegi saxe: 

 
2 2 2 1/ 2 2 1 2 2 2 2 2(1 / ) γ , / ,rmc c mc c m c p L r         L H E  

sadac  
2 2 1/ 2 2 2 2 2 2 1/ 2γ (1 / ) (1 / / ) ,c r c r c         

m – rgolis masaa sakuTar sistemaSi (relativisturi invarianti), xolo ganzoga-
debuli impulsebi ganisazRvreba formulebiT: 

(46)   

2

2

γ ; γ 0; .

, γ .

z z r

z

L
p L L L const mr p const mz p p

z r

L r zp const mc
r



  
            

  


       



L L

L
E L E

 

aq f  aRniSnavs f cvladis warmoebuls laboratoriuli sistemis droiT. 

agebuli hamiltoniani gvaZlevs kanonikur (ix., mag., [139], gv. 169-171) gantolebebs: 

(47) 
2 3

2 2 2 2 2 2 2 2 2 2
; ,

/ /

dr cp dp cL r

dt dtm c p L r m c p L r



 
   

 

saidanac, L impulsis momentis mudmivobis gaTvaliswinebiT, vpoulobT fazur 
traeqtorias 

 

 

 
(a)  

 

 
(b)  
 

nax. 6. 
 (a) umaso mbrunav milSi moZravi 

“namcecis” modeli [145]. 

(b) erTgvarovani mbrunavi rgoli [95].   
 

nax. 7. “namcecis” radialuri  r siCqaris 

(wyvetili wiri) da da azimutaluri  r siCqaris 
(uwyveti wiri) droiTi evolucia  

sawyisi 0 siCqaris sxvadasxva mniSvnelobebisaTvis.  

(a)  0  10
3

;  (b)  0  0.3;  (c)  0  2 / 2 ;  (d)  0  0.99. 
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 2 2 2 2

0 0( ) 0. .p L r r r r       

napovni ( )p r  damokidebulebis gamoyenebiT gantolebebi (47) advilad amoixsneba: 

(48) 

2 2

2 2 0 0 0 0 0 0 0
0 0

2
00 0 0 0 0

1/ 2 3 / 2
2 2 1 2

0 0 0 0 0 0 0 0 0

/2 , / 1 ( / )
( ) ( ) ; ;

, / 1 1 ( / )

( ) ( / ) 1 ( / ) , ( ) 1 ( / ) ,

r

r t r t r L t r
r t r t p

rt t r t r

r t t r t r r t r t r

  


  

    
 



  
  

 

         

 

sadac sawyisi mniSvnelobebi 
0r da 

0  dakavSirebulia moZraobis integralebTan:  

2 2 2 2 1/ 2 2 4 2

0 0( / ) , 1 / .r L c m c c m c   E E
 

moZraobis integralebis gamoyenebiT (46) formulebidan miviRebT  

2 0
0 02 2 2 2 2

0 0 0

1
arctan( / ) tan ,

/ /

L L r
r t r t

c c r t


 

        
E E

 

saidanac, (48) damokidebulebebis gaTvaliswinebiT, vpoulobT rgolis Semadgeneli 
“namcecebis“ traeqtoriebs: 

(49) 0 ,
cos

r
r 


 

rac warmoadgens r0 radiusis wrewiris mxebi naxevar-wrfeebis simravles. (48) moZ-

raobis kanonidan vxedavT, rom mxebze moZraoba xdeba Tanabrad 0 siCqariT, rac 

Seesabameba araurTierTqmed nawilakTa SemTxvevas. amasTan, drois nebismier t  0 
momentSi “namcecebi” ganlagebulia r radiusis wrewirze da sistema inarCunebs 
Tavdapirvel simetrias (nax. 8).  

SeniSvna 4. Cvens mier Seswavlili simetriuli sistema, arsebiTad, warmoadgens 
[145] SromaSi Seswavlili “namcecebis” erTobliobas, romelTagan TiToeuli moZ-
raobs sibrtyeSi sxvadasxvanairad orientirebul, erTi da igive kuTxuri siCqariT 
mbrunav umaso milebSi. amitom bunebrivia, [95] SromaSi miRebuli Sedegebi daiyvaneba 

[145] Sedegebze, Tu sistemas davadebT saTanado damatebiT bmas .const    

 

nax. 8. 
[95] (a) da [30] (b) SromebSi agebuli siCqareTa velebi 

 
SeniSvna 5. relativisturad mbrunavi rgolis [95] Semadgeneli “namcecebis” 

siCqareebis Cvens mier napovni samganzomilebiani (brtyeli) veqtoruli veli 
agebulia [30] SromaSi ganxiluli specialuri hidrodinamikuri sistemisaTvis 
(ix. nax. 8b). rogorc aRniSnulia monografiaSi [1], ararelativisturi myari sxeulis 
brunvisa da hidrodinamikis amocanebis msgavsebas Rrma mizezebi aqvs. miT ufro 
sainteresod migvaCnia napovni msgavseba relativisturad mbrunavi sistemis da ara-
relativisturi hidrodinamikuri sistemis veqtorul velebs Soris. saintereso 
iqneboda agreTve relativisturad mbrunavi sistemis Sedareba relativistur 
hidrodinamikur sistemasTan [148]-[150]. 

a b 
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$5.3. baroqronuli dineba 
 

 naSromebSi [27]-[30] samganzomilebiani algebruli invariantebi gamoyenebulia 
hidro- da aerodinamikis arawrfivi kerZowarmoebulebiani gantolebebis sistemis 
Sesaswavlad da zogadi amonaxsnebis simetriis tipis dasadgenad. 
 SromebSi [27-29] da [66a,b] naCvenebia, rom uwyveti garemos siCqareTa velis iako-
bis matricis da Termodinamiuri sidideebis warmoebulebis matricis algebruli 
invariantebi akmayofilebs diferencialur gantolebaTa garkveul sistemas, 
romelic SesaZlebelia gavaintegroT siTxisa da airis zogierTi modelisaTvis. 
kerZod, izotropuli wnevis idealuri ukumSvadi siTxis da idealuri baro-
qronuli airis moZraobis gantolebebis sruli integrebisaTvis sakmarisia 
iakobis matricis algebruli invariantebis codna (ix. [66]). 

 ganmarteba 1. idealuri airis moZraobas ewodeba b a r o q r o n ul i, Tu misi 
wneva da simkvrive am moZraobis procesSi erTnairia 3 sivrcis yvela wertilSi 
da damokidebulia mxolod t droze.  

 baroqronuli moZraobis izentropulobis gamo airis wneva calsaxad ganisaz-
Rvreba misi simkvriviT. amitom baroqronuli moZraobis aRmweri diferencialuri 
gantolebebi daiyvaneba Semdeg sistemaze 

(50) 0, 0, 1,3( )t k j j k t j ju u u u k            

airis siCqaris
1 2 3( , , )u u u u  veqtoris mdgenelebisa da ( )t   simkvrivisaTvis, sadac 

/ , / 1,3( )t j jt x j         da, rogorc zemoT, munji indeqsebiT igulisxmeba ajamva.  

 SromebSi [27] da [28] Seswavlilia   3( )k lJ u M   R  iakobis matricis algebruli 

invariantebi _ misi maxasiaTebeli mravalwevris  

(51)    3 2

3 1 2 3det J E k k k         

koeficientebi , 1,3)(
ik i  da naCvenebia, rom samarTliania Semdegi 

 winadadeba 1. idealuri airis baroqronuli dinebisas iakobis  k lJ u   matricis  

maxasiaTebeli mravalwevris koeficientebi damokidebulia mxolod t droze da 
akmayofilebs Cveulebriv diferencialur gantolebaTa Caketil sistemas: 

(52)  2

1 2 1 2 3 1 2 3 1 32 , 3 , ,k k k k k k k k k k        

romlis amonaxsnebs, sawyisi pirobebiT (0) , 1,3,i ik c i   aqvs Semdegi saxe ( tq q    

da a.S.):  

(53)  1 2 3

2 3

1 2 3

/ , / 2 , / 6 ,

( ) 1 .

k q q k q q k q q

q t c t c t c t

    

   
 

amasTan, airis simkvrive gamoisaxeba formuliT 
0 / ( ),q t    sadac 

0 0   mudmivaa. 

 amave SromaSi naCvenebia, rom cvladebis gardaqmna ( , , ) ( , , )t x u t y   formulebiT 

(54)  , ( , ) ( , ) 1,3( )i i i i iy x tu t y u t x i     

(romelic urTierTcalsaxaa, roca t sakmarisad mcirea), cvlis iakobis matricas: 

k k
xu i y iJ u J            . 

vinaidan (54) gardaqmna ar aris orTogonaluri, J  da uJ  matricebis invariantebi 

( )i ik k u  da ( ), 1,3,i iK K i   sxvadasxvaa. SromebSi [28] da [27] Camoyalibebulia Semdegi 
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 winadadeba 2. a) matricebi 
uJ  da J  dakavSirebulia TanafardobebiT: 

(55)     3 3, ,u u uJ J E tJ J E tJ J       

anu 

(55')   3 3 3.uE t J E tJ E    

    b) Tu funqciebi ( , )iu t x  akmayofilebs eileris (50) gantolebebs, (54) gardaqmnis 

Sedegad gveqneba: 

(56)  ( , ) 0. 1,3( )t i t y i    

 am winadadebebis originaluri damtkiceba [66a,b] ix. damatebaSi C1. 

 naSromSi [27], V.2 winadadebis safuZvelze, airis baroqronuli moZraobis aRsa-
werad Seswavlilia iseTi stacionaruli veqtoruli ( )y   velis povnis amocana, 

romlisTvisac iakobis
ky iJ       matricis invariantebi mudmivi sidideebia. mono-

grafiaSi [152] ganviTarebuli meTodebis gamoyenebiT napovnia lis maqsimalurad 

farTo lokaluri jgufi G, romelic moqmedebs 9( , , )y cR  9-ganzomilebian sivrceSi 
da warmoadgens aseT veqtorul velebze dadebuli (56) pirobebis simetriis jgufs. 
napovnia (56) gantolebebis amonaxsnebis eqvivalentobis klasebi G jgufis mimarT. 
naCvenebia, rom arsebobs (56) gantolebebis amonaxsnebis oTxi klasi, romlebic 
wyvil-wyvilad araeqvivalenturia G jgufis moqmedebis mimarT da Seesabameba 

“konstantebis veqtoris” 
1 2 3( , , )c c c c  Semdeg mniSvnelobebs: 

1. (0, 0,0),   2. (1, 0, 0),   3. (0, 1, 0),   4. (0,1, 0). 

 [27] SromaSi miRebuli am Sedegidan gamomdinareobs, rom (56) gantolebaTa 
sistemis nebismieri amonaxsni eqvivalenturia iseTi amonaxsnisa, romlisaTvisac  

(57)  3 det 0,j

k

c
y


 
  

 
 

rac niSnavs, rom
1 2 3( ) ( , , )y      veqtoris komponentebs Soris arsebobs funqciona-

luri damokidebulebebi. am damokidebulebebis raodenoba (da, maSasadame,
1 2 3( , , )     

veqtoris damoukidebeli komponentebis raodenoba) ganisazRvreba iakobis 
ky j

     

matricis rangiT rank
ky jr     . (57) pirobis Tanaxmad cxadia, rom r  2.  

 SromaSi [27] Camoyalibebulia Semdegi 

 winadadeba 3. (56) gantolebaTa sistemis nebismieri (mudmivisgan gansxvavebuli) 
amonaxsni eqvivalenturia an ormagi talRis (romlisTvisac r2), an martivi talRis 
(romlisTvisac 

2 0,c   r ). 

 SevniSnoT, rom [27] SromaSi miRebuli es Sedegi Seexeba swored (56) gantolebaTa 
sistemas. rac Seexeba fizikur amocanas airis baroqronuli dinebis Sesaxeb, diser-
taciis II TavSi miRebuli Sedegebidan gamomdinareobs, rom garda (51) maxasiaTebeli  

polinomis koeficientebisa, iakobis  k lu  matricas gaaCnia kidev sami invarianti.   

Tanaxmad II.12 Teoremisa, arasimetriuli  k lu  matricis algebruli invariantebis 

minimaluri sruli sistema Seicavs Semdeg 6 wevrs (Sead. f-ebi (1)): 

(58)  2 2 2 2tr , 1,3; tr , tr tr( )( ), ,S A SA SAS A    

sadac 

  
1 1 1

, rot .
2 2 2

( ) ( )lk kl l k k l lk kl l k k l lkm mS S u u A A u u e u            
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 SemoklebisaTvis aRvniSnoT rot 2 .u    gveqneba 

(59)  (rot ) / 2k l l k lk lk lkm m lk lkm mu S A S e u S e         

da (58) formulebSi Semavali sidideebi Caiwereba Semdegi saxiT (Sead. f-bi (1)):  

(60)  
1 2 3

2 2 2 2 2 2

1 2 3

2 2 2

1 2 3

tr 2 ; tr tr ; tr det .( )( ) k k k k k k

k k k k k k

A SA S S SAS A S S S

S S S

   
 

          
 
    

 

 (56) formulidan gamomdinareobs, rom baroqronuli dinebisas 

(61)  0.
j j

t

i i

J
t y y t



      
      

      
 

 (61) Tanafardobis gaTvaliswinebiT (55) igiveobebidan vpoulobT: 

(62)  ( ) (0, ),uJ y J x   

saidanac gamomdinareobs (ix. [66]) 

 winadadeba 4. iakobis [ ]u k lJ u   matricis damokidebulebas t droze aqvs saxe: 

(63)   
1

3( , ) (0, ) (0, )u u uJ t x J x E tJ x


   

((55') igiveobis Tanaxmad, matrica      
1 1

3 3 3(0, ) ( , )u uE tJ x E tJ E tJ t x

 
      arsebobs).  

 (63) Tanafardobidan gamomdinareobs zogadi xasiaTis Semdegi (ix. [66])  

 Teorema 1. idealuri airis baroqronuli dinebisas iakobis matrica  u k lJ u   

nebismieri naturaluri ,l m  ricxvebisaTvis akmayofilebs Tanafardobebs 

(64)       
( )

( , ) ( 1) ( , ) . , 1,2,
( )

m
l l mm

u um

l m
J t x J t x l m

t l

  
  

 
 

 damtkiceba martivia induqciiT.   

 aRvniSnoT, rom formula (64) ZalaSi rCeba maSinac, roca 0, 1, .l    am 
SemTxvevaSi mosaxerxebelia es formula Caiweros Semdegi saxiT: 

(64')  
   

 

( , ) ( )( 1) ( 1) ( , ) .

,

m
l l m

u um
J t x l l l m J t x

t

l m


      



  

 

 am Teoremidan gamomdinareobs (ix. [66]) ramdenime saintereso Sedegi: 

 Sedegi 1. idealuri airis baroqronuli dinebisas  tr ( , ) ( )
l

uJ t x l  sidideebis  

t droze damokidebulebas aqvs Semdegi saxe: 

(65)     
1

tr ( , ) tr ( , ) .
l l

t u uJ t x l J t x


    

 damtkiceba emyareba (64) formulas da /t t     operaciis wrfivobas.    

 Sedegi 2. idealuri airis baroqronuli dinebisas  tr ( , ) , ,
l

uJ t x l  sidideebi ar 

aris damokidebuli sivrciT jx  koordinatebze ( / )j jx    : 

(66)  tr ( , ) 0. 1,3( )
l

j uJ t x j    

 damtkiceba emyareba (50) gantolebebs da (66) formulas.  

 Sedegi 3. (65) formulis m-jer gamoyeneba mogvcems Tanafardobas 

(67)   
( )

tr ( 1) tr , , .
( )

m l m l m

t

l m
J J l m

l

 
   


           
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 CavweroT (52) gantolebebi (59) warmodgenis gamoyenebiT. (65) formulisa da  
hamilton-kelis Teoremis gaTvaliswinebiT miviRebT: 

(68) 
   

 

 

2 2 2

1

2 2 3 2 3

3 2 4

24 2 2 2 2 2 3 2

1 1 1

tr (tr tr ) tr( ) ,

tr tr 2 tr 3tr 2tr( ,

tr 3tr 3tr( )

/2 3 tr tr 3/2 tr tr 4 tr 3tr .

( ) )

( )

( ) ( ) ( )

S S A S S A

A S S SA S A

S SA S A

S S A S A S S S SA

       


      


    

       

 

aqedan gamomdinareobs 

 winadadeba 5. funqciebi 2 3

1 tr tr( ), tr( ) , tr( )S J S A S A S A      damokidebulia mxolod 

t droze da sruldeba gantoleba  

(69) 2 2 4

1 1 1 1 1 1 14 3( ) 6 0.S S S S S S S            

 SevniSnoT, rom igive gantoleba SeiZleba miviRoT (52) gantolebaTa sistemidan 

(59) warmodgenis gamouyenebladac. SromebSi [27]-[29] es gantoleba gaanalizebuli ar 
aris. 

 veZeboT (69) arawrfivi diferencialuri gantolebis amonaxsni 1S Ct   saxiT. 

gantolebaSi Setana da gamartiveba gvaZlevs 

 3 2 2 2 2 3 3 1 4 4( 1)( 2) 4 ( 1) 3 6 0.Ct C t C t C t                     

t cvladis xarisxis maCveneblebis gatoleba gvaZlevs pirobebs 

3 2 2; 3 3 1; 3 4 ;

2 2 3 1; 2 2 4 ;

3 1 4 .

               

            

     

 

 wrfivi gantolebebis es sistema Tavsebadia da misi erTaderTi amonaxsnia 1.  
amitom vRebulobT pirobas C koeficientisaTvis: 

2 3 46 11 6 0.C C C C      
am gantolebis marcxena mxareSi mdgari mravalwevris daSla mamravlebad gvaZlevs: 

( 1)( 2)( 3) 0.C C C C     

 amrigad, marTebulia 

 winadadeba 6. (69) gantolebas (da (68) gantolebebsac) aqvs amonaxsnebi: 

  1 .  2 2 3 2tr 0, tr tr 0, tr 3tr 0. ( 0)+ ( )S S A S SA C      

(70)  2 .  1 2 2 2 3 2 3tr , tr tr , tr 3tr . ( 1)+ ( )S t S A t S SA t C        

  3 .  1 2 2 2 3 2 3tr 2 , tr tr 2 , tr 3tr 2 . ( 2)+ ( )S t S A t S SA t C        

  4 .  1 2 2 2 3 2 3tr 3 , tr tr 3 , tr 3tr 3 . ( 3)+ ( )S t S A t S SA t C        
(52) gantolebebis Sesabamisi amonaxsnebia  

(71)  

1 2 3

1

1 2 3

1 2

1 2 3

1 2 3

1 2 3

1 . 0; ( 0)

2 . , 0; ( 1)

3 . 2 , , 0; ( 2)

4 . 3 , 3 , 3; ( )

k k k C

k t k k C

k t k t k C

k t k t k t C



 

  

    

    

    

    

   

xolo airis simkvrive gamoisaxeba formuliT  

(72)  
0 0, ( 0); , ( 1,2,3)CC t C         

sadac 0 0   mudmivaa.    

 aRvniSnoT, rom 1,2,3C   SemTxvevebSi gvaqvs ( 0) .t     
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 advili gasasinjia, rom (69) gantolebas akmayofilebs (53) amonaxsnic tr /S q q  

da, (68) Tanaxmad, gveqneba 

(73)  
 

2 2 2 3 2

2 3

1 2 3

tr tr (tr ) ( ) ( ) , tr 3tr 1/2( ) .+

( ) 1

( )/ / / /S A S q q q q q q S SA q q

q t c t c t c t

             

   
 

 amonaxsnebi (70)-(72) miekuTvneba diferencialuri gantolebis e. w. gansakuTrebuli 
amonaxsnebis klass (ix., mag., 153], gv. 72-85) da warmoadgens (53) amonaxsnebis ojaxis 
momvlebebs. advili SesamCnevia, rom (71) 1 - 4  amonaxsnebi miiReba (73) amonaxsne-
bidan zRvarSi ,t   Sesabamisad, im SemTxvevebSi, rodesac  

1 .  1 2 3 0;c c c    2 .  1 2 30, 0;c c c    3 .  1 2 3, 0, 0;c c c   4 .  1 2 3, , 0.c c c   

 SevniSnoT, rom (69) gantolebas akmayofilebs amonaxsnebic, romlebic miiReba 

(70)-(72) amonaxsnebidan 
0t t t   SecvliT. 

 moZraobis gantolebebis Caketili sistemis misaRebad saWiroa SevavsoT sistema  

(69) _ gamovsaxoT 2 2 3 2tr , tr , tr , tr( )S A S SA  sidideebis warmoebulebi (58) invariantebiT. 
es SesaZlebelia, radgan II.12 Teoremis Tanaxmad, (58) invariantebi Seadgenen baziss.  
 gvaqvs: 

,

1 1 1 1

tr

.

( )

( ) ( ) ( ) ( )

t t

k j t jk k j t jk k j t jk k j t jk

I S A S A

A S A S S S A S A A A S A S S S A S A A

   

 

                     

   

       
 

 (50) gantolebebis gaTvaliswinebiT gveqneba: 

, ,

, , , ,

1
( )

2

( ) ( )1
( ) .

2 2 2

jk

t t j k k j

jk

jkk m m j j m m k j m m k k m m j

k t j j t k m m

jk

S
u u

A

Su u u u u u u u
u u u

A

 
     
 

      
            

 

 

marjvena mxareSi Semavali iakobis matricebis daSla simetriul da antisimetriul 
nawilebad da gamartivebebi gvaZlevs formulas: 

(75) 1 1

1 2 1 2 1 1

tr tr ( ) tr ( ) tr

tr tr tr tr

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ).

t m mS A S A u S A S A S A S A S A S A

S A S A S A S A S A S AS A S A S A SA

               

               

   

   

 

     

        

   
  

 aqedan kerZo SemTxvevebSi vRebulobT: 

(76)
  

2 2 1 2 1 2 2 2 1

0, 0, 2 0:

tr tr ( 2 )tr tr 2 tr ;( ) ( ) ( ) ( ) ( )t m mS A u S A S A S A S A SA         

    

     

    

      
 

(77) 
 

2 2 2 2 3 2

1, 2 :

tr tr 3tr( ) ( ) ( ).t m mSAS A u SAS A SAS A

      

    
 

(77) formulis gamoyvanisas gaTvaliswinebulia, rom 

   

2 1 2 1 2 1 2 1

2 2 2 2

2 2 2 2

tr tr tr tr 0,

tr tr tr tr 0,

tr tr tr tr 0.

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

T

T

T

S A S A A S S A

S AS A S AS A A S AS S AS A

SAS ASA SAS ASA ASAS AS SAS ASA

       

           

        

     

    

 

 (76) formulidan vpoulobT: 

(78)  

1 1 2

2 2 2

2 2 2 2 4

tr tr tr tr ; 1,3

tr tr 4tr ;

tr tr 3tr tr 2tr .

( ) ( )

( )

( ) ( ) ( ) ( )

t m m

t m m

t m m

S u S S S A

A u A SA

SA u SA S A A SASA

            

    

      
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ukanaskneli formulis marjvena mxareSi Semaval invariantebs Soris gvaqvs kavSiri  
2 2 2 2 2 22tr( ) 4tr tr tr tr tr 4tr( )( ) ( )SASA S SA S S A S A     

(ix. damateba C.2). amitom  

(79)  
22 2 2 2 2 2 2 2 2tr tr tr 4tr tr tr tr tr tr /2( ) ( ) ( ) ( ) ( ) ( ) .t m mSA u SA S A S SA S S A A          

 SevniSnoT, rom (783) da (79) formulebSi Semavali invarianti 2 2tr( )S A  dakavSi-

rebulia (58) bazisis elementebTan TanafardobebiT (Sead. f-ebi (2)-(3)) 

(80)  
2

2 2 2 2 2 2 2 2

, 1,3
tr det , tr( ) tr tr / 2.( ) i k i k i k i k

i k
SAS A S S S A A S       



       
 

 

 aseve, (76) formulidan vRebulobT:  
2 2 2 2 3 2 4 2tr tr 4tr 2tr 2tr .( ) ( ) ( ) ( ) ( )t m mS A u S A S A SA S ASA        

 am formulis marjvena mxareSi Semavali invariantebis gamosaxva (58) bazisis 
elementebiT da (76), (77) formulebis gaTvaliswineba gvaZlevs gantolebaTa sistemas: 

2 3 2 2 2 2 2 2 2 2 2 3 2 2

1 2 3 1 1 1 1 2

2 2 2 2 2 3 2 3 2

1 1 1 1

tr tr tr tr tr tr tr (tr tr )tr /3

tr( ) ( tr )tr( ) / 2 (2tr 3 tr )tr / 6,

( ) ( ) ( ) ( ) ( ) ( ) / 2A S S A S S A S S A S A S S S A S S S S S S A

S A S S S A S S S S S A

         

     
 

 
4 2 2

2 2 2 2 2 2 2 2 3 3 2 2 2

1 1 1 1 1

tr( ) tr tr( ) / 2,

tr( ) tr( ) tr( ) tr tr / 2 tr tr / 6 tr /3 tr /10,( )

SA A SA

SAS A S A S S SA S A S A S S A S A



     
 

saidanac 

 
2 2

1

2 2 3 2

tr tr tr tr ; (tr tr( ) )

tr tr 2tr 2tr ;( )

t m m

t m m

S u S S A S S A S

S u S S SA

        

     
 

(81) 

3 3 4 2 2

3 4 3 2 2 2 2 2

1 1 1

2 2 2

tr tr 3tr 3tr

tr /2 4 tr 3( tr /2)tr 3tr( );

tr tr 4tr ;

( )

( )

t m m

m m

t m m

S u S S S A

u S S S S S S S S A

A u A SA

      

       

    

 

 
22 2 2 2 2 2 2 2 2

1 1tr tr tr 4 tr tr tr tr /2( ) ( ) ( ) ( ) ( ) ( ) ;t m mSA u SA S A S SA S S A A          

 
2 2

22 2 2 2 2 2 2 3 2 2 2 2

1 1 1

tr( )

tr( ) 2 tr( ) (2tr tr )tr( ) tr tr tr tr tr /5.( )

t

m m

S A

u S A S S A S A SA S A S S A S A

 

        
 

 gantolebebi (81) unda SevavsoT (77) gantolebiT, romelSic invarianti 3 2tr( )SAS A  
saWiroa gamovsaxoT (58) bazisis invariantebiT.  
 visargebloT TanafardobiT (Sead. f-bi (1))  

1 2 3

12 23 31 1 2 3

1 2 3

tr det ,( )

s s s

S AS AS A A A A s s s

s s s

  

     

  

 
 

  
 
 

 

romelic samarTliania ( )ik ikS A  tenzoris kanonikur bazisSi. gansaxilvel SemTxve-

vaSi gvaqvs 0, 1, 3      da Sedegad vRebulobT (ix., mag., [59], gv. 27): 
2 3 2 2tr( ) tr( )tr .A SAS A SAS S  

radganac miRebuli tolobis orive mxares dgas invariantebi, is samarTliania 
nebismier (orTonormirebul) bazisSi. am Sedegis (77) gantolebaSi SetaniT miviRebT: 

(82)   2 2 2 2 2 2

1tr tr 3 tr( ) ( ) ( ).t m mSAS A u SAS A S SAS A      

 vinaidan (ix. winadadeba 5.1) 
2 2 2 2

1 2tr tr tr( ) ( 2 ) 0,m m m mS A S A k k         

 3 2 3 2

1 2 1 3tr 3 tr tr( ) tr( ) 3 0,( )m m m mS SA S A k S A k k k             

xolo invariantebi 1 tr ,S S  2tr ,S  3tr ,S 2tr ,A  2tr( )SA  erTmaneTisgan funqcionalurad 
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damoukidebelia, gveqneba: 

(83)  2 3 2 2

1 tr tr tr tr tr 0.( )m m m m m mS S S S A SA                 

aqedan, (81) gantolebebis gamoyenebiT, miviRebT 

(84)  2 2 2 2tr 0 tr 0( ) ( )m mS A S ASA     . 

 amrigad, damtkicebulia [66] Semdegi 

 winadadeba 7. idealuri airis baroqronuli dinebisas iakobis  k lu  matricis  

yvela algebruli invarianti damokidebulia mxolod t droze.  

  k lu  matricis algebruli invariantebis (58) bazisis elementebi akmayofilebs 

Cveulebriv diferencialur gantolebaTa Caketil sistemas ( )tf f :   

 

2 2

1

2 2

2 3 2

tr tr tr ; tr tr( )

tr 4tr

tr 2tr 2tr ;

( ) ( )

( ) ( );

( ) ( )

S S A S S A S

A SA

S S SA

     

 

  







 

(85)  3 4 2 2 4 4 3 2 2 2

1 1 1(tr ) 3tr 3tr ; tr /6 4/3 tr ( tr /2)tr( )S S S A S S S S S S S         

 
22 2 2 2 2 2 2 2

1 1tr tr 4 tr tr tr tr / 2;( ) ( ) ( ) ( ) ( )SA S A S SA S S A A      

 2 2 2 2

1tr 3 tr( ) ( );SAS A S SAS A   

 
22 2 2 2 2 2 2 3 2 2 2 2

1 1 1tr( ) 2 tr( ) (2tr tr )tr( ) tr tr tr tr tr /5.( )S A S S A S A SA S A S S A S A           

 cxadia, rom [28] SromaSi miRebuli gantolebebi (52) gamomdinareobs (85) sistemidan.  

 aRvniSnoT 

(86)  2 2 2tr 2 (rot ) / 2, ( ) 0.A u t           

am aRniSvnis gamoyenebiT gantolebebi (851-5) Caiwereba Semdegi saxiT: 

   2 2 3 2 2

1 1tr ; tr / 4; tr tr tr 3 / 4 / 2;( ) ( ) ( ) / 2S S SA S SA S S               

(87)   2 2 4 3tr tr tr( ) ( ) /3S A S S     

  
22 2 2 4

1 1 1 1 1 1 1 1 1 1

2 2 2 2

1 1 1

/ 4 ( ) / 2 { 4 3( ) 6 }/ 6;

tr ( ) / 2 / 4 .( )

S S S S S S S S S S

S A S S S

                  

          

 

ori ukanaskneli formulis Sedareba gvaZlevs gantolebas 

(88)  
2 2 4

1 1 1 1 1 1 14 3( ) 6 0,S S S S S S S         

romelic emTxveva gantolebas (70). gantoleba (856) advilad integrdeba: 

(89)  2 2

6 1tr exp 3 ( ) .( )SAS A C S t dt  
   

 bolos, (857) gantolebidan gamartivebebis Sedegad vRebulobT: 

(90)  2 2 3 2

1 1 1 1 1 1 16 6 2 2 3( ) 4 4 /5 0.( ) ( )S S S S S S S                  

 gantolebebi (87)-(90) Seadgens Caketil sistemas, romlis amonaxsnebic savsebiT 

gansazRvravs iakobis  k lu  matricis (58) invariantebs. am arawrfivi, mesame rigis 

diferencialuri gantolebebis zogadi amonaxsnis povna sakmaod rTulia, Tumca  
advilad SesamCnevia, rom am sistemas aqvs ramdenime martivi kerZo amonaxsni. 
fizikuri TvalsazrisiT gansakuTrebiT sainteresoa potenciuri baroqronuli 
dinebis SemTxveva, rodesac  

(91)  2 2 2

1tr (rot ) 2 0, ( ) tr div ./A u S t S u C         

es SemTxveva Seswavlilia SromaSi [66], sadac naCvenebia, rogor SeiZleba (88) da 
(90) arawrfivi sistemis amoxsnasTan dakavSirebuli sirTuleebis Semovla.  
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$5.4. baroqronuli dinebis reJimebi da evolucia 
 

 zogad SemTxvevaSi (87)-(90) gantolebeTa sistemaSi Semavali invariantebis     
t droze damokidebulebis mosaZebnad SesaZlebelia visargebloT (63) formuliT  

 
1

3( , ) (0, ) (0, ) .J t x J x E tJ x


   

aqedan,   2 3

3 1 2 3det (0, ) ( ) 1 0E t J x q t c t c t c t        utolobis gaTvaliswinebiT
1 2 3, ,(c c c  mud-

mivebis Sinaarsi igivea, rac formulebSi (53)), vpoulobT: 

(92)  
 

 

1 2

3 3

1 2 2

1 3 3

( , ) ( ) (0, ) tr (0, ) (0, ) (0, )

( ) 1 (0, ) (0, ) ,( )

TJ t x q t J x E t J x E tJ x t x

q t tc J x t J x t c E





     

   
 

sadac
3(0, ) [ (0, )] ( )i jx x M     da (0, )i j x  aris i, j nomris mqone elementis algebruli  

damateba
3(0, ) ( )J x M  matricis determinantSi: 

, 3

,

(0, ) det (0, ), (0, ) det (0, ) .i j i j i k j k j k

i j

x J x u x J x c
u

 


    


 

 Sesabamisad, iakobis ( , )J t x  matricis simetriuli da antisimetriuli nawilebia 

 

 

1 2 2

1 ( ) 3

1 2

1 [ ]

( , ) ( ) 1 (0, ) (0, ) ,

( , ) ( ) 1 (0, ) (0, )

( )

( )

i j i j i j i j

i j i j i j

S t x q t tc S x t J x t c

A t x q t tc A x t J x





   

  
 

(aq mrgval frxilebSi moTavsebuli indeqsebiT nagulisxmevia simetrizacia, xolo 
kvadratul frCxilebSi moTavsebulebiT _ antisimetrizacia). gamartivebebis Sem-
deg miviRebT 

(93)  
 

 

1 2 2 2

1 3

1

1

( , ) ( ) 1 (0, ) (0, ) (0, ) ,

( , ) ( ) 1 (0, ) (0, ) (0, ) (0, ) (0, ) .

( )

( )

i j i j i j i j i j

i j i j ik k j ik k j

S t x q t tc S x tS x tA x t c

A t x q t tc A x tA x S x tS x A x





    

   
 

 (93) formulebidan advilad gamoiTvleba 
1( )S t  da ( )t  invariantebi: 

(94)  
   

 

1 2

1 1 2 3

2 2 2

0 1 2

( ) tr ( , ) ( ) 2 3 ( ) ( ),

( ) tr ( , ) ( ) ,

/i jS t S t x q t c c t c t q t q t

t A t x q t b b t b t





    

     
 

amasTan, (942) formulaSi Semavali mudmivebi
0 1 2, ,b b b  gamoisaxeba siCqaris (gluvi) 

velis sivrculi warmoebulebis sawyisi mniSvnelobebiT , (0, )i ju x  da unda akmayo-

filebdes (87)-(90) gantolebebs.  

 (941) mniSvnelobis Setana (90) gantolebaSi da gamartiveba mogvcems pirobas 
2 2 2 2 23( ) 3( ) ( ) 4 / 5 0,q q q q qq                 

romelic, laibnicis formulis Tanaxmad, daiyvaneba gantolebaze 
22 2 3( ) 4( ) /5 0.q q q q      

am gantolebaSi (942) mniSvnelobis Setana mogvcems pirobebs 
(951) 0 1 2( ) 0 0 rot ( , ) 0t b b b u t x         

an/da 

(952) 1 2 3( ) 0 0 div ( , ) 0.q t c c c u t x         

 amrigad, samarTliania Semdegi 

 Teorema 2. gluvi veqtoruli veli, romelic aRwers idealuri airis baroqro-
nuli dinebis siCqares, aris an potenciuri, an solenoiduri.   

 SeviswavloT es SemTxvevebi calcalke [66].  
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 1. potenciuri baroqronuli dinebisas, e. i. rodesac 

rot ( , ) 0, ( , ) grad ( , ),u t x u t x t x    
(85) gantolebebidan miviRebT 

  

2 2 2 2 2 2 2 2

, , ,

2 2 2 2

tr (tr ) tr tr tr tr 0,

( ) 2 0, ;

tr tr 0;

( ) ( ) ( ) ( )

/

( ) ( )

lk l k k l l k l k

A A SA SA S A S A

A u u u S

SAS A SAS A

     

   

 

 



 

(96) 2

1tr tr ;( )S S S     

 
3 2

1

3 4 4 3 2 2 2

1 1 1 1

tr tr / 2;

(tr ) 3tr / 2 4 tr 3(2 tr )tr /2 / 2.

( ) / 2S S S

S S S S S S S S S

  

        


 

aqedan gamomdinareobs 

 Teorema 3. idealuri airis baroqronuli potenciuri dinebisas simetriuli 

, ,[ ] ( ) 2/[ ]kl l k k lS S u u    matricis maxasiaTebeli polinomis koeficientebi 

     2 2 3 2

1 2 1 3 1 2 1tr , tr( ) 2, det tr( ) tr( ) 3/ /S S S S S S S S S S S S        

damokidebulia mxolod t droze da akmayofilebs Cveulebriv diferencialur 
gantolebaTa Caketil sistemas (Sead. (52)): 

(97)  2

1 2 1 2 3 1 2 3 1 3 1 2 32 , 3 , , 0, 1,3,t t t j j jS S S S S S S S S S S S S i                 

romelsac, dinebis potenciurobis gaTvaliswinebiT, aqvs Semdegi saxis amonaxsnebi: 

(98)  1 2 3

1 0 2 0 3 03( ) , 3( ) , ( ) .S t t S t t S t t         
0 0( )t   

(98) amonaxsnebi calsaxad ganisazRvreba hidrodinamiuri gantolebebiT (50), xolo 
dinebis siCqaris potenciali ( , )t x  da siCqare ( , )u t x  gamoisaxeba formulebiT: 

(99)   1 2 2

0( , ) 3( ) / 2 / 6 ,t x const t t R x       2 0( )R   

(100)  1

0( , ) ( ) .u t x t t x   

amasTan, airis simkvrivis droze damokidebuleba aiwereba formulebiT: 

(101) 3

0 0| 1 | ,/t t       roca  
0 0 0| | 3 0/t        da  3

1 1( ) , 0,t t       roca  
0 0.t   

 damtkiceba. (97) gantolebebi (iseve, rogorc (52)) gamomdinareobs hidrodinamiuri 

gantolebebidan (50). sivrcul koordinatebze , 1,3,iS i   invariantebis damoukideb-

lobis gamo gveqneba 

(102)   1div ( , ) ( ) ( ).u t x S t f t   

dinebis baroqronulobis gamo koordinatTa nebismier sistemaSi, sivrcis nebismier 
wertilSi ( , )u t x  siCqaris potenciali ( , )t x  akmayofilebs puasonis gantolebas  

(103)   ( , ) div grad ( , ) ( ),t x t x f t     

romlis zogadi amonaxsni SeiZleba Caiweros Semdegi saxiT: 

   
1

1 3

0( , ) ( , ) (4 ) ( ) .t
V

t x t x f t x d


        

aq 3VE  aris nebismieri R > 0 radiusis sfero centriT nebismier 3OE  wertilSi, 

xolo funqcia
0( , )t x  akmayofilebs laplasis gantolebas

0( , ) 0t x   da igivurad 

mudmivia, rogorc yvelgan regularuli harmoniuli funqcia: 0( , ) .t x const    

 integralis gamosaTvlelad  “radiusiT” integrebis Sualedi davSaloT or 

Sualedad: [0, ] [0,| |) (| |, ]R x x R   da TiToeul SualedSi visargebloT  
1

4 | |x


    

mamravlis sferuli funqciebis mwkrivad gaSlis formulebiT (ix., mag., [100], gv. 137): 
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| |
2 1

1
0 | |,

1 1
( , ) ( ) ( ) ( ) | | ( ) ( ) .

2 1 | |

x R
l l l

lm lm x lm lm xl
xl m

t x const f t d d Y Y x d d Y Y
l x

    

   

 
              

  
      

aqedan, ( )lmY   sferuli funqciebis orTonormirebis Tvisebisa da 1/ 2

00 (4 )Y    mniSvne- 

lobis gaTvaliswinebiT, miviRebT: 

(104) 
2 2| |

2

| |0

1
( , ) ( ) ( ) ,

| | 2 6

x R

x

R x
t x const f t d d const f t

x

  
             

   
   

saidanac, ( , ) grad ( , )u t x t x   formulis gamoyenebiT, gveqneba: 

(105)   ( , ) ( ) .
3

x
u t x f t  

am mniSvnelobis Setana eileris (50) gantolebebSi gvaZlevs ( ):r x  

  21 1 ( )
( ) ( ) 0, ( ) ,

3 9 ( )

t
f t r f t r r f t

t


     


 

da gamartivebebis Semdeg vRebulobT gantolebebs 

   21 ( )
( ) ( ) 0, ( ) ,

3 ( )

t
f t f t f t

t


    


 

romelTa zogadi amonaxsni Semdegi saxisaa: 

  1

1 0( ) ( ) 3( ) ,S t f t t t     

  
3

0 0 0
0 03 3

0 0

||
( ) , (0) 0, 0

| || |1 /

t
t t

t tt t

 
      

 
 

  3

1 1 0 0( ) . (1), , 0t t t        

am mniSvnelobebis Setana (97), (104), (105) formulebSi gvaZlevs (98)-(101).   

 Sedegi 4. idealuri airis baroqronuli potenciuri dinebisas iakobis matrica 

[ ]u k lJ u   da masTan (55), (55') TanafardobebiT dakavSirebuli matrica [ ],
ky iJ     

proporciulia erTeulovani matricis. 

 marTlac, (100) formulidan vpoulobT  

0 0

.
| | | |

k l k l
k l

x
u

t t t t

 
  

 
 

am Sedegis (55) gantolebaSi Setana mogvcems: 

       
11

0 3 3 3 0 31 | | , | | .t t t E E t J E J t t t E 

         

aqedan, 
0 0t t   utolobis gaTvaliswinebiT, vRebulobT: 

(106) 1

0 3 0, 0.J t E t

   

cxadia, igive Sedegi gamomdinareobs uSualod (54) gardaqmnis formulebidanac: 
1 1 1 1

0 0 0 0 0 0( , ) | | | | , ( , ) | | ( , ) , ( , ) ./
ky l k lu t x t t x y x tu t t t x t y t t x t y y t t y t                  

roca 0t  0, maSin /i iu x t  da gardaqmna (54) iZleva yi(t)0. am SemTxvevaSi matrica 

3[ ]uE tJ  singularulia da arc siCqare ( , )t y  da arc iakobis matrica [ ]
ky iJ     

ar aris koreqtulad ganmartebuli.    

 SeniSvna 6. rogorc vxedavT, idealuri airis baroqronuli potenciuri dinebi- 
sas [27]-[28] SromebSi Camoyalibebuli (ix. winadadeba V.3) debuleba irRveva. kerZod, 

(106) matricis determinanti 0 da ar aris Sesrulebuli piroba (57). 
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 SeniSvna 7. (98) da (53) formulebis Sedareba gviCvenebs, rom idealuri airis 

baroqronuli potenciuri dinebisas ( ), 1,3,iS t i  invariantebis sawyis mniSvnelobebs 

Soris arsebobs Tanafardobebi 

(107) 2 3

2 1 3 13 (0) (0), 27 (0) (0).S S S S   

 SeniSvna 8. damtkicebuli formula (100) gviCvenebs, rom idealuri airis baro-
qronuli potenciuri dinebis siCqare akmayofilebs (formalurad) hablis kanons 
(ix., mag., [154], gv. 177-198) ararelativisturi formiT. amasTan, (100) damokidebulebis 
integreba gvaZlevs “baroqronuli samyaros” gafarToebis kanonis x ar is xo v a n 
(da ara eqsponencialur, inflaciur (ix., [151], gv. 197)) reJims: 

(108)   0 0

0

( ) 1 . ( 0)
t

x t x t
t

 
   

 
 

 2. axla SeviswavloT solenoiduri baroqronuli dineba [66]. am SemTxvevaSi (94) 
formulebidan gvaqvs 

2

1 2 3 0 1 20, ( ) 1, ( )c c c q t t b b t b t         

da (0, )uJ x  tenzoris kanonikur bazisSi (ix. disertaciis II Tavi), (80) Tanafardobebis 
2 2 ...tr tr( ), 0,1, ,S S S A        gaTvaliswinebiT, (87) mogvcems gantolebaTa sistemas: 

(109)   

2 2 2 20 0 0 0 0 0

1 2 3 1 2 3 0
0 0

2 2 2 2 2 2 20 0 0 0 0 0 0 0 0

1 2 3 0 1 1 2 2 3 3 100

3 3 3 2 23 0 0 0 0 0

1 2 3 1 1 100

tr 0; (0) / 2 ( ) ( ) ( ) / 2;| |

tr ( ) ( ) ( ) ; ( ) ( ) ( ) /4;||

( ) ( ) ( ) 3 /4; ( ) (tr ||

t t

tt

tt

S s s s b

S s s s b S s s s b

s s s b S s sS

 





             

            

         2 20 0 0 0

2 2 3 3 2) ( ) /2.s b   

 

sadac, kanonikuri bazisis ganmartebis Tanaxmad, 0 0 0 0 0

1 2 3 2 3, 0, 0s s s       (simartivi-

saTvis SemdgomSi 0  niSnaks aRar davwerT). 

 (89) formula
1( ) 0S t   pirobis gaTvaliswinebiT mogvcems 2 2

6tr( )SAS A C  da (80) 

da (109) formulebis gamoyenebiT miviRebT (Sead. f-ebi (2) da (11)): 

(110) 

   
2 22 2 2 2

6 1 2 3 3 2 3 1 2 1
, 1,3

2

0 1 2

2 3 3

1 2

2 3 4 3 4

2

tr( ) ( )( )( ) det

/ 2 / 4 / 2

det det / 4 / 2 .

/ 2

i k

i k
SAS A C s s s s s s S

S S b b b

S S S b b S

S S S b S S

 





            
 

       
   
            
   
            
   

 

 am formulis marjvena mxareSi Semavali sidideebis gamosaTvlelad visargeb-
loT (80) da (109) TanafardobebiT da hamilton-kelis TeoremiT: 

(111)  
 

3 2 2 2 2 2 3

2

3 3 2 2 3

4 2 2 2 2 2 2 2 2 2 3

2

4 4 2 2 4 2 4 2

0 2 1 2

1
tr( ) tr( ) tr det tr tr ,

2

tr( ) tr 0;

1 1
tr( ) tr( ) tr( )det tr tr tr / 2 tr( ) tr ,+

2 3

1 1
tr( ) tr tr tr (t

4 16

S A S SA A S S S S

S S A S

S A S S A SA S S S S A SA S

S S A S b b b S S S


       



    

      

          2 2r ) 2 ./S

 

am mniSvnelobebis (110) formulaSi Setanisa da gamartivebebis Semdeg miviRebT: 

(112)  
222 2 2 2 3

6 0 2 1 2tr( ) (4 ) /16 ( /2) 0.SAS A C b b b b        
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 SemoviRoT aRniSvnebi [66] 

(113) 2

0 0/ 6, /6, 1,3.j j j js p b r b j     

(114) 3/ 2 2

1 0 2 0 03/2 , 18 / . ( 0)( )b b b b b      

am aRniSvnebSi (109) gantolebebi miiRebs Semdeg saxes: 

(115) 

1 2 3 1 2 3

2 2 2

1 2 3 1 1 2 2 3 3

3 3 3 2 2 2

1 2 3 1 1 2 2 3 3

0; 3;

6; 2 ;

6 ; .

p p p r r r

p p p r p r p r p

p p p r p r p r p

     

      

       

 

 (1151-3) sistema calsaxad gansazRvravs 06/ , 1,3,j jp s b j   mniSvnelobebs, rogorc  

(116) 3 3 2 0p p     

kuburi gantolebis fesvebs. rogorc cnobilia (ix., mag., [151]), am kuburi gantolebis 
samive fesvi namdvilia maSin da mxolod maSin, rodesac 

(117) 2 2 3

1 01 0 (2 /3) .b b      

(112) pirobidan miiReba Sesabamisi SezRudvebi 
2 0b   mudmivas mniSvnelobaze: 

(118) 
2

2 3 2 2

0 2 1 2 2 0 2 1(4 ) /16 ( /2) 4 2 3 4 .( ) ( )b b b b b b b b              

 ukanaskneli utolobis amosaxsnelad mosaxerxebelia aRniSvnis Secvla: 

1, 1.       
maSin (118) miiRebs Semdeg saxes: 

(119) 3 23 4 2 0, 1.          

 (116) da (119) Tanafardobebis gaanalizeba mosaxerxebelia grafikulad. avagoT 

kuburi parabola 3 3 2 .y x x     nax. 4 gviCvenebs (116) da (119) formulebSi Tavisufali 

wevrebis da (117) pirobis geometriul Sinaarss (ix., mag., [151]). kerZod, sami namdvili 
fesvis arsebobis piroba (117) SeiZleba Caiweros  

max min 0y y   

utolobis saxiT (Sead. f-la (117)). grafikidan advilad vpoulobT fesvebis miaxlo-

ebiT mniSvnelobebs, rodesac 0 1 , 0 1:      da  

(120) 

1 2 3

1 2 3

1 2 3

3 /3, 2 /3, 3 /3, 0;

2 2 /9, 1 2 /3, 1 2 3, , 0 1;/

1 2 /3, 1 2 3, 2 2 /9, , 0 1./

x x x

x x x

x x x

    

    

      

      

        

roca

roca

roca

 

                                           
   nax. 9 nax. 10 

  nax. 5 gviCvenebs (116) gantolebis 1 2 3, ,p p p  fesvebis damokidebulebas  parametrze. 

 

pj() 

2 

3 

1 

4 

x 

y 

2 

p1() 
 

p2() 
 

p3() 
 

p1  
 

p2  
 

p3  
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(119) utolobebiT gansazRvruli intervali 2,3, romelsac ekuTvnis paramet-

ri , agreTve damokidebulia  parametrze. es damokidebuleba naCvenebia nax. 6 a-ze 

(2,3 aris 3 23 4 2 0        gantolebis fesvebi, 12 3; aseTi fesvebis arsebobis 

pirobaa 2 24 2 2 0 1 .)       nax. 6 b-ze naCvenebia (118) utolobebiT gansazRvruli 

Sualedi, romelsac ekuTvnis parametri . kerZod,  

(121) 2

2 01, 2 , [0, 9], 0 / 2,b b      roca 0,  

(122) 2

2 01, 4, 2 / 9,b b    roca 1.       

 

  
                                                                                                                                    

                   

 

 

 

 

 
 

                    nax. 11 

(116) gantolebidan napovni
1 2 3, ,p p p  fesvebis Setana (1154-6) aqcevs wrfiv gan-

tolebaTa sistemad 2

06 , 1,3,/j jr b j    ucnobebis mimarT, romlis determinantia 

1 3

1 3 1 3 2 2 1det[ ] ( )( )( ).k

jp p p p p p p      amitom saWiroa Semdegi kerZo SemTxvevebis Seswavla: 

 1) vTqvaT, 2 3

1 00 (2 /3) .b b   maSin (116) gantolebis fesvebi jeradia da (111) da 

(112) formulebi gvaZlevs 

(123)  2 2

6tr( ) 0,SAS A C   

anu 

(124)   3

2 0 2 04 2 (2 /3) .b b b b   

 SesaZlebelia sami SemTxveva (Sead. disertaciis II Tavi): 

a) 
1 2 3 0.s s s      b) 1 2 3 10, 2 0.s s s s        c) 1 2 3 10, / 2 0.s s s s      

 a) SemTxvevaSi (109) sistemidan miviRebT: 

 0 1 20, 0b b b      1 2 3 1 2 30, 0 (0, ) ( , ) 0.u us s s J x J t x             

am trivialur SemTxvevaSi baroqronuli dinebis siCqare mudmivia:  

( , ) .u t x const  

 b) SemTxvevaSi (0, )uJ x  tenzoris matrica, II.2 lemis Tanaxmad, bazisis saTanado 

SerCeviT daiyvaneba Semdeg saxeze:  

  
1 3

3 1 1 1 3 3

1 3

0

(0, ) . 0 , 0

0

( )u

s

J x s s s

s

 
 

      
 
  

 

am (kanonikur) bazisSi (115) sistema Rebulobs Semdeg saxes:  

b 

                                                       

 

 

4 

1 

2 

3 

  1-2-3 – 1();   1-4-3 – 2(). 
 

 

a 

 


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(125) 

1 3 1 3

2 2

1 3 1 1 3 3

3 3 2 2

1 3 1 1 3 3

2 0; 3;

2 6; 2 ;

2 6 ; .

p p r r

p p r p r p

p p r p r p

   

    

     

 

aqedan vpoulobT (gantolebaTa sistema (125) Tavsebadia, roca 
0 0, 1, 4 :)b       

1 3 1 31, 2; 8 3, 1/3./p p r r      

Sesabamisad, (113) formulebidan vpoulobT  

(126)   1/ 2 1/ 2 2 2

1 2 0 3 0 1 0 3 0 2/ 6 0, 2 / 6 0, 4 / 9, /18 , 0,( ) ( )s s b s b b b             

xolo (114) formulebi gvaZlevs (109) gantolebaTa sistemis Tavsebadobis pirobebs: 

(127) 3/ 2 2

1 0 2 02 /3 0, 2 /3 0.( ) ( )b b b b      

(piroba (124) gamomdinareobs (127) tolobebidan.) 

 c) SemTxvevaSi (0, )uJ x  tenzoris matrica kanonikur bazisSi, b) SemTxvevis analo-

giurad, daiyvaneba Semdeg saxeze:    

   
1 3

3 3 1 1 3 3

1 3

0

(0, ) , 0 , 0

0

u

s

J x s s s

s

 
 

      
 
  

 

xolo (115) sistemas am bazisSi aqvs Semdegi saxe:  

(128) 

1 3 1 3

2 2

1 3 1 1 3 3

3 3 2 2

1 3 1 1 3 3

2 0; 3;

2 6; 2 ;

2 6 ; .

p p r r

p p r p r p

p p r p r p

   

    

      

 

aqedan vpoulobT  

1 3 1 32, 1; 1 3, 8/3,/p p r r      

anu 

(129) 1/ 2 1/ 2 1/ 2 1/ 2

1 0 2 3 0 1 0 3 0 22 / 6 0, / 6 0, /18 0, 2 /3 0, 0.( ) ( ) ( )s b s s b b b               

 (128) gantolebaTa sistemis Tavsebadobis pirobebia 1, 4,      anu 

(130) 3/ 2 2

1 0 2 0(2 /3) 0, 2( /3) 0.b b b b     

piroba (124) am SemTxvevaSic Sesrulebulia. 

 amrigad, aratrivialur b) da c) SemTxvevebSi iakobis ,[ ( , )]i ju t x  matricis yvela 

algebruli invarianti ganisazRvreba erTaderTi nebismieri 2

0 tr (0) 0b S   mudmiviT 

da (58) bazisis elementebis sawyis mniSvnelobaTa Soris gvaqvs polinomuri 
Tanafardobebi (sizigiebi): 

(131) 
       

 

2 3 2 2
2 2 2 2 2 2 3 2 2 2

6

3 2 3 2

1 2 3 1 2 3

tr tr ; 18tr 7 tr ; tr 6 tr 54 tr ; tr( ) 0.

tr 0, tr 0, 0 ; tr 0, tr 0, 0

( ) ( )

( ) ( )

A S S A S S S SA SAS A C

S SA s s S SA s ss s

      

         roca roca
 

 2) axla vTqvaT, 2 3

1 00 (2 /3) .b b   maSin 

(116) gantolebis fesvebi martivia da II.2 lemis Tanaxmad, (0, )uJ x  tenzoris matricas 

kanonikur bazisSi aqvs saxe 

   
1 3 2

3 2 1 1 2 3 3 2

2 1 3

(0, ) . , 0, 0u

s

J x s s s s

s

  
 

        
 
   

 

am SemTxvevaSi (1154-6) gantolebaTa sistemis determinanti 0 da, Tanaxmad [41] SromaSi  
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gamoyvanili formulisa (ix., f-la (II.67)), gvaqvs  

  
3

3det det 1,3
0

( )
j

j T
j

T
r T j

 
  

 

p

p
 

(am formulaSi ajamva ganmeorebuli indeqsiT ar xdeba!), sadac matrica 
3 3( )T M  

ganmartebulia disertaciis II TavSi. (110) formulebTan Sedareba da (80), (111), 
(113), (114) gaTvaliswineba gvaZlevs: 

3 ( ) / 22 2

3 01 , 1,3, 1,3

3 2

(6/ ) 2

3

j kj k j k

i ii j kj k

T r p b S
   

 


  
           

    
      

 . 

Sedegad, (II.67) gantoleba Rebulobs Semdeg saxes: 

(132) 
2

2

3 2
3 2

2
det det 2 , 1,3

3
3

0

( )
j

j

j

j j

p
r j

p

p p





   
   

          
      
            

 

 SeniSvna 9. (II.67) formulis gamoyvanisas arsad ar iyo gamoyenebuli is, rom 

, 1,3,jr j   ucnobebi naturaluri ricxvebia, amitom formula (132) iZleva (1154-6) gan-

tolebebis amonaxsns zogad SemTxvevaSic, Tu 
3 1 3 2 2 1( )( )( ) 0.p p p p p p     

 rogorc ukve aRvniSneT, 
1 2 3, ,p p p  sidideebis mniSvnelobebi da  parametris 

dasaSveb mniSvnelobaTa aris sazRvrebi ganisazRvreba  parametris mniSvnelobe-

biT. Sedegad, formula (132) gansazRvravs , 1,3,jr j   sidideebis damokidebulebas   

 parametrze. nax. 7 a, b, c gviCvenebs am damokidebulebas, roca, Sesabamisad, j  1, 2, 3. 
kerZod, (132) formulidan gamomdinareobs, rom  

2

1 2 3 0 (3 ) ,r r r          

anu, (112)-(114) aRniSvnebis gaTvaliswinebiT,  

(133)  
22 2

1 2 3 0 tr( ) 0.SAS A       

   

 a b c 

nax. 12 

 aRvniSnoT, rom implikacia (133) samarTliania ara mxolod solenoiduri 
baroqronuli dinebisaTvis, aramed zogad SemTxvevaSic. marTebulia 

 winadadeba 8. 3 3, : S A E E  operatorebis  {S, A |S
T
S, A

T
A} wyvilis kanonikur 

bazisSi marTebulia formula: 

(134) 
1/ 22 2 2

12 23 31 1 2 3, 1,3
tr( )det tr( ) . ( , , )j k T T

j k
A A A SAS A S S S s s s A A

  


         

 damtkiceba emyareba (110) formulebisa da II.18 winadadebis gamoyenebas.   

   
 

 

 

r1 

r2 
r3 
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 formula (132) martivdeba, rodesac 0.b    am SemTxvevaSi (116) gantole-

bidan vpoulobT 1 3 23, 0p p p      da (132) formula gvaZlevs 

  
1 3 2/ 6, 3 /3r r r      

 
1/ 2 2 2 2 2

1 3 0 2 1 3 2 0 2 0 2 0

2

2 0 1

/2 , 0, 2 , ( 2 ) 2

(0 / 2, 0)

/ /s s b s b b b b b

b b b

           

  
 

(cxadia, igive Sedegs gvaZlevs uSualod (115) an (109) sistemis amoxsna 0b    

pirobis gaTvaliswinebiT). napovn amonaxsnebs Seesabameba Semdegi sizigiebi (58) 
bazisis elementebis sawyis mniSvnelobaTa Soris: 

(135)
     

223 2 2 2 2 2 2 2 2 2 2 2 2 2

2

2 0 1

tr tr tr tr tr ; 4tr( ) 4tr tr tr 2tr .

(0 /2, 0)

( ) 0; ( ) ( ) ( ) ( )S S SA S A SAS A S A S S S A

b b b

      

  


 

solenoiduri baroqronuli dinebis zogad SemTxvevaSi sizigiebi sawyis mniSvne-
lobaTa Soris ganisazRvreba (112) TanafardobebiT: 

(136)        
 

2
2 322 2 2 2 2 2 2 2 2 2 2 2

2 2 3 2

4tr( ) tr 2tr( ) tr tr 2tr( ) 2 2tr( ) tr tr ;

tr tr ; tr 3tr tr 0;( ).

SAS A S S A A S SA S A A S

S A S SA S

     
  

   

 

 (1154-6) gantolebaTa sistemis amoxsnis aRwerili xerxi (ix. f-la (132) da nax. 7) 
SeiZleba gamoviyenoT sxva amocanebisaTvisac, magaliTad, asimetriuli bzriala-

saTvis kuTxuri siCqaris 
1 2 3, ,    mdgenelebis mosaZebnad (ix. f-ebi (18)) inerciis 

1 2 3, ,I I I  momentebis, inerciis tenzoris invariantebis, kuTxuri siCqaris veqtoris 

kvadratis, brunvis kinetikuri energiisa da impulsis momentis kvadratis racio-
naluri funqciebis saxiT. Sesabamisi gantolebebi (Sead. (1)-(3)) gansxvavdeba (1154-6) 
gantolebebisgan mxolod imiT, rom inerciis momentebi mkacrad dadebiTia, 

1 2 30 ,I I I    xolo (1154-6) sistemaSi 1 2 3p p p   koeficientebis niSnebi SeiZleba iyos 

nebismieri (solenoiduri baroqronuli dinebisas 1 3 20, 0, 0 .)p p p     

 Teorema 4. solenoiduri baroqronuli dinebisas iakobis
,[ ( , )]i jJ u t x  matricis 

maxasiaTebeli (51) gantolebis samive koeficienti nulis tolia: 

(137 )  1 2 3 , 1 ,, 1,3
( ) ( ) ( ) 0, rank[ ( , )] 2. ( div 0)i j j ji j

k t k t k t r u t x S u u


          

amasTan, SesaZlebelia Semdegi SemTxvevebi:  

   2 21 . 0 tr tr 0;r S A        
2 2 3 22 . 1 tr tr 0, tr tr 0( )r S A S SA      

22 2 2 2 2( tr( ) tr 2 0 tr( ) 0);( ) /S A S SAS A   maSin, cxadia, ,   

   3 . 2r  yvela danarCen  SemTxvevaSi.  

 winaswar davamtkicoT [66] Semdegi  

 lema. solenoiduri dinebisas ( , )J t x  da (0, )J x  matricebis rangebi tolia: 
(138)  rank ( , ) rank (0, ).J t x J x  

 lemis damtkiceba. solenoiduri dinebis SemTxvevaSi 1 2 3 0c c c    da, (93) Tana-

fardobis gaTvaliswinebiT,  

(139)  2( , ) (0, ) (0, ) (0, ) (0, ) .J t x J x t J x J x E tJ x     

radganac solenoiduri dinebisas matrica  (0, )E tJ x  ar aris gadagvarebuli, 

  2 3

1 2 3det (0, ) 1 1 0,E tJ x c t c t c t        

bine-koSis formulis gaTvaliswinebiT, (139) formulidan vRebulobT (138).    
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 Teoremis damtkiceba. solenoiduri dinebisas (139) formulidan, (136) sizigiebis 
gaTvaliswinebiT, vRebulobT: 

 
 

2 2 2

1

3

( ) tr ( , ) tr (0, ) tr (0, ) tr (0, ) tr (0, ) 0,

( ) det ( , ) det (0, ) det (0, ) 0.

k t J t x J x t J x t S x A x

k t J t x J x E t J x

      

   
 

k2(t) gamosaTvlelad visargebloT niutonis formuliT (ix., mag., [42], gv. 97) 

     
2

2 2 2 2 3 2 4

22 ( ) tr ( , ) tr ( , ) tr (0, ) (0, ) tr (0, ) 2 (0, ) (0, ) .k t J t x J t x J x t J x J x t J x t J x          

magram, hamilton-kelis Teoremis Tanaxmad, solenoiduri dinebisaTvis gvaqvs  
1 2 3

1 2 3(0, ) (0, ) (0, ) (0, ) 0, 3.l l l lJ x c J x c J x c J x l        

amitom  k2(t) 
2tr (0, ) 2/J x   da (137) damtkicebulia. 

 lemis Tanaxmad, iakobis matricis rangis gamoTvla sakmarisia drois sawyisi 
momentisaTvis. kanonikur bazisSi, (109) gantolebaTa sistemis Tanaxmad, gvaqvs 

0 0 (0, ) 0 0.b J x r      

piriqiT, Tu r 0, maSin cxadia, rom (0, ) 0,J x   e. i. SemTxveva 1 damtkicebulia.  

 vTqvaT, 2 2

0 tr tr 0.b S A    maSin 1 2.r   Tu 1,r   maSin J(0) matricis samive mTavari 

minori 11 22 33 0. es SeuZlebelia, Tu (116) gantolebis romelime fesvi jeradia. 

marTlac, 2

1 2 3 33 1 2 32 0 0s s s s s          da 2

1 2 3 11 2 3 12 0 0.s s s s s           amitom 

(ix. f-la (117) da nax. 4) gvaqvs 2 3

1 2 3 1 01 0 (2 /3) .r s s s b b        magram Tu
1 0,b   gveqneba 

erTnairi niSnis mqone ori sakuTari ricxvi da isev _ an 
33 0,   an

11 0.   rCeba 

erTaderTi SesaZlebloba (ix. nax. 4 da f-la (132)):  

 2 3 1/ 2 2 2 2

1 0 2 1 3 0 1 3 2 0 1 31 0 (2 /3) 0, ( /2) 0, 0, / 2 .r b b s s s b b s s                    

aqedan, (1093) (1095), (1096) da (111) Tanaxmad,  
23 2 2 2 2 2 2 2 2

2 0tr tr ) 0, 0 /2 tr( ) tr 2 /2 0, tr( ) 0.( ( ) /S SA S b S A S b SAS A              

piriqiT, Tu 1 2 00, 0,b b b    (109) (an (115)) sistemidan da (116) gantolebidan vpoulobT: 

  
1/ 2

1 3 0 2 1 3 2 0/2 , 0, 0, /2s s b s b             

  
0

1 0 1

(0) /2 0 0 0 rank (0) 1.

1 0 1

J b r J

  
 

   
 
  

 

aqedan (an (109)-(111) f-ebidan) vRebulobT  

  
22 2 2 2 2 2

0tr( ) tr 2 /2 0, tr( ) 0.( ) /S A S b SAS A       

lemis ZaliT, igive samarTliania ( , )J t x  matricisaTvisac.   

 damtkicebuli V.4 Teoremidan gamomdinareobs ramdenime Sedegi [66]: 

 Sedegi 5. solenoiduri baroqronuli dinebisas matrica ,[ ( , )]j kJ u t x  damokide-

bulia mxolod droze da namdvili orTogonaluri gardaqmnis sizustiT urTierT-
calsaxad ganisazRvreba (0, )J x  matricis sawyisi mniSvnelobis sami damoukidebeli 
invariantiT, romlebic ar aris damokidebuli sivrciT koordinatebze, 

2 2 2 3 2 2tr tr , 3tr tr , tr( ),( )S A SA S SAS A   

amasTan, solenoiduri baroqronuli dinebisas (58) bazisis invariantebi da 2 2tr( )S A  
dakavSirebulia sizigiiT (136) da araholonomuri bmebiT (utolobebiT) (117): 

 
       

         

2
2 322 2 2 2 2 2 2 2 2 2 2 2

2 2 3 3
3 2 2 2

4tr( ) tr 2tr( ) tr tr 2tr( ) 2 2tr( ) tr tr ;

0 6 tr 54 tr tr tr . tr 0( )

SAS A S S A A S SA S A A S

S SA S A S

     
  

            
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 Sedegi 6. idealuri airis baroqronuli solenoiduri dinebisas hidrodinamiuri 

siCqare ( , ), 1,3 ,( )ju t x j   aiwereba formulebiT 

(140)  2 0 0( , ) (0) (0) ( ) , 1,3( )j j k j k k k ju t x J tJ x u t u j      

sadac (0)j kJ  aris iakobis , , 1,3
[ ( , )]j k j k
u t x


 matrica drois sawyis momentSi koordinatTa 

saTaveSi (romelic, dinebis baroqronulobis pirobis Tanaxmad, nebismierad SeiZ-

leba iqnas arCeuli) da 0 (0,0).j ju u  

 damtkiceba. (54) da (55) formulebis Tanaxmad, 

(0, ) ( ) [ ( )].
ku y jJ x J y y     

radganac ( ) (0, )uJ y J x   tenzoris kanonikur bazisSi
, ( )j k y  komponentebi , , 1,3,j js j   

ganisazRvreba (0, )uJ x  tenzoris invariantebiT da, V.7 winadadebis Tanaxmad, ar aris 

damokidebuli y  koordinatebze, vpoulobT (kanonikur bazisSi 
j kS  diagonaluria!): 

(141) ( ) ( ) . 1,3( )j j k k j k l k l j j k k j k k j j k k jy S y e y C S y A y C J y y C j            

am formulaSi (54) gardaqmnis gamoyenebiT miviRebT gantolebaTa sistemas ( , )ju t x  

ucnobebis mimarT: 

(142)  ( , ) (0, ) ( , ) . 1,3( )j jk k k ju t x J x x tu t x C j     

 (142) sistemidan vpoulobT 

  0(0,0) 1,3( )j j jC u u j    

da, (55') da (55) Tanafardobebis gaTvaliswinebiT, 

(143) 
 

   

1 0

3

0 0 0

3 3

( , ) (0, ) ( (0, ) )

( , ) (0, ) ( , ) ( , )( ) . 1,3( )

j lk k lj l

lk k l jk k k jj l j l

u t x E tJ x J x x u

E tJ t x J x x E tJ t x u J t x x tu u j


   

       
 

(92) formulisa da V.4 Teoremis Tanaxmad, solenoiduri dinebisas gvaqvs 

(144) 2( , ) (0, ) (0, ).J t x J x t J x   

(144) formulis (143) gamosaxulebaSi SetaniT miviRebT (140) formulas.   

 SeniSvna 10. formula (140) SeiZleba Caiweros veqtoruli formiT, Tu ganvmar-

tavT operators 3 3: ,J E3 E3  romlis matrica orTonormirebul  3| , 1,3k ke e k E  

bazisSi emTxveva iakobis matricas 0t   momentSi,  

  
,| | (0, ) (0, ). , 1,3( )j k jk j ke e J x u x j k  J  

gveqneba: 

(140')   2 0 0( , ) ( ) .( )u t x t x u t u   J J  

 advili Sesamowmebelia, rom (140') formuliT gansazRvruli veli ( , )u t x  akmayo-

filebs eileris (50) gantolebebs nebismieri 0 (0,0) 1,3( )j ju u j   mniSvnelobebisaTvis 

da, 
, ( , ) tr 0k ku t r J   pirobis Tanaxmad, airis simkvrive da wneva mudmivi rCeba:  

(145)  
0( ) 0, ( ) 0.t t      

 ganmarteba 2. idealuri airis dinebas ewodeba (ix., mag., [27]) izob aruli, Tu 
misi wneva da simkvrive am moZraobis procesSi igivurad mudmivia, anu erTnairia 
sivrcis yvela wertilSi da ar aris damokidebuli droze.  

 amrigad, marTebulia 

 winadadeba 9. idealuri airis solenoiduri baroqronuli dineba izobarulia.  
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 SeniSvna 11. idealuri airis baroqronuli dinebis ( , )u t r  siCqaris aratrivialuri 

damokidebuleba sivrciT da droiT koordinatebze, wnevis gradientis nulovani 
mniSvnelobis pirobebSi, ganpirobebulia siCqaris velis sawyisi ganawilebiT, 
rac cxadad aiwereba formulebiT  

  
0(0, ) ,/u x x t  roca dineba potenciuria 

0(rot ( , ) 0, 0),u t x t   

  (0, ) (0,0).,u x x u J  roca dineba solenoiduria (div ( , ) 0).u t x   

aq 3 3: J E3 E3 operatoris matrica (orTogonaluri gardaqmnis sizustiT) gansazRvru-
lia misi kanonikuri formiT da V.4 Teoremis pirobebiT. am pirobebSi eileris 
hidrodinamiur gantolebebs (50) gaaCnia arastacionaruli amonaxsnebi, romlebic 
ganisazRvreba hidrodinamiuri siCqaris da misi sivrculi kerZo warmoebulebis 
(anu iakobis matricis) sawyisi mniSvnelobebiT. amasTan, samarTliania (ix. [66]) 

 winadadeba 10. idealuri airis baroqronuli dinebisas eileris hidrodinamiuri  
gantolebebis (50) sistemis zogadi amonaxsni ( , )u t x  calsaxad (orTogonaluri 
gardaqmnis sizustiT) ganisazRvreba araumetes eqvsi mudmivi parametriT. agebul 
amonaxsnebSi ganuzRvreli mudmivebis raodenoba, sazogadod, ar SeiZleba Semcirdes. 

  damtkiceba. iakobis matricis (58) invariantebi gvaZlevs dinebis reJimis dadgenis 

SesaZleblobas: dineba potenciuria roca 2 2tr (rot ) 0;A u   maSin (58) invariantebs 

Soris damoukiebelia mxolod erTi,
1 tr ,S S  romlis sawyisi mniSvneloba 1

1 0(0) 3S t   

gansazRvravs danarCeni invariantebis sawyis mniSvnelobebs (ix. f-bi (107)), maT damo-
kidebulebas droze (ix. f-ebi (98)) da hidrodinamikur ( , )u t x  siCqares (ix. f-ebi (100)).  
 dineba solenoiduria, roca tr div 0;S u   maSin (58) invariantebis sawyis mniSvne-

lobaTa Soris damoukidebelia araumetes samisa (ix. f-ebi (131), (135), (136)): 

2 2

0

2 3

1

1/ 22 2 2 2 3

0 2 1 2

tr tr ,

tr tr / 3 /4,

tr( ) [(4 ) 16 ] ( /2) .

( )

{ }/

S A b

SA S b

SAS A b b b b

  

 

  

 

 invariantebis mniSvnelobebi, Tanaxmad II.3 Teoremisa, calsaxad gansazRvravs 
operatoris matricas kanonikur bazisSi. Sedegad, siCqaris sawyisi mniSvnelo-

bebis 0 (0,0)j ju u  1,3( )j  gamoyenebiT (140) formuliT vpoulobT ( , )u t x  siCqares. 

eqvsi namdvili mudmivi ricxvi b0, b1, b2, u1

0
, u2

0
, u3

0
, sazogadod, damoukidebelia, e. i. 

zogad SemTxvevaSi maTi raodenoba ar SeiZleba Semcirdes.         

 SeniSvna 12. solenoiduri baroqronuli dinebisaTvis formula (57) samarTli-
ania. amrigad, Teorema V.4 azustebs [27] SromaSi Camoyalibebul V.3 winadadebas, 
gvaZlevs ra martivi talRis arsebobis pirobas, rank 1r J   iakobis matricis 
invariantebis terminebSi; amasTan, sakmarisia Semowmdes mxolod ori piroba:  

3 2tr 0, tr 0.( )S SA   
 qvemoT moyvanil cxrilSi amowerilia iakobis matricis damaxasiaTebeli 
invariantebi baroqronuli dinebis sxvadasxva reJimebisaTvis da Tanafardobebi 
am invariantebs Soris. 
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cxrili 1 
baroqronuli dinebis siCqaris, airis simkvrivis, iakobis matricis elementebis da 

invariantebis droze damokidebulebis xasiaTi dinebis orive reJimSi 

 

          reJimi       

 fiz.sidide      

potenciuri, rot 0u  

0( 0)t   

solenoiduri, div 0u  

0 2, 0)b b   

1 1 ,tr j jS k S u    1

03| |t t   0  
2 2tr (rot ) / 2A u   0  2

0 1 2( ) ( )t b b t b t      
2trS  2

03| |t t   2

0 1 2( )t b b t b t     
2trSA  0  

1 2( ) 4 / 4 2/ /t b b t    
3trS  3

03| |t t   1 23 ( ) / 4 3 / 4 3 / 2t b b t      

2 2tr( )AS A S  0   
1/ 2

2
2 3

6 0 2 1 2(4 ) /16 ( /2)C b b b b      

2 2tr ( )S A  0  22 2

2 0 1 2 2( ) /2 / 2 ( ) / 2 / 2t b b b t b t b         

,( , ) ( , )u i jJ t x u t x     
1

0 3| |t t E  1

0 3 0, 0J t E t

   2(0, 0) (0, 0).J t J  

( , )( , ) ( , )i jS t x u t x     
1

0 3| |t t E  2 2(0) (0) (0) .( )S t S A   

[ . ]( , ) ( , )i jA t x u t x     0  .( )A t SA AS   

2k  2

0 23| |t t S   0  

3k  3

0 3| |t t S   0  

2S  2

03| |t t   0 2/b  

3S  3

0| |t t   1 4/b  

( , ), 1,3ju t x j   
1

0| |kx t t    2 0 0( , ) (0) (0) ( )j j k j k k k ju t x J tJ x u t u     

( )t  
 

 

3

0 0 0

3

1 0 0

||1 0/

, 0

t t t

t t





  

   
 

0 0const    

 

cxrili 2 

iakobis k ju  matricis zogierTi invariantis sawyisi mniSvnelobis kavSiri  

(58) bazisis invariantebTan solenoiduri baroqronuli dinebis reJimSi  

2 2 2 2

0 2 0 2

2 2 3

0 1 0 1

2 2 3 2 2 2 3 2

0 0 2 1 0 2 0 1

2 2 2 2 2 2

0 1 1 2

tr ( ) / 2 / 2; tr( ) tr( ) /2 ;

tr( ) /8; tr( ) 3 / 8;

tr( ) /4 /2 /16; tr( ) / 2 /4 / 8;

tr( ) 3 /16 /8; tr( ) tr( )tr(

S A b b ASAS SASA b b

SAS A b b A S b b

SA SA b b b b S AS A b b b b

S A S A b b b b SASASA SASA SA

     

  

     

   

 

2

0 1 1 2

2 2 2 2 2 2 2 4 2

0 2 0 2

24 2 2

0 2

) /16 /8;

tr( ) tr( ) tr( )tr( ) 2 3 /8 /8 /4;

tr( ) tr tr( ) 2 ( /2 ) 2.( ) / /

/

b b bb

SAS AS A ASASA S ASAS A S b b b b

SASASASA S A SASA b b

 

    

   
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V Tavis daskvnebi 

 
1.  orTogonaluri invariantebis sruli minimaluri krebuli gamoyenebu-

lia fizikuri sistemebis dinamikis aRsawerad. samganzomilebiani invarian-
tebiT Cawerilia gantoleba absoluturad myari sxeulis ararelativis-
turi brunvisaTvis (ix. f-la (14)), romelic marTebulia koordinatTa 
nebismier orTonormirebul sistemaSi da ara mxolod bzrialas inerciis 
mTavar RerZebze agebul koordinatTa sistemaSi; kerZo SemTxvevebSi es 
gantoleba gvaZlevs moZraobis integralebs Tavisufali bzrialasaTvis _ 
brunvis kinetikur energias da impulsis momentis kvadrats da gan-
sazRvravs brunvis kuTxuri siCqaris kvadratis droze damokidebulebas. 

2.  relativisturad mbrunavi sistemisaTvis gamoTvlilia (radiusze 
damoukidebeli kuTxuri siCqariT brunvisas) sistemis relativisturi energia 
da impulsis momenti, sistemaSi masis ganawilebis sxvadasxva SemTxvevebi-
saTvis. naCvenebia, rom orive es samganzomilebiani invarianti rCeba sasruli, 
roca mbrunavi sistemis ekvatoris siCqare miiswrafis sinaTlis siCqarisken, 
garda im SemTxvevebisa, roca ekvatoris midamoSi masis mniSvnelovani 
nawilia lokalizebuli. parametruli saxiT agebulia aseTi sistemebis 
relativisturi hamiltoniani. Seswavlilia aseTi sistemebis dinamika.  

3.  agebulia arawrfiv diferencialur gantolebaTa Caketili sistema 
idealuri siTxis baroqronuli dinebisaTvis hidrodinamiuri siCqaris 
iakobis matricis orTogonaluri invariantebis terminebSi. es Sedegi miRe-
bulia disertaciaSi damtkicebuli zogadi xasiaTis Teoremis safuZvelze  
iakobis matricis da misi orTogonaluri invariantebis droze da sivrciT 
koordinatebze damokidebulebis kanonis Sesaxeb (Teorema 1 da Sedegebi 1-3). 

4.  napovnia miRebuli arawrfivi gantolebebis gansakuTrebuli amonaxs-
nebi, romlebic warmoadgens zogadi amonaxsnebis momvlebs. 

5. damtkicebulia, rom arsebobs baroqronuli dinebis mxolod ori 
reJimi – potenciuri, an solenoiduri (Teorema 2) da napovnia iakobis matricis 
yvela damoukidebeli orTogonaluri invariantis droze damokidebulebis 
kanoni am reJimebSi (cxrili 1). 

6. baroqronuli dinebisaTvis amoxsnilia eileris samganzomilebiani 
hidrodinamiuri gantolebis tolfasi arawrfivi diferencialuri gantole-
bebis sistema da napovnia airis hidrodinamiuri siCqaris da simkvrivis 
damokidebuleba droze da sivrciT koordinatebze dinebis orive SesaZlo 
reJimSi. kerZod, naCvenebia, rom potenciuri baroqronuli dinebisas hidro-
dinamiuri siCqaris damokidebuleba radius-veqtorze (nebismierad arCeuli 
koordinatTa saTavis mimarT) aiwereba hablis ararelativisturi kanoniT. 

7. baroqronuli solenoiduri dinebis reJimSi napovnia sakmarisi da 
aucilebeli pirobebi imisa, rom eileris hidrodinamiuri gantolebebis 
amonaxsns hqondes martivi an ormagi talRis saxe (Teorema 4). naCvenebia, 
rom baroqronuli solenoiduri dineba izobarulia. 

8. napovnia polinomiuri Tanafardobebi (sizigiebi) iakobis matricis 
invariantebs Soris, rogorc potenciuri, aseve solinoiduri dinebis reJimSi 
(cxrili 2). naCvenebia, rom es Tanafardobebi moZraobis integralebia.  
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disertaciaSi miRebuli Sedegebi da daskvnebi 

1. SemoRebulia funqcionalurad pirobiTad damoukidebeli funqciebis 
cneba (ganmarteba 1.6, f-bi (1.55), (1.56)) da damtkicebulia Teorema funqciebis 
funqcionalurad pirobiTi damoukideblobisaTvis sakmarisi da aucilebeli  
pirobebis Sesaxeb (f-la (1.57)). 

2. n-ganzomilebian unitarul 
n
(evklidur 

n
) sivrceSi moqmedi, gadagvare-

buli speqtris mqone ermituli (simetriuli) P operatorisaTvis napovnia misi 
damaxasiaTebeli damoukidebeli parametrebis minimaluri raodenoba (P ) 

da naCvenebia, rom es raodenoba emTxveva ramzis ricxvs (f-ebi (2.58-59)). 

3. napovnia gadagvarebuli speqtris mqone ermituli (simetriuli) opera-

toris polinomuri invariantebis bazisi 
n
(

n
) sivrceSi  (winadadeba 2.20). 

4. 
n
(

n
) sivrceSi  napovnia ori ermituli (simetriuli) operatoris 

unitaruli (orTogonaluri) msgavsebisaTvis aucilebeli da sakmarisi 
damoukidebeli pirobebi (Teorema 2.5).  

5. 
n
(

n
) sivrceSi zogadi saxis operatorisaTvis ganmartebulia kanoni-

kuri bazisi da cxadi saxiT agebulia am operatoris matricis kanonikuri 
forma (Teoremebi 2.9, 2.11, f-ebi (2.78), (2.111)). 

6. agebulia zogadi saxis operatoris unitaruli (orTogonaluri) inva-
riantebis minimaluri sruli krebuli – polinomuri invariantebis bazisi; 
damtkicebulia ZiriTadi Teorema operatoris matricis kanonikuri formisa 
da polinomuri invariantebis bazisis urTierTcalsaxa Sesabamisobis Sesaxeb. 
damtkicebulia agebuli polinomuri invariantebis bazisis elementTa funq-
cionaluri damoukidebloba. 

7. napovnia zogadi saxis ori operatoris unitaruli (orTogonaluri) 
msgavsebisaTvis aucilebeli da sakmarisi damoukidebeli pirobebi (Teorema 2.7, 
f-la (2.89)); amasTan, gaumjobesebulia pirsis Sefaseba aseTi msgavsebisaTvis 
sakmarisi pirobebis raodenobis Sesaxeb (Cvens mier napovni Sefasebaa 

N ≤ n
2

+1, nacvlad pirsis mier mocemuli N ≤
222 n raodenobisa) da naCvenebia 

(f-la (2.105)), rom zogad SemTxvevaSi es Sefaseba ar SeiZleba gaumjobesdes. 

8. SemoRebulia zogadi saxis operatoris unitaruli invariantebis 

matrica (f-ebi (2.90-91)) da naCvenebia, rom am matricis struqtura emTxveva 
operatoris kanonikuri matricis struqturas. 

9. napovnia sxvadasxva simetriis mqone operatorebis wyvilebis orTogonalu-
ri klasificirebisaTvis sakmarisi da aucilebeli pirobebi maTi invariantebis 
bazisebis terminebSi (Teoremebi 2.12-15); bolomde gadawyvetilia operatorTa 
aseTi wyvilebis unitaruli da orTogonaluri klasificirebis amocana. 

10. ganmartebulia vandermondis jeradi matrica da misi determinanti  
jeradobebis nebismieri (naturaluri) mniSvnelobebisaTvis gamoTvlilia 
cxadi saxiT (formulebi (3.5) da (3.5')). 
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11. ganmartebulia vandermondis ganzogadebuli jeradi matrica (ganmar-
teba 3.2, f-ebi (3.20), (3.21)). damtkicebulia, rom vandermondis ganzogadebuli 
jeradi matrica dadebiTad aris gansazRvruli, roca jeradobebi erTmaneTi-
sagan gansxvavebuli, nebismieri naturaluri ricxvebia, xolo cvladebi – 
dadebiTi. 

12.  namdvili cvladis xarisxTa jamisaTvis damtkicebulia vietis Teoremis 
analogiuri Tanafardoba, roca xarisxis maCveneblebi araa mTeli (Sedegi 3.1, 
f-la (3.35)) da misi gamoyenebiT gamoTvlilia lagranJis elementarul inter-
polaciur mravalwevrTa Semcveli sasruli jami (Sedegi 3.2, f-ebi (3.70-70')). 

13.  nebismieri matricis r-asocirebuli da r-inducirebuli matricebis ana-
logiurad, agebulia e.w. r'-inducirebuli matrica (ganmarteba 3.3, f-la (3.78)) 
da misi determinanti gamoTvlilia cxadi saxiT (f-la (3.79)). 

14.  vandermondis jeradi matricis determinantis cxadi saxis gamoyenebiT 
damtkicebulia, rom II TavSi SemoRebuli unitaruli invariantebis simravle 
Sedgeba funqcionalurad damoukidebeli (da, maSasadame, polinomurad 
damoukidebeli) wevrebisagan.  

15.  vandermondis ganzogadebuli r-inducirebuli matricis determinantis 
cxadi saxis gamoyenebiT damtkicebulia, rom martivi speqtris mqone ori 
arakomutirebadi matricis unitaruli (namdvili velis SemTxvevaSi _ 
orTogonaluri) invariantebis sistema (ix. Tavi II, f-la (89)), Sedgeba funqcio-
nalurad (da, maSasadame, polinomurad) damoukidebeli wevrebisagan. 

16.  naCvenebia vandermondis ganzogadebuli jeradi matricis kavSiri 
zogierT mniSvnelovan specialur funqciasTan (f-la (100)), kerZod, eileris 
beta-funqciasTan da erTi da mravali cvladis hipergeometriul (hg) funqci-
ebTan, romelTac farTo gamoyeneba aqvT maTematikur da fizikur amocanebSi.  

17.  SemoRebulia ganzogadebuli, (n1) parametrze damokidebuli -funqciis 

ganmarteba (f-la (4.1)), romlis kerZo SemTxvevaa eileris beta-integrali (n 1 
SemTxvevaSi). Seswavlilia ganzogadebuli beta-funqciis Tvisebebi, kerZod, 
naCvenebia am funqciis Tanabari SemosazRvruloba (f-la (4.111)) misi yoveli 
argumentis Sesabamis kompleqsur sibrtyeze. napovnia ganzogadebuli beta-
funqciis zeda zRvari (f-la (4.113)). 

18. damtkicebulia Teorema ganzogadebul -funqciaSi Semavali erTi da 
mravali cvladis hg funqciaTa singularobebis Sekvecis Sesaxeb.  

19. napovnia axali Tanafardobebi n cvladis hg funqciaTa Soris. dazus-
tebulia mosazRvre hg funqciebis damakavSirebel TanafardobaTa raodenoba 
da mocemulia am TanafardobaTa sruli sistema cxadi saxiT (cxrili 6). 
erTi cvladis SemTxvevaSi es Tanafardobebi emTxveva gausis cnobil 

formulebs, xolo n  2 SemTxvevaSi iZleva 38 formulas apelis hg 
funqciisaTvis. es Sedegi gansxvavdeba apelisa da kampe de feries monogra-
fiaSi deklarirebuli ricxvisgan am TanafardobaTa raodenobisaTvis (56).  

20. cxadi saxiT gamoTvlilia hg gantolebis kumeris amonaxsnebis yvela 
aratrivialuri wyvilis vronskiani. napovni Tanafardobebi gamoyenebulia 
specialuri da elementaruli funqciebis zogierTi gansazRvruli integ-
ralis analizurad gamoTvlisaTvis. miRebuli Sedegebis nawili axalia.    
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21. sasruli saxiT gamoTvlilia specialuri funqciebis Semcveli zogi-
erTi mwkrivi; miRebulia zaalSutcis formulis tipis ramdenime axali 
Tanafardoba (f-la (4.39)-(40)). gamoyvanilia ramdenime axali Tanafardoba 
ganzogadebuli hipergeometriuli funqciebisaTvis (f-la (4.40')). 

22. orTogonaluri invariantebis sruli minimaluri krebuli gamoyenebulia 
fizikuri sistemebis dinamikis aRsawerad. samganzomilebiani invariantebiT 
Cawerilia gantoleba absoluturad myari sxeulis brunvisaTvis (ix. f-la (5.14)),  
romelic marTebulia koordinatTa nebismier orTonormirebul sistemaSi 
da ara mxolod bzrialas inerciis mTavar RerZebze agebul koordinatTa 
sistemaSi, romelic ararelativisturi bzrialasaTvis gansazRvravs sistemis 
dinamikas, kerZod, kuTxuri siCqaris kvadratis droze damokidebulebas. 

23. relativisturad mbrunavi sistemisaTvis gamoTvlilia (radiusze damou-
kidebeli kuTxuri siCqariT brunvisas) sistemis energia da impulsis momenti, 
sistemaSi masis ganawilebis sxvadasxva SemTxvevebisaTvis. naCvenebia, rom es 

orive es samganzomilebiani invarianti rCeba sasruli, roca mbrunavi sistemis 
ekvatoris siCqare miiswrafis sinaTlis siCqarisken, garda im SemTxvevebisa, 
roca ekvatoris midamoSi masis mniSvnelovani nawilia lokalizebuli. para-
metruli saxiT agebulia aseTi sistemebis relativisturi hamiltoniani. 
Seswavlilia aseTi sistemebis dinamika.  

24. agebulia arawrfiv diferencialur gantolebaTa Caketili sistema ide-
aluri siTxis baroqronuli dinebisaTvis hidrodinamiuri siCqaris iakobis 
matricis orTogonaluri invariantebis terminebSi. es Sedegi miRebulia diser-
taciaSi damtkicebuli zogadi xasiaTis Teoremis safuZvelze, romelic 
gansazRvravs iakobis matricisa da misi orTogonaluri invariantebis droze 
da sivrciT koordinatebze damokidebulebis kanons (Teorema 5.1 da Sedegebi 5.1-3). 

25. damtkicebulia, rom arsebobs baroqronuli dinebis mxolod ori 
reJimi – potenciuri, an solenoiduri (Teorema 5.2) da napovnia iakobis 
matricis  yvela damoukidebeli orTogonaluri invariantis droze damoki-
debulebis kanoni orive reJimSi (cxrili 1). 

26. baroqronuli dinebisaTvis amoxsnilia eileris samganzomilebiani hidro-
dinamiuri gantolebebis sistemis tolfasi arawrfivi diferencialuri gan-
tolebebis sistema da napovnia airis hidrodinamiuri siCqaris da simkvrivis 
damokidebuleba droze da sivrciT koordinatebze dinebis orive SesaZlo 
reJimSi. kerZod, naCvenebia, rom potenciuri baroqronuli dinebisas hidro-
dinamiuri siCqaris damokidebuleba radius-veqtorze (nebismierad arCeuli 
koordinatTa saTavis mimarT) aiwereba hablis ararelativisturi kanoniT. 

27. baroqronuli solenoiduri dinebis reJimSi napovnia sakmarisi da 
aucilebeli pirobebi imisa, rom eileris hidrodinamiuri gantolebebis 
amonaxsns hqondes martivi an ormagi talRis saxe (Teorema 5.4). naCvenebia, 
rom baroqronuli solenoiduri dineba izobarulia. 

28. napovnia polinomiuri Tanafardobebi (sizigiebi) iakobis matricis 
invariantebs Soris (cxrili 2), rogorc potenciuri, aseve solinoiduri 
dinebis reJimSi da naCvenebia, rom es Tanafardobebi ar icvleba droSi, 
e. i. warmoadgens moZraobis integralebs.  
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damateba A 
 
 1. determinantis warmoebulisaTvis laibnicis formulis gamoyenebiT (4.19), (4.20) 
da (4.111) formulebidan vRebulobT: 

1 1
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 

  



r
 

  (4.43) formulis da  

(A.2)        (z)(1 z)  / sin z 
Tanafardobis gaTvaliswinebiT vpoulobT: 
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amitom, gamartivebis Semdeg, formula (A.1)  Rebulobs Semdeg saxes: 
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advili SesamCnevia, rom formula (A.3) sruldeba m  0 mniSvnelobisaTvisac. 

 (A.3) jamis TiToeuli Sesakrebi ),,;( cbamRk  aris cba ,,  argumentebis raciona-

luri funqcia: 
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amitom  (A.3) jami miiRebs Semdeg saxes 

0
( .5) ( ; , , ) ( , , ) ( , , ),

m

k L lk
A R m a b c P a b c Q a b c


   

sadac ),,( cbaPL  da ),,( cbaQl  aris, Sesabamisad, L  da l xarisxis polinomebi cba ,,  

cvladebis erTobliobis mimarT:  

             L  (2m 2)  (m 1)m  3  (m  1)
2
 m ,       l  (m  1)

2
L  m.L 

 SevniSnoT, rom, roca m mcirea, ar aris Zneli (A.5) formulis marjvena 

mxaris pirdapiri gamoTvla, magram ukve m3 dros es gamoTvlebi Zalze 
Sromatevadia. rTulia zogadi Sedegis  

00
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induqciiT damtkicebac. 
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 2. (4.19) determinantSi aRvniSnoT z y da visargebloT (4.14) formuliT. gveqneba: 
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sadac gamosaxulebis SemoklebisaTvis aRvniSneT: 
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 Tanaxmad (4.17) Tanafardobisa da gausis hg funqciis ab simetriisa, gvaqvs: 
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aqedan, (A.2) Tanafardobis gaTvaliswinebiT vpoulobT: 
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 sabolood vRebulobT (Tavdapirvel aRniSvnebSi): 

(A.8) 
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 wertili z1 regularulia (A.8) Tanafardobis marjvena mxareSi Semavali gausis   

hg funqciebisaTvis, sadac yvela es funqcia 1. amitom SegviZlia gadavideT 

zRvarze z1. miviRebT: 
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amasTan, Sedegi erTnairia Wrilis zeda da qveda napirze, e. i. (A.8) determinantSi 
(da (4.19), (4.23)-(4.28), (4.115" ) tipis determinantebSi) Wrilebi baTildeba. analizuri 
gagrZelebis Sesaxeb Teoremis ZaliT, miRebuli Sedegi marTebulia a, b, c 
parametrebis nebismieri (kompleqsuri) mniSvnelobebisaTvis.      

  3.  (A.6) formulaSi (A.4)-is da (4.41)-is gaTvaliswinebiT, gamartivebebis Semdeg 

vRebulobT (4.39) formulas. (A.6) jamis pirveli (k0) Sesakrebis marjvena mxares 

gadataniT da kk1= k1, mm1m1 aRniSvnebis SecvliT vRebulobT 

1 1

0
1

( ) ( ) ( ) ( 2 1) ( 1)( )( ) ( ) ( )
( .9) ,

( 1)! ( ) ( )( 1) ( 1)( )

( 1, 2, ...),

m k m m m m

k
m m

m a k b k ab c m k k m k a b c a b
A

k c k c m k c k m c

m

 




          


      




 

sadac gaviTvaliswineT Tanafardoba 

1 1
( 1) ( )

1 ( 1)!

k

k

m m
m

k k

  
   

  
. 

 gamoviyenoT (A.2)  formulidan gamomdinare Tanafardobebi  

1

( )( ) ( ) sin( ) ( ) ( )
( 1) ( 1) ,

( 1 ) (1 ) sin( ) (1 ) (1 ) (1 )

( )( ) ( ) sin( ) ( )
( 1) .

( 1 ) (1 ) sin( ) (1 ) (1 )

m m k

k

m k

k

aa m k k a a k k a a

a k a m k a k m a m k a m a m

c mc k c m k c m k c m

c m k c k c k c c



         
    

                 

            
  

          

 

maSin (A.9) formula daiyvaneba Semdeg Tanafardobaze: 

0

! ( ) ( ) ( )
( .10) ( 1)

!( )! ( 1 ) ( 1 )( 1 )

[ 2 ( )( )] 0,

m k k k k

k
k kk

m a b c
A

k m k a m c mb m

abc abk k m k a b c m


 

     

        


 

sadac SevcvaleT aRniSvnebi: 

    .~,
~

,~ mccbbaa   
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 (A.10) gamosaxulebis marcxena mxare davSaloT sam nawilad: 

0

1

( ) ( ) ( )!
( 1)

! ( )! ( 1 ) ( 1 )( 1 )

( ) ( ) ( )!
2 ( 1)

( 1)! ( )! ( 1 ) ( 1 )( 1 )

( ) ( )!
( ) ( 1)

( 1)! ( 1)! ( 1 ) ( 1

m k k k k

k
k kk

m k k k k

k
k kk

k k k

k

a b cm
abc

k m k a m c mb m

a b cm
ab

k m k a m c mb m

a bm
m a b c

k m k a m b





 
     

  
      

    
     





1

1

( )
0.

( 1 ))

m k

k
kk

c

c mm






 


 

gamoviyenoT aq formulebi 

1

1

( ) ( 1) ,

!
( 1) ( ) ,

( )!

!
( 1) ( 1) (1 )(2 ) .

( 1)!

k k

k

k

k

k k

a a a

m
m

m k

m
m m m m m

m k





 

  


      
 

 

saerTo 0~~~ cba  mamravlze Sekvecis Semdeg miviRebT: 

0

1 1 1 1

1
1 11

( ) ( ) ( ) ( )
( .11)

! ( 1 ) ( 1 )( 1 )

2 ( 1) ( 1) ( 1) ( 1)

( 1)! ( 2 ) ( 2 )( 1 )( 1 )( 1 ) ( 2 )

(1 )( )

( 1 )

m k k k k

k
k kk

m k k k k

k
k kk

m a b c
A

k a m c mb m

mab m a b c

k a m c ma m b m c m b m

m m m a b c

a m



   


 




    

    
 

           

   


 





1 1 1 1 1

1
1 11

( 2) ( 1) ( 1) ( 1)
0.

( 1)! ( 2 ) ( 2 )( 1 )( 1 ) ( 2 )

m k k k k

k
k kk

m a b c

k a m c mb m c m b m

    


 

    


         


 

 ganzogadebuli 
4 3F  hipergeometriuli funqciis ganmartebis Tanaxmad, 














0

321

4321

321

4321

34
!)()()(

)()()()(

;,,

;,,,

k

k

kkk

kkkk

k

z
zF








, 

da imis gaTvaliswinebiT, rom  
...( ) 0, 1, 2, ,km k m m      

formula (A.11) Caiwereba Semdegnairad 

4 3

, , , ;
( 1 )( 1 )( 1 ) 1

1 , 1 , 1 ;

a b c m
a m b m c m F

a m b m c m

 
       

      
 

  4 3

1, 1, 1, 1 ;
2 1

2 , 2 , 2 ;

a b c m
mab F

a m b m c m

    
  

      
 

4 3

, , , ;
(1 )( ) 1 0.

1 , 1 , 1 ;

a b c m
m m m a b c F

a m b m c m

 
      

      
 

am ukanasknel gamosaxulebaSi aRniSvnebis SecvliT 

1 , 1 , 1a a m b b m c c m          

miviRebT dasamtkicebel (4.40) formulas.      
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 4. hipergeometriuli funqciebis mniSvnelobebi, romlebic mocemulia cxrilSi, 
aRebulia cnobarebidan [60] (ix. formulebi 2.8(4-16)) da [132] (ix. formulebi 6.6.8, 
15.1.11, 15.1.12, 15.4.16, 17.3.9, 17.3.10); zogierT SemTxvevaSi gamoyenebulia hg funqciis 
diferencirebis formulebi (ix., mag., [60], 2.8(24-27)): 

(A.12) 

1

1 1

1

2

( 1, ; ; ) [ ( , ; ; )], 0,

1
( 1, ; ; ) (1 ) [ (1 ) ( , ; ; )], ,

( , ; 1; ) (1 ) [(1 ) ( , ; ; )], , ,
( )( )

( , ; 1; )
1

a
a

a c c a b c a a b c

c a b a b c

c

z d
F a b c z z F a b c z a

a dz

d
F a b c z z z z z F a b c z c a

c a dz

c d
F a b c z z z F a b c z c a c b

c a c b dz

z d
F a b c z

c



       

    



  

    


     
 

 


1[ ( , ; ; )], 1.cz F a b c z c
dz

 

 

 Tanaxmad (A.12) formulebisa, Tu a, b, c parametrebis romelime mniSvnelobi-
saTvis funqcia F(a, b; c; z) gamoisaxeba elementaruli funqciebiT, maSin elementa-

ruli funqciebiT gamoisaxeba misi mosazRvre funqciebic F(a1, b; c; z), F(a, b1; c; z) 
da F(a, b; c1; z)   (c1cacba0

 magaliTad, 

1 1
2

2 1

( 1, 2 ; ; ) (2 , 1; ; )

[ ( ,2 ; ; )] [ (1 ) ]

(1 ) (1 ), 0,

a a
a a a

a

F a a a z F a a a z

z d z d
z F a a a z z z

a dz a dz

z z a

 


 

   

   

   

 

da, Sesabamisad, 

( 1, 2; 2 ; ) (1 1, 1; 2 ; ) [ (1, 1; 2 ; )]
d

F a a z F a a z zF a a z
dz

         . 

SevniSnoT, rom a parametris mixedviT analizuri gagrZelebis Sesaxeb Teoremis 

ZaliT es Tanafardobebi sruldeba a 0 SemTxvevaSic.  
 analogiurad, vinaidan (ix., mag., [132], 15.5.3 da 6.6.8) 

2

2 1

(1, 1;2 ; ) (1 ) (1 2 ,1 ;2 ; )

(1 ) (1 ) (1 ,2 ),

a

a a

z

F a a z z F a a a z

z a z a a



 

       

    
 

(aq ( , )z    aRniSnavs arasrul beta-funqcias) vRebulobT: 

 

2

2 2 1

0

1 1 2 2 1

1

2

( 1, 2; 2 ; ) (1 ) [ (1 ) (1 ,2 )]

(1 ) (1 ) (1 )

(1 ) (1 ) (1 ,2 ) [ (1 ) 2 (1 ) ]

1 (1 )
1 (1 ,2 )

1 (1 )

a a

z

z

a a a a

a a a a

z

a

za

d
F a a z a z z a a

dz

d
a z z t t dt

dz

a z a a az z az z

a z z
a a a

z z



  

    



       

 
     

 

        

  
    

  


 

da misT. miRebuli Sedegebi dajamebulia cxrilSi 3 (ix. Sesabamisi faili).  
 cxrilSi 4 mocemulia zogierTi axali gansazRvruli integralis gamoTvlis 
Sedegebi. 
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cxrili 3 

parametrebi  a, b, c argumenti ( , ; ; ) (1 ) ( , ; ; )c a bF a b c z z F c a c b c z      (1 ,1 ; 2 ; ) (1 ) (1 ,1 ;2 ; )c a bF a c b c c z z F a b c z            

a, b, b z (1 ) az   1(1 ) (1 ) (1 , )b a

zb z z b a      

a, b, a 1 z ( ,1 )a

zaz a b    1 

2a, a1, a z 
az

z
21)1(

1



 

1

2

1 (1 )
1 (1 ,2 )

1 (1 )

a

za

a z z
a a a

z z

  
   

  
 

a, a, c (1z)/2 (1 ) / 2 1( ) ( )[( 1) ( 1)]/
c c

ac P zz z
 

    
1 2 ( 1)/ 2 12 (2 )( 1) ( )c c c

ac z P z  

    

a/2, a/21/2, a1 2)h(c z  (2ch )az ae z  aza ze )ch2(  

a/2, a/2, 1/2 
2sin z  cosaz  1( sin ) sina z az  

a/2,  a/2, 1/2 z2sh  zahc  azza sh)sh( 1  

1/2  a/2, 1/2a/2, 1/2 
2sin z  zaz cos)cos( 1  1( sin cos ) sina z z az  

a/2, a/21/2, 1/2 
2th z  azz ach)ch(  1( th ) (ch ) shaa z z az 

a/2, 1/2a/2, 1/2 z2gt  zaz a cos)cos(  1( tg ) (cos ) sinaa z z az  

1/2a/2,1/2a/2, 3/2 
2sin z  1( sin ) sina z az  cosaz  

1a/2, 1a/2, 3/2 
2sin z  

1( sin cos ) sina z z az  1(cos ) cosz az  

1/2, 1/2, 3/2 2z  1 arcsinz z  1 

1/2, 1, 3/2 2z  zz arctg1  1 

1, 1, 2 z )1ln(1 zz    1 

1/2, 1, 3/2 2z  zzzzz htra)]1()1ln[()2( 11
/

   1 

1/2, 1/2, 1 z   (2 ) 2/ /F z    (2 ) 2/ /F z   

1/2, 1/2, 1  z   (2 ) 2/ /E z    (2 ) 2/ /E z   
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cxrili 4 

 
0

1

2

( )1

( , ;1; )

z
a b

z

u u ud

F a b u

  

  0

0

( , ; ; 1 ) ( , ; ;1 )
( , )

( , ;1; ) ( , ;1; )

F a b a b z F a b a b z
a b

F a b z F a b z

    
  

 
 

 
1

21 1

1/ 2

( ,1 ;1; )( )1 F a a tt t td
    

sin a




 

1
1

0

(1 )
ln

(1 ) (1 ) 1

b

b a

u u u
du

u zu zu




     [ (1 ) ( ) ln ] ( , ;1; ) ( , ) ( , ; ; 1 )
sin

b a z F a b z a b F a b a b z
b




      

 
1

0

(1 )
ln

1 (1 )(1 )

u u du

zu zuuu



   2( )ln 2 (1 )z z z  K K  

1

3
0

(1 )
ln

1 (1 )(1 )

u u du

zu zuuu



 
   

2
(2 ln ) ( ) (1 ) (1 )

1
z z z z

z
       

E E K  

1

1

0

(1 )(1 ) lnb b zuu u du    1( ) ln (1, ;1 ;1 )
sin

b z b F b b z
b





          

0

2(1 ) ( )

z

z

du

u u u K
 0

0

4 (1 ) (1 )

( ) ( )

z z

z z

  
  

 

K K

K K
 

0

2( )

z

z

du

u u E
 0

0

0

4 (1 ) (1 )
(1 ) (1 )

( ) ( )

z z
z z

z z

  
    

 

D D

E E
 

0

(1 ) ( ) (1 )

z

z

du

u u u u  K K
 

0

0

4 ( ) (1 )
ln

( ) (1 )

z z

z z





K K

K K
 

0

(1 ) ( ) (1 )

z

z

du

u u u u  E D
 0 0

0

4 (1 ) (1 ) ( )
ln

(1 ) (1 ) ( )

z z z

z z z

 
 

  

D E

D E
 

1

2

1/ 2

(1 ) ( )

du

u u u K
 

4


 

1/ 2
(1 ) ( ) (1 )

z

du

u u u u  K K
  

4
ln 2 ( )/z 


K  

1/ 2

0
(1 ) ( ) (1 )

du

u u u u  K K
 0 

1

2

1/ 2
( )

du

u u E
 

4 (1/2)
1

(1/2)

 
 

 

K

E
 

2

1

22( 1) ( )

u

u

ud

u P u


   

  2 1

2 1

( ) ( )

2sin ( ) ( )

P u P u

P u P u

 

 

 

 





 
 

 
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 5. koeficientebi q da q kumeris (4.29) TanafardobebSi, romlebic akavSirebs 
erTmaneTTan gausis hipergeometriuli gantolebis kumeris u1(z), ..., u6(z) amonaxsnebs   
(ix., mag., [60], 2.9 (35), (37), (39), (43)), SegviZlia warmovadginoT Semdegi saxiT:  

 (A.13)  

1 1

2 2

( 1)

3 3

4 4

1, 0;

(1 ) (1 ) (1 ) ( 1)
, ,

(1 ) (1 ) ( ) ( )

(1 ) (1 ) (1 ) ( 1)
, ,

(1 ) (1 ) ( ) ( )

(1 ) (1 ) (1 ) ( 1)
,

(1 ) (1 ) ( ) (

i c

a b c c a b c c

a c b c a b

a b c a b c
e

a c b a c b

a b c a b c

b c a b c

 

   

           
   

       

         
   

       

         
   

       

( 1)

5 5

6 6

,
)

0, 1,

(1 ) (1 ) (1 ) ( 1)
, ,

(1 ) (1 ) ( ) ( )

i ce
a

a b c c a b c c

a b c a c b

 

   

           
   

       

 

sadac  

      sign(Imz)









.0Im,1

,0Im,1

z

z
 

SevitanoT es mniSvnelobebi (4.31) formulaSi da gamoviyenoT formula (A.2) da 
advilad Sesamowmebeli Tanafardoba 

.sin)(sinsin )(     ii ee  

gamartivebebis Semdeg miviRebT Sedegebs, romlebic dajamebulia cxrilSi 5: 

 11 qq KK  

( ) (1 )
( .14) , 2;

( ) ( )

c a b c
A q

a b

    
  

 
 

( 1)( ) (1 )
( .15) , 3;

( ) ( )

i cc a b
A e q

a c b

    
  

  
 

( 1)( ) (1 )
( .16) , 4;

( ) ( )

i cc a b
A e q

c a b

    
  

  
 

( .17) 1 , 5;A c q    

( ) (1 )
( .18) , 6;

( ) ( )

c a b c
A q

c a c b

    
  

   
 

  22 qq KK  

( )(1 ) (1 )
( .19) , 3;

( ) (1 )

i c ba b a b c
A e q

a a c

      
 

   

  

( )(1 ) (1 )
( .20) , 4;

( ) (1 )

i c aa b a b c
A e q

b b c

      
 

   

  

(2 ) (1 )
( .21) , 5;

(1 ) (1 )

c a b c
A q

a c b c

     
 
     

 



173 

 

 

( .22) , 6;A a b c q     

  33 qq KK  

( .23) ( ) , 4;i cA b a e q    

(2 ) (1 )
( .24) , 5;

(1 ) (1 )

c a b
A q

a c b

    
 
    

 

(1 ) (1 )
( .25) , 6;

(1 ) ( )

i aa b a b c
A e q

b c b

      
  

   

  

 44 qq KK  

(2 ) (1 )
( .26) , 5;

(1 ) (1 )

c a b
A q

a b c

    
 
    

 

(1 ) (1 )
( .27) , 6;

(1 ) ( )

i ba b a b c
A e q

a c a

      
  

   

  

56 65

(2 ) (1 )
( .28) .

(1 ) (1 )

c a b c
A K K

a b

     
   

   
 

 (4.29-30) da (A.14)-(A.28) formulebidan gamomdinareobs mravali cnobili Sedegi, 
kerZod, formulebi gadagvarebuli hg gantolebis amonaxsnebis vronskianebisaTvis. 

 6. gamosaxulebebis da formulebis Semoklebis mizniT aRniSnoT  ; ,
a

F F
c

 
  

 
b z  da 

    1 1

1
; ; ;( 1) , , ( 1) , ; ...; 1, ; ...; , , ( 1) , .

1
j j j n n

a a a
F a F F b F b z b z b z F c F

c c c

     
           

     
b z b z  

 ganvixiloT (4.683)-(4.687) Tanafardobebi, rogorc gantolebaTa sistema ( 1)l lb F b    

ucnobebis mimarT, 1, .l n daviyvanoT is safexurebian (ix., mag., [59], Tavi I, §2) saxeze 

(anu gausis meTodiT Tanmimdevrulad gamovricxoT ( 1)l lb F b   Sesakrebebi (4.683-687) 

gantolebebidan). SemoviRoT aRniSvnebi am gantolebebis marjvena mxareebisaTvis: 

( .29)A  

1

2

3

1 1

41

1 1 1

41

( )( ) 1 ;

( 1) ( 1) ( 1) ;

( )( ) ( ) 1 ;

( ) ( )( ) ( 1) ;

( )[ ( ) ] ( ) 1 , 1, .

n

j jj

n

l j j l l lj

Ab a F aF a

b c F c F c A

Aaa b c F c a F

a c z b F c c a c b F c A

a b z b c z b F z b c F b A l n

 



  



  

     

    

      

        





 

 am aRniSvnebSi (4.683-7) Tanafardobebi SeiZleba gadavweroT Semdegi saxiT: 

( .30)A  

11

21

31

1

41

1

41

( 1) ;

( 1) ;

(1 ) ( 1) ;

( 1) ( 1) ;

( )( 1) 1 , 1, .

n

j jj

n

j jj

n

j j jj

n

j j jj

n

j j j lj

Ab F b

b F b A

Az b F b

z b F b A

z b F b A l n















 

 

  

  

   











 

(A.30) gantolebaTa sistemis gafarToebuli matricis elementaruli gardaqmnebiT  



174 

 

 

miviRebT: 

1 1
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13 3

1 1 1 11 1

4 4 1

1 11 1
1, 1,4 14

1 1 1
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j n j nj l klj k j

A A

AA A

z z AzA zAz z

AzA A z z zz z
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1

2

3 2

1

4 2

11 1
1, 4 2

1

2

3

1 1 1
4 3

11 1

4 31,

( ) ~1

( 1)

( 1)

11
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~ ~1 1

( )( )1
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k

k

j n l kk

j

j k j k

l kj k j j n
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A

A z A

A z A

A z Az
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A

Az

A Az z z z

A z Az z z




 

  

 



  
  
  
     
   
     

  
  
  
     
  
      

1 1

2 2

3 3

1 1
4 4

1, 1,44 4 4

1 1

1 1

1

1

~~ 1

1 1

0 0

1

0

~

)( )1( /
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j n j nl l k

k j

mj k j

jj k j m
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Az Az

Az Az

AA A A

z z

zz z z

zz z z

 

   

 

 


     
     
     
          
      
             

 
 
 

 
 

  
 

  

1

2 1

3 1

1 11

134 1

11 1

1, 11 34

1

2

23

1 1

4

1 1
1,

(1 ) ~

(1 )( 1) [ ]

(( 1) [ ]1 )

1

1

(1~ )

()( )1( /

( )( )1 /

k

km kk

n mk k kl

kk j

mj k j

j nj k j m

A

A A

A z A

z AA z z AA z

Azz A z A zA

A

A

z AAz z

Azz z z

zz z z

 

 



 

 


 
 

 
 
 
    
 
     

 
 
 
   
 

  
 

  

11 1

3 22

11 1

22 34

.

(1) 1 )[ ]

(( 1) [ ]1 )

( 1, , 1 )

kk km

mk kl k

z Az z AA z

Azz A z AA z

l n k m n

 

 



 
 
 
 
 
   
 
     

  

 TiToeuli am gamosaxulebidan, (A.29) aRniSvnebis Setanis da gamartivebis 
Semdeg, vpoulobT Tanafardobebs mosazRvre hg funqciebs Soris – cxrili 6: 

 

1

1

1

1 1 1

1 1

( .31) ( ) 0( ) 1 ( 1) ;

( .32) ( 1) ( 1) ( 1) ( 1) 0;

( .33) ( ) 0( ) ( ) 1 (1 ) ( 1) ;

( .34) ( )( ) ( 1) ( 1) ( 1) ;0

n

j jj

n

j jj

n

j j jj

n n

j j j j jj j

A aa b F aF b F b

A c b F c F c b F b

A ac a b F a c F z b F b

A c a z b F c c a c b F c z b F b







  

 

    

       

       

         







 
1 1 1 1

1 1
( ) ( )( .35) ( ) ( ) 1 ( 1) 1 0;

n n

l j j l l j j jj j
A b a z c b z b F z b c F b z b F b   

 
           
  

 

1

( )( 1) 1 ( 1) ( 1)( .36) 0;

( )( )[2 ( )] (1 ) 1 ( ) ( 1)( .37) ( 1) 0;
n

k k j jj kj

aa c F aF c F cA

a aa c z b a F z aF c a FA b F bz z


       

           
 

1 1 11

1

1 1

1

([ ] ( )( .38) ) ( 1) 1 ( )( ) ( 1)

( ) ( 1) 0;

n

k j j kj
n

k j jjj

A b c z b a z b F z aF c c a c b F ca

z b F bz

  



 



          

   



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1 1 1 1 1
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1 1

1

[ ] ( ) ( )( )( ) ( ) ( )( .39) 1 1 1
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n

l lk l j j kj

n

jk j jj

A F z aF z b c F bz a b z b c z b a

zz b F b
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
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 
1

( )40( . ) 1 ( 1 ( ) 1 )( 1) ( 1) ( ) ( 1) 01( ;
n

j jkkk jj
c a aA a b F F c F c b F bc zzzz
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1

2 1 ( 1) ( )( ) ( 1)( .41)
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n
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n
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n

l m m j j mk k kj
aA a c z b c z z c b z z a z b F z z c a F       


                  

   11 1 1 1 1 1

1
( )( ) 1 ( 1)( 1)( 1) ( 1) ( ) ( 1) 0.( )

n

ml l m j j jk j jk j
zz c b F b z z c F c z b F bz z z
     


             

( 1, , 1 )l n k m n     

 SevniSnoT, rom miRebuli Tanafardobebi 1n  SemTxvevaSi daiyvaneba gausis 

cnobil 15 Tanafardobaze (ix., mag., [60], 2.8(31)-2.8(45)). rac Seexeba 2n  SemTxvevas, 

Cvens mier miRebuli Tanafardobebis sruli raodenoba 38N  gansvavdeba [62] mono-

grafiaSi apelis 1F funqcisaTvis gancxadebuli raodenobisagan  56.N   
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 SevafasoT miRebul TanafardobaTa saerTo raodenoba. 

 (4.60-65) formulebi (romlebic 2n  SemTxvevaSi daiyvaneba 8 cnobil ([62], $IV, gv. 21; 
ix., agreTve, [136]) Tanafardobaze), gvaZlevs gantolebaTa sistemas (A.30), romlis 
matricis rangi (anu wrfivad damoukidebel striqonTa maqsimaluri raodenoba) 3.  
maSasadame, am sistemidan SesaZlebelia vipovoT araumetes sami ( 1)jF b   Sesakrebisa.  

miRebuli amonaxsnebi akavSirebs F funqcias da mis  mosazRvre 2n  funqcias, 
amasTan, yvela am TanafardobaSi erTi Sesakrebi Seicavs ( 1)aF   funqcias, xolo 

2n  Sesakrebi _ funqciebs , 1,( 1)j
j nF b   (ix. f-ebi (A.47)-(A.50)). napovni amonaxsnebis 

Setana danarCen (wrfivad damokidebul) gantolebebSi gadaaqcevs am gantolebebs 

igiveobebad, romlebic ar Seicavs funqciebs , 1,( 1)j
j nF b   (ix. gantolebaTa sis-

temis Tavsebadobis pirobebi _ formulebi (A.36), (A.45) da (A.46)).  
 amrigad, hg F funqciisa da misi mosazRvre funqciebis damakavSirebeli Tana-
fardobebi, maTSi ( 1)jF b   funqciebis Semcvel SesakrebTa raodenobis mixedviT, 

SeiZleba oTxi sxvadasxva tipis iyos: 

  1) Tanafardobebi romlebic arc erT aseT wevrs ar Seicavs, maTi raodenobaa 
2

0 1 .nN n C    esaa gantolebaTa sistemis Tavsebadobis pirobebi (A.36), (A.45), (A.46); 

  2) Tanafardobebi, romlebic Seicavs 2n   aseT Sesakrebs; danarCeni 3 Sesakre-
bidan erTi Seicavs ( 1)aF  funqcias, xolo ori unda amovarCioT simravlidan 

 , , , .1,( 1) ( 1) ( 1) ( 1) |la c c b l nF F F F      amasTan, ar SeiZleba erTdroulad avarCioT 

wyvilebi  , ,( 1) ( 1)a cF F   , ,( 1) ( 1)lc bF F   , ( , ),1,( 1) ( 1)k lb b k l nF F   romlebic ganto-

lebaTa sistemis Tavsebadobis pirobebSia gaTvaliswinebuli. am Tanafardobebis 

raodenoba aris 2 2 2 2 2

2 3 3 0(1 ) .n

n n n n n nN C C n C C C N

  
             

  3) 
1nN 
 Tanafardoba, romelic Seicavs 1n  Sesakrebs ( 1)jF b   funqciebiT da or 

Sesakrebs simravlidan  , , , , .1,( 1) ( 1) ( 1) ( 1) ( 1) |la a c c b l nF F F F F       amasTan, rogorc 

wina SemTxvevaSi, ar SeiZleba erTdroulad avarCioT wyvilebi  , ,( 1) ( 1)a cF F   

 , ,( 1) ( 1)lc bF F   , ( , ).1,( 1) ( 1)k lb b k l nF F    amitom 1 2

1 4 0( ).n

n n nN C C N

         

  4) 1

4 4n nN C n    Tanafardoba, romelic Seicavs n  Sesakrebs ( 1)jF b   funqciebiT.  

 amrigad, miRebuli Tanafardobebis sruli raodenoba Seadgens 

   

0 2 1

2 2 1 2

0 3 0 4 0

( .51)

( ) ( 2) ( 1)( 1/2) 2 .

n n n

n n n n

A N N N N N

N C C N C C N n n n

 

 

    

         
 

 kerZo SemTxvevebSi vRebulobT: 

 
1

3(2 3/2 2) 15|n
N


       ( 1,n   gausis Tanafardobebi, f-ebi (A.31)-(A.45)); 

  
2

4(3 5/2 2) 38|n
N


     ( 2,n  Tanafardobebi apelis funqciisaTvis

1 ).F  

 rogorc vxedavT, napovn TanafardobaTa raodenobis gansxvaveba [62] monogra-
fiaSi deklarirebul monacemTan dakavSirebulia imasTan, rom am TanafardobebSi 
(kerZod, (A.30) gantolebaTa sistemis Tavsebadobis pirobebSi (A.36), (A.45), (A.46))  
zogierTi koeficienti nulis tolia. Sesabamisi Tanafardobebi, romlebsac [62] 
miiCnevs gansxvavebulebad, sinamdvileSi erTmaneTs emTxveva da cal-calke ar 
unda iyos daTvlili. 
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 formula (A.51) gviCvenebs, rom n cvladis hg funqciis mis mosazRvre funqci-
ebTan damakavSirebeli Tanafardobebis raodenoba izrdeba cvladTa raodenobis 
zrdasTan erTad, rogorc n

3. 
 amrigad, 4 n gantoleba (A.30) mTlianad gansazRvravs TanafardobaTa simravles 
mosazRvre hipergeometriul funqciebs Soris. amasTan dakavSirebiT SevniSnoT, 
rom 1n  SemTxvevaSi (gausis hg funqciisaTvis) es sistema Seicavs 5 gantolebas, 

romelTagan, gausis funqciis ( ) ( )1 1bF Fa   simetriis gaTvaliswinebiT, mxolod 

oTxi gantolebaa sxvadasxva.  

 vinaidan 2n  SemTxvevaSi (apelis
1F funqciisaTvis) formulebi (A.47)-(A.50) ar 

Seicavs ( 1)jF b   funqciebs, vaskvniT, rom 

 apelis 
1F funqciis mosazRvre nebismieri oTxi funqcia dakavSirebulia 38 

wrfivi TanafardobiT, romelTa koeficientebi aris 
1F funqciis parametrebis da 

cvladebis racionaluri funqciebi.    
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damateba B 

 1. 5.1 winadadebis damtkiceba.  k lJ u   matricis invariantebi dakavSirebulia 

misi maxasiaTebeli mravalwevris koeficientebTan TanafardobebiT: 

(B.1)  

1

2 2

1 2

3 2 3

1 1 2 3 1 1 2 3

tr ,

tr( ) ( )( ) 2 ,

tr( ) ( )( )( ) tr 3 3 3 .

i i

i j j i

i j j k k i

J u k

J u u k k

J u u u k J k k k k k k k

 

    

         

 

 (B.11) gamosaxulebidan, (5.50) gantolebebis gaTvaliswinebiT vpoulobT: 
1

1 1 ( ) ( ) ( ) ( )( ) ( )( ) ( ).t t k k k t k k j j k k j j k j j k k k j j k j j tk k u u u u u u u u u u u                            

am gamosaxulebis meore Sesakrebi 0, airis baroqronulobis pirobis ZaliT. aqedan  

(B.2)   2

1 ( )( ) trk j j kk u u J      

da, (B.12) gaTvaliswinebiT, vRebulobT (5.521) formulas da pirobebs: 

(B.3)   

1

1

2 1

1

2

2 1 1

( ) 0,

tr 2( ) ( ) ( ) 0,

0.( ) / 2

m m t

m m k j m j k m t t

m m

k

k J u u

k k k





     

              

    

 

 (B.12) gamosaxulebis gawarmoebiT da (B.2) gaTvaliswinebiT vpoulobT: 

 

 

2 2

2 2 1 1 1 1

3 2 3 2 3 2

1 1 1 1

( )( ) / 2 tr ( ) ( ) tr ( ) ( )

tr tr ( ) ( ) tr tr ( )( ) / 2 tr tr / 2.

t t i j j i i j j t i i j j k k i

k i j k j i k k i j j i k k

k k k k u u k J u u k J u u u

J k J u u u J k J u u u J k J u k

                    

               
 

am gamosaxulebis bolo Sesakrebi, (B.3) pirobebis Tanaxmad, nulia. Sedegad, (B.13) 
Tanafardobis gaTvaliswinebiT, vRebulobT (5.522) formulas da pirobebs 

(B.4)  
3

2 0 tr .m mk J     
 analogiurad, (B.13) gamosaxulebidan, (5.6) igiveobis gamoyenebiT, vpoulobT: 

 
   

   

3 2 3 2 2 2 3 2 2

3 1 1 1 2 1 2 1 2 1 1

3 4 4 4

1 3 1 3 1 3

tr /3 tr /3 tr tr tr tr

tr /3 tr ( )( )( ) /3 tr ( )( ) ( ) trt i j j k k i i j j k t k i

k J k k k k k k J k J k J k J k J

J J k k u u u J k k u u u J k k

             


                 

 

 

4 4

1 3 1 3

3

1 3 1 3 1 3

( )( ) ( ) tr ( )( ) ( ) tr

( )( ) ( ) ( )( )( ) /3 tr /3 .

i j j k k t i i j j k k m m i

m i j j k m k i m m i j j k k i m m

u u u J k k u u u u J k k

u u u u k k u u u u k k u J k k

               

                
 

aqedan, (B.4) pirobis gaTvaliswinebiT, miviRebT (5.523).         
 diferencialur gantolebaTa (5.52) sistemis amosaxsnelad SemoviRoT aRniSvna:  

(B.51) 1( ) ( ) / ( ).k t q t q t  

aqedan, (5.521) da (5.522) formulebis gaTvaliswinebiT, vRebulobT  

(B.52)    2 2 2 2 2

2 1 1( ) ( ) ( ) / 2 / / / / 2 / 2 ,k t k t k t q q q q q q q q           

(B.53)    2

3 2 1 2( ) ( ) ( ) ( ) / 3 / 2 / 2 ( / )( / 2 ) /3 / 6 .k t k t k t k t q q q q q q q q q q q             

miRebuli Sedegebis Setana bolo (5.523) formulaSi gvaZlevs 0,IVq   saidanac 

(B.6) 2 3

1 2 3( ) 1 ,q t c t c t c t     

xolo integrebis mudmivebi , 1,3ic i   ganisazRvreba sawyisi pirobebiT (0) .i ik c   
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5.2 winadadebis damtkiceba. a) (5.54) gardaqmnis gamoyenebiT vpoulobT: 

,i i m i m i i m
mk

k m k m k k m k

u y u u
t t

x y x y x y y x

   

        

        
        

 

saidanac gamomdinareobs (5.551): 

(B.71)  3 .u uJ J E t J   

 meores mxriv, igive Tanafardoba SeiZleba CavweroT Semdegnairad: 

,i i i m

kk m k

u u
t

y x y x

   
  

   

 
 

saidanac gamomdinareobs (5.552): 

(B.72)  3 .uE t J J J    

 SevniSnoT, rom, rogorc gamomdinareobs am formulebidan, matricebi 
uJ  da J  

komutirebs erTmaneTTan. 

b) (5.54) gardaqmnis formulebidan, (5.50) gaTvaliswinebiT vpoulobT: 

0,i i i i i
i k

k

dy dx du u u
u t t u

dt dt dt t x

  
       

  
 

  0
j j j j i

i

du d dy

dt dt t y dt

   
   

 
  

(B.8)  0. , 1,3t j i j      

 2. (5.55), (5.55') formulidan gamomdinareobs, rom 

           
1 1 1

3 3 3 3 3 3 3det tr det .u ik u u kk u uE tJ E tJ E tJ E tJ E tJ E tJ E tJ 

                  

 gaviTvaliswinoT aq (5.62)-dan gamomdinare Tanafardoba 

  2 3 1

3 1 2 3
det 1 .uE tJ k t k t k t q       

Sedegad miviRebT  

(B.9) 
         

 

2 22 2 2

3 3 3 1 3

2 2 2 2

1 1 1 2

1 1
tr tr 3 tr 2

2 2

1
3 tr 3 .

2

kk u u u u u

u

E tJ E tJ E tJ tk E tJ t J

tk t k J k t k t

              
   

      

 

gamovsaxoT (5.1) bazisSi arasimetriuli 3( ) ( )J S A M    matricis maxasiaTebeli 

polinomis koeficientebi ( , ):i j ji i j j i ijk kS S A A e      

(B.10) 

1 1

2 2 2 2 2 2 2 2

2 1 1

3 3 3 2 2 3 3 2

3 1 2 1

3 2 2

1 1

tr tr ,

1 1 1 1 1 1 1 1
tr( ) tr tr tr( ) (tr ) tr( ) ,

2 2 2 2 2 2 2 4

1 1 1 1 1 1
3 tr( ) (tr ) tr tr( ) tr tr( ) (tr ) tr( ) tr

3 2 2 2 3 3

1 1 1
tr tr tr

6 2 3

( )

( )

k J S s

k k S A k S A SA S S

k k k k S A S S S S A S S SA

s s S A S

  

          

            

    3 2tr( ).SA

 

am TanafardobebSi gaTvaliswinebulia, rom 2 3tr( ) tr( ) tr 0.SA AS A    

 gamoviTvaloT kidev 4 4tr tr( ) .J S A   gvaqvs: 
4 4 4 2 2 4tr tr( ) tr +4tr +2tr +tr .( ) ( )J S A S S A SASA A    
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hamilton-kelis igiveobis Tanaxmad, 

 
2 24 3 2 4 2 2 3 2 4 2

1 2 3 1 1 1 1tr tr tr / 6 tr (4 /3) tr (tr ) / 2, tr (tr ) /2.S s S s S s s s s S s S S A A         

 

 

 

2 2 2 2 2

2 1 2 3 3 2 1 1 3 2

2 2 2 2 2 2 2 2 2 2 2 2

1 2 1 2 3 3 2 3 2 1 1 3 1 3 2

2 2 2 2 2 2 2 2 2

1 1
( ) tr( ) tr( ) tr( )

2 2

1
( ) ( ) ( )

2

1 1
(tr ) tr( ) tr (tr ) tr( )

2 2
k k k k

AS AS AS SASA s s s s s s

s s s s s s s s s s s s

S S s s S S S

            
 

                         

             
2 tr .S S S      

 

gamartivebebis Semdeg miviRebT: 

(B.11)  2 2 2 2 2 2

1 1tr( ) 2 tr tr tr 2 2tr( ).( ) ( ) /SASA s SA A s S S A     

 dinebis solenoidurobis SemTxvevaSi div tr 0u S   da 

(B.12)   2

2 2 0( ) tr( ) /2 / 2 /4.AS ASAS b b      

amasTan, hamilton-kelis Teoremis Tanaxmad, 

  3 3

2( ) ( ) ( ) ( ) tr( ) /2, tr( ) 0.ij i j i jAS AS AS AS ASAS AS      

 

 sxva msgavsi Sedegebi dajamebulia cxrilSi 2. 

2 2 2 2

1

2 2 2 2 2 2 2 2 2 2 2

0 2

3 2 3 2 3 3 2 2 2

2 3 0 1

2

0 1

( ) , tr( ) tr / 4;

( ) , tr( ) tr / 2 / 2;

( ) , tr( ) tr( ) tr 3 /8;

tr( ) /8.

ij ij ik k j

ij ij ik k j

i j ij ik k j

SA S S SA S S b

S A S S S A S S b b

S A S S S A S SA S A b b

S ASA b b

          

             

         

 
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